Textbooks in Mathematics 


EDITED BY 

R. D. Carmichael 

Professor of Mathematics, University of Illinois 









INTRODUCTION TO THE THEORY OF 


Groups of Finite Order 


By ROBERT D. CARMICHAEL 

PROFESSOR OF MATHEMATICS 
UNIVERSITY OF ILLINOIS 


GINN AND COMPANY 

BOSTON • NEW YORK * CHICAGO 


LONDON • ATLANTA 


DALLAS • COLUMBUS 


SAN FRANCISCO 



COPYRIGHT, 1937, BY ROBERT O. CARMICHAEII. 

ALL RIOHXS RESERVED 

449.5 


^ttjenseum 

GINN AND COMPANY • PRO- 
PRIETORS • BOSTON • U.S.A. 



PREFACE 


Every serious student of mathematics should early become 
acquainted with the elements of the theory of groups of finite 
order, since the concepts employed in this subject will illus- 
trate for him many large domains of mathematics and since 
these concepts can be acquired more readily and more satis- 
factorily from a study of group theory than in any other 
way. What such a student needs for an introduction to this 
subject is an exposition which first of all prepares him for the 
development of the theory and then rapidly introduces him to 
a few fundamental theorems by which the construction of a 
large part of the theory may be effected. The first reason 
for the existence of this book lies in these facts and in the fre- 
quently expressed desire of students for a clear and direct 
presentation of the more important ideas and theorems be- 
longing to this subject in the order and with the type of 
exposition best suited to the needs of the learner. 

The second reason for the existence of the book arises from 
the fact that the author has established important connec- 
tions of the theory of finite groups with other domains of 
mathematics and desires an opportunity of adequately relat- 
ing these matters to the whole theory of finite groups. Since 
the ideas involved are in the main essentially elementary in 
character, they are well adapted to the purposes of a system- 
atic exposition. By including them in the book it is possible 
to take the reader in one direction to the boundary of present 
knowledge and to give him an outlook on domains yet to 
be explored. It has been found possible to do this without 
introducing such complicated details as would render the 
material unsuited to such an exposition. 
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In preparing the book, and especially the earlier part of it, I 
have drawn freely on the existing expositions of the theory as 
well as on numerous older and newer memoirs in the journals ; 
but references have been supplied only when they seemed 
useful to a learner. The books which have principally served 
me in this way are the following : Burnside’s Theory of Groups, 
Hilton’s Finite Groups, Miller, Blichfeldt, and Dickson’s 
Finite Groups, and Dickson’s Linear Groups. When it has 
been necessary to employ theorems from the theory of num- 
bers, I have assumed familiarity on the part of the reader with 
such very elementary material as is included in my T heory of 
Numbers. The further knowledge, apart from a certain 
requisite intellectual maturity, needed for the reading of this 
exposition of group theory belongs mainly to elementary 
algebra and (for Chapter VIII) the elements of the theory of 
matrices.* 

The learner can master the theory of groups only by doing 
much practice work in connection with his reading and fre- 
quent re-reading of the text. This will not only familiarize 
him with the theorems and give him a needed facility in ap- 
plying them, but it will also render him an especially important 
service in helping him to understand the relative importance 
of the principal theorems. Accordingly many exercises are 
inserted for his use. Not a few of them are taken from the 
books already mentioned, with the purpose of inducing him 
to consult those books frequently in the course of his study ; 
this is particularly true in the case of Chapter V. Problems in 
the miscellaneous exercises may be omitted (if desired) with- 
out destroying continuity as regards problems in the other 
exercises. Of the remaining exercises in Chapter I, and per- 
haps in other chapters, the more difficult may be left at first, 
to be taken up again later. Throughout the book a much 
greater number of problems is given than any one student will 
wish to solve. 


* The student is advised to acquaint himself with Chapters I to VI of Bdcher’s 
Higher Algebra sind to use other parts of this book for reference as occasion 
may demand. 
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Chapter I is introductory in character. The learner is led 
to some of the principal elementary ideas of group theory and 
is given an opportunity of becoming familiar with them by 
using them in the analysis of several notions which are im- 
portant in the later development. In particular, he is intro- 
duced to operations with permutations, to the definition of 
"group” and to certain permutation groups, to the concept of 
subgroup and of generators of a group, and to the notion 
of simple isomorphism and of abstract groups. The chapter 
is intended to prepare him for a systematic exposition of the 
theory. 

The main novelty in the organization of the earlier ma- 
terial consists in bringing together in Chapter II five funda- 
mental theorems of group theory and in giving the proofs of 
these as rapidly as is possible without sacrificing the comfort 
of the learner. The reason for this ordering of material lies in 
the fact that an important part of the remaining theory may 
then be made to depend on these five fundamental theorems 
and that much of it may be associated directly with them. 
Additional properties of groups in general are then developed 
in Chapter III. 

Chapters IV and V contain introductions to the general 
theory of Abelian groups and of prime-power groups. An 
elementary account of permutation groups constitutes Chap- 
ter VI, while Chapter VII contains a few of the known (frag- 
mentary) results pertaining to defining relations for abstract 
groups. 

In Chapter VIII is given a very brief introduction to some 
of the main results belonging to the theory of groups of linear 
transformations, including the theory of group characteristics. 
Some of the more remarkable applications of these theories 
are included ; but the celebrated theorem of Burnside con- 
cerning groups of prime degree (first demonstrated by means 
of group characteristics) is proved in § 60 by the more ele- 
mentary method of Schur. The later chapters may be read 
independently of Chapter VIII. 

A general introduction to the theory of Galois fields follows 
in Chapter IX ; and this is employed in Chapter X in investi- 
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gating the properties of the groups of isomorphisms of Abelian 
groups of prime-power order and type (1, 1, . . 1). 

An introduction to the theory of the finite geometries 
PG(Jt, p'') is to be found in Chapter XI. A representation of 
these geometries is given by means of Abelian groups of 
prime-power order /)”* and type (1, 1, . . 1). By means of this 
representation a very significant part of projective geometry 
becomes capable of translation into a corresponding part of 
the theory of these groups (see § 87). Thus by a single act 
of thought a significant extension is given to the theory of 
Abelian groups. 

The principal theorems concerning collineation groups in 
the finite geometries are developed in Chapter XIL 

In Chapter XIII, on algebras of doubly transitive groups 
of degree p”' and order (p” — 1), is given a development of 
the theory of certain algebras introduced by Dickson in 1905, 
together with further results concerning the named doubly 
transitive poups. There are also some applications to the 
theory of finite geometries. 

The final Chapter XIV contains a brief introduction to 
tactical configurations and the poups characterized by them. 

More than 750 exercises are included. Many of these are 
easy and are intended for practice work on the part of the 
reader. Others give important results which might be in- 
cluded in the text of a larger exposition. Interspersed 
throughout the exercises are many particular results which 
have never before been published ; they consist in the main 
of special theorems whose demonstration is not difficult. 

In a book containing so many propositions, it can hardly be 
hoped that the author has always escaped error. He will be 
pateful to any of his readers who will give him notice of 
necessary corrections. He wishes now to express his cordial 
appreciation of the valuable assistance rendered him by two 
younger colleagues, Mr. Paul R. Halmos and Mr. Robert M. 
Thrall, who have read all the proofsheets and have made 
numerous helpful suggestions. 


R. D. CARMICHAEL 
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CHAPTER I 


Introduction 


1. Sets, Systems, and Groups. A mathematical object is an 
object so clearly conceived or defined or so fully characterized 
by relevant properties as to be subject to the precise treatment 
required in mathematics. The positive integers 1, 2, 3, 4, • • - 
are among the mathematical objects which have been longest 
in use. The negative integers, zero , the rational fractions, the 
so-called imaginary number V— 1 and the complex numbers 
of algebra defined by means of it, points, lines, triangles, 
spheres, displacements (rotations, translations, etc.), algebraic 
roots of unity, arrangements, combinations, matrices, determi- 
nants, functions, collineations, transformations in general, im- 
defined elements in systems of postulates — all these furnish 
examples of mathematical objects. We shall employ the word 
element to denote a mathematical object. 

A moment's consideration will convince one that such ele- 
ments are constantly being presented to our thought in sets, or 
classes. Such a set, or class, may contain either a finite or an 
infinite number of elements. As examples of sets each of which 
has an infinite number of elements we may mention the fol- 
lowing: (1) all positive integers; (2) all prime numbers; 

(3) all lines in a plane and through a given point in the plane ; 

(4) all lines intersecting each of two given lines; (5) all the 
rotations of a plane about a line perpendicular to it. As ex- 
amples of sets each of which has a finite number of elements 
we may mention the following: (1) all the nth roots of unity 
for a given value of the positive integer n ; (2) all the combina- 
tions of a given finite set of n elements taken r at a time when 
r is less than n ; (3) the set of non-negative integers less than 
a given positive integer n ; (4) all the possible linear arrange- 
ments of a given finite set of elements. 

3 
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The conception of a set, or class, is of such generality and is 
so often met with that it may be said to afford the logical 
foundation of all mathematics. 

In many cases the sets of elements appearing in mathe- 
matical investigations are of such sort that every two elements 
in a given set are subject to one or more rules of combination 
by means of which a new element is obtained from the two 
elements when they are combined in a given order. The new 
object, in general, may or may not belong to the set. Thus the 
numbers of ordinary algebra are subject to the two fundamen- 
tal rules of addition and multiplication, and in each case the 
resultant number is a number of ordinary algebra. The process 
by which two points determine a line in ordinary geometry 
affords a rule of combination of these objects such as to pro- 
duce a new object of a different sort. The combination of two 
displacements produces a third displacement. The product of 
two nth roots of unity is an nth root of unity. 

A set of ob j ects, with the associated rule or rules of combination, 
is called a system, or, more explicitly, a mathematical system. More 
generally, any set of mathematical objects which admit either 
(one or more) rules of combination of elements or relations 
among elements may be said to form a mathematical system. 
Systems, as so defined, xmderlie nearly the whole of mathemati- 
cal science. For instance, the positive integers with the relation 
of greater and less form a system in this extended sense.* 

Certain important and frequently occurring mathematical 
systems are called groups. Before giving the definition by 
which groups are characterized and isolated within the more 
general class of mathematical systems, it will be convenient 
to introduce to the learner and to treat briefly a class of ele- 
ments which are of great importance in the construction and 
study of those groups each of which has only a finite number 
of elements and to afford him an opportunity to become famil- 
iar with the rule of combination to which they are subject. 
These elements are treated in the following section. 

* The reader will find a useful and interesting treatment of the subject of 
this section in a paper by Maxime Bdcher in Bull. Amer. Math. Soc. (2) 11 
( 1904 ), 115 - 135 . 
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2. Permutations. Let cu ch., ' ■ Qn denote n distinct letters 
or other objects, finite in number. Let bx, 62, • ■ bn be any 
arrangement of the same n objects. The operation of replacing 
ai by bi, 02 by bz, <23 by bs, • • c„ by bn is called a permutation 
performed on the n objects.* It is denoted by the symbol 

/ (l\Cl 2 * * * ^2n.\ 

\hb 2 --bj 

A permutation involving n distinct letters is said to be of de- 
gree n. It is obvious that in the symbol for a permutation the 
order of letters in either line of the symbol is immaterial if 
only the order in the other line is so taken that the symbol 
represents that replacement of letters which is required by the 
given permutation. 

If the arrangement in the second line of the symbol is the 
same as that in the first, so that each letter is replaced by itself, 
the permutation is called the identical permutation. The iden- 
tical permutation is often denoted by the symbol /. 

If Cl, C2, • • •, Cn is also an arrangement of the same letters, 
the operation of replacing bi by ci, &2 by C2, • * *, bn by Cn is a 
permutation denoted by the symbol 

/bib 2 ' ' 'bn\ 

\C1C2 • • • CnJ 

If we call the first of the two given permutations S and the 
second T, then the permutation S followed by the permutation 
r is a permutation U whose symbol is 


\C1C2 • * ■ 


We say that U is the product of S and T in the order indicated, 
and we write ST = L/, or 


Iaia2 • - ‘ an\ /bib2 • • • bn\ 
\b1b2 ' — hj \C1C2 ’ - • c J 


aia2 • • • an 
C1C2 * * * Cn 


)■ 


* It is often called a substitution on the n objects. But we shall always use 
the term permutation/’ since we shall have occasion to employ the term 
''substitution” in another sense. We shall restrict the term "permutation” 
to the case of a finite number of objects. 
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This law, or method, or rule, of combination of permutations is 
called multiplication of permutations. 

It is clear that all the permutations which can be formed 
from a given set of letters, with multiplication as the rule of 
combination, form a system of mathematical objects, in the 
sense in which this term is used in § 1. Moreover, the result 
of combining two of these objects, according to this rule, is 
another object in the system. This system and certain sub- 
systems contained in it are of great importance in the theory 
of those groups each of which has only a finite number of 
elements. 

It is obvious that multiplication of permutations, as we have 
defined it, obeys the associative law of algebra; that is, if 
Si, S2, S3 are permutations, then we have (SiS2)S3 = SiiS^S-i). 
Accordingly we may write each of these products in the form 
SiS^Sz- 

But the multiplication of two permutations is not always 
commutative ; that is, we may have two permutations whose 
product in one order is different from their product in the 
other order. Thus we have 

/abc\ /abc\ _ fabc\ /bca\ fabc\ 

\bca/ \bacJ \bca/ \acb/ ~ \acb)’ 
whereas /abc\ fabc\ _ leAc\ /bac\ _ abc 

\bac/ \bcal \bac) \cbal ~ cba, 

If the product of two permutations is the identical permu- 
tation, then each of them is said to be the inverse of the other. 
Thus each of the permutations 

/cia2---a„\ Ibib 2 ---bn\ 

\b1b2 ■ ■ ■ bj \a\a2 ■ ■ ■ aj 

is the inverse of the other, since their product is the identical 
permutation 

/aia2 • ■ • 

\01C2 • ■ • aJ 

It is obvious that there is a unique inverse corresponding to 
any given permutation. Moreover, the product of a permuta- 
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tion and its inverse is independent of the order in which the 
multiplication is performed, 

A permutation such as 

^n.— l^n\ 

' ' ‘ Cln CtJ 

is called a circular permutation or a cyclic permutation. For 
the sake of brevity it is denoted by the symbol {aia 2 • — an)- 
This represents the operation of replacing each letter in the 
symbol by the one which follows it, it being understood that 
the first letter ai is the letter which follows the last letter Un- 
it is obvious that 

* * an) ~ (^ 2^3 * • * GnUfi) = (< 23 < 2^4 • - • 

A circular permutation on two letters, such as (ab), is called 
a transposition. We denote by {a) the operation of replacing 
a by a. The product of two circular permutations may be 
found directly, as is illustrated by the example {abode) (Jbced) 
= {acbe){d). 

We shall now prove the following theorem : 

1. Any given permutation is a product of circu- 
lar permutations no two of which have a letter in 
common. 

Let the given x>ermutation be denoted by the two-line sym- 
bol already employed. Let a be any letter in the first line and 
let b be the letter in the lower line standing under a in the 
upper. Let c be the letter in the lower line under b in the upper, 
and so on. Continuing this process, we must arrive finally at 
a letter I in the upper line under which a stands. Then the 
letters a, b, c, I are permuted according to the circular 
permutation {abc •••/). If there is an additional letter a' in 
the original permutation, we can proceed from it in a similar 
way and form a cycle which may be denoted by the symbol 
{a'b'd •••/'). It is obvious that we may continue this process 
until we have broken up the given permutation into a product 
of cycles of the form 

{abc • • • l){a’b'c' • • • n{a''b"c'' • • • Z") - • 
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Since no two of these cycles have a letter in conamon, the truth 
of the theorem is now apparent. 

If a cycle consists of a single letter, that letter is often 
omitted from the symbol for the permutation. 

As examples illustrating the foregoing theorem we may give 
the following : 


II. Any given permutatjon can be expressed as a 
product of transpositions. 

In view of the preceding theorem this theorem may be es- 
tablished by showing that it holds for circular permutations. 
Now we have 

as one may readily verify by forming the product of the trans- 
positions in the second member of this equation. Then Theo- 
rem II follows by aid of Theorem I. 

Since (flrfls) = (fliUr) (ciOs) (fliOr) when r and s are different 
from each other and from 1, it follows that we have the corollary : 

Cor. Any given permutation on the letters Ox, 02, 

On can be expressed as a product in terms of the 
transpositions {oxo^, (ciOa), • • •, (ciCn)- 

It is easy to see (from the fact that relations of the form 
(06) = (aa)(_ab)(aa) exist) that the number of ways in which 
a given permutation may be represented as a product of trans- 
positions may be unlimited. Concerning these ways we may 
prove the following theorem : 

III. In the various expressions of a given permuta- 
tion as products of transpositions on its letters the 
number of transpositions is always odd or always 
even. 
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Let us consider the determinant 

1 1 1 


The effect on D of any transposition of two letters is to change 
D into — D- Hence a permutation expressed as a product of 
an odd number of transpositions changes D into — D, whereas 
one expressed as a product of an even number of transpositions 
leaves D unaltered. But a given permutation, however ex- 
pressed, must always have one and the same effect upon D. 
Then, since D is obviously not identically equal to zero, it 
follows that in every expression of a given permutation as a 
product of transpositions on its letters the number of transpo- 
sitions appearing must be always odd or always even. 

A permutation is said to be odd if it is expressible as a prod- 
uct of an odd number of transpositions ; otherwise it is said 
to be even, 

IV. Any even permutation may be expressed as 
a product of circular permutations each involving 
just three symbols. 

From Theorem III and the corollary to Theorem II it fol- 
lows that every even permutation on au <22, • • dn can be 
expressed as a product of an even number of transpositions 
each of which belongs to the set (<21^2), (aids), • • (aian)- This 
product itself may evidently be taken as a product of pairs 
of transpositions, each pair being taken as a product in the 
form (aiar){aias), where r and s are different from each other 
and from 1 . But we have = (aiards), whence it 

follows that the given even permutation can be expressed as 
a product of cyclic permutations of the form (aiards), where 
r and 5 are different from each other and from 1 . Therefore 
the theorem is established. 
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Now if 1, 2, r, s are all different, we have 


as one may readily verify by forming the product of the cyclic 
permutations in the first member of the equation. Hence 

Cor. An even permutation on the letters ai, uz, 
can be expressed as a product of permutations 
each of which belongs to the set (aiOzas), 


The product formed by taking r factors, each of which is a 
given permutation S, is denoted by and is called the rth power 
of S. From the associative law it follows that S'" S' = 

Now consider the set of permutations 

S, S2, S3, S^, ■ • 

Since there is only a finite number of distinct permutations 
on a given set of letters, it follows that there must be repeti- 
tions in this sequence of powers. Then let and S'* be two 
of these that are equal, p being greater than p. Then if S_„ is 
the inverse of S'*, we have 

SP = S'’-'*S'* = S^ S'’-^S'*S_^ = S^S-M ; 

whence it follows that S'’~'* = 7, where 7 denotes the identical 
permutation. 

In the given sequence of powers of S let S’" be the first one 
which is equal to 7. Then m is called the order of S. It is obvi- 
ous that S““i is the inverse of S. 

If S is of order m {m > 2), then no two of the permutations 
S, S3, S®, • • •, S'"^! are equal. For, if S^ = S'* and \ < n < m, 
then, if S_a is the inverse of S^, we have 


contrary to the hypothesis that S is of order m. 

If A is a positive integer and S* = 7, then it may be shown 
that A is a multiple of the order m of S. For if k is not a mul- 
tiple of m it is greater than m (in view of the result in the 
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preceding paragraph), and we have k — am where |8 is a 
positive integer less than m and a is a positive integer. Hence 


contrary to the hypothesis that S is of order m. 

Now the equation 5'*+’' = S'‘S’' holds when n and v are posi- 
tive integers. If it be assumed to hold when the exponents 
fjL and V range over all integral values, positive or negative or 
zero, then it is easy to show that S° is the identical permutation 
and that S~*' is the inverse of S". For 

505^. = 5^. and S-'S’' = S°, 

whence S° — I and S"" is the inverse of S’'. The conception of 
powers of S will be extended to include the cases of zero and 
negative integral exponents. It is easy to see that the extension 
introduces no contradictions. 

We shall now prove the following theorem: 

V. If a given permutation S is written as a prod- 
uct of circular permutations no two of which have a 
letter in common, then the order of S is the least 
common multiple of the degrees of the circular per- 
mutations which compose it. 

It is obvious that the order of a circular permutation is 
equal to its degree. Then the order of S must be a multiple 
of the degree of any one of its named components, and hence 
it must be at least as great as the least common multiple ix of 
their respective degrees. But it is obvious that S'' = /. Hence 
/X is the order of S. 

When a given permutation S is written as a product of 
circular permutations no two of which have a letter in com- 
mon, these component circular permutations will be called the 
cycles of S, and we shall say that S itself is written in standard 
form. If all the cycles of S are of the same degree, S is said 
to be regular. If two permutations have the same number 
of cycles and the cycles can be made to correspond uniquely. 
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those of the one permutation to those of the other, so that 
two corresponding cycles always have the same degree, then 
these permutations are said to be similar. Thus {abode) (Jg){hij) 
and (12) (345) (67890) are similar. The third power of the 
circular permutation (123456789) is the regular permutation 
(147) (258) (369). 

From the representation of a circular permutation as a 
product of transpositions, as in the proof of Theorem II, it 
is obvious that a circular permutation is odd or even accord- 
ing as its degree is even or odd. Hence any permutation is 
even or odd according as the difference between its degree and 
the number of its cycles is even or odd. 

If S and T are two permutations, the permutation 
is called the transform of S by T, or the result of transforming 
S by T ; and S is said to be transformed by T when one forms 
r-isr. Since 

{TU)-^s{TU) = (u-ir-i)s(rt/) = i/-i • r-isr- u, 

it follows that the transform of S by TZ/ is equal to the trans- 
form by U of the transform of S by T. 


VI. The transform of S by T may be found by 
performing the permutation T on the cycles of S. 

Let S and T be denoted by the symbols 

S = {abed ■ ■ •){lmno •••)•••» 

y — ■ ■ A 

\a^y • ■ ■ \npp ■ ■ ■/ 

Then 
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The last member gives the value of T-^ST in the form stated 
in the theorem. 

It is obvious that the permutation T-^ST is similar to the 
permutation S. In particxilar cases it may happen that 
T-^ST = S. When this is so we have TT-^ST = TS, or ST = TS. 

When ST = TS we say that S and T are commutative or 
permutable. It is evident that two circular permutations which 
have no letter in common are commutative. It is easy to see 
that a necessary and sufficient condition that 5 and T aliall 
be commutative is that the transform of S by T shall be equal 
to S. For we have seen that T~^ST = S implies that ST = TS, 
while it is true that the latter relation implies that T~'^ST 
_ j-12's = 5. Moreover, if S is permutable with both T and 
U, it is also permutable with their product TU, since {TU)S 
= TUS = TSU = STU = S(TU). 

When S and T are commutative, we have ST = TS, whence 
j-isr = S and S~''^T~^ST = I. In general, if S and T are any 
two permutations, then S~''-T~^ST is called the commutator of 
S and T. The commutator of T and S is T~'^S~'^TS. Since the 
product of these two commutators is the identity, it follows 
that each of them is the inverse of the other. A necessary and 
sufficient condition that two permutations shall be commuta- 
tive is that their commutator (in either order) shall be the 
identical permutation. 

If Si and S2 are two permutations, we have S2Si=Sr"i-SiS2-Si. 
Hence S1S2 and S2S1 are similar permutations, since one of 
them is a transform of the other. But from Theorem V it fol- 
lows at once that two similar permutations are of the same 
order. Hence (Theorem VI) a permutation and its transform 
are of the same order ; in particular, S1S2 and S2S1 are of the 
same order. 

It is important that the learner shall have a ready facility 
in handling operations involving permutations. To increase 
his mastery of the processes we now give a set of exercises for 
his practice. He is advised to add to this set by constructing 
other exercises for himself. 
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EXERCISES 

1. Show that the total number of permutations on n letters is n\. 
Write down in standard form the 24 permutations on a, b, c, d. How 
many of these are of order 2? of order 3? of order 4? 

2. Find the product of • • * ai){ai+i • • • Cn) and {aiau^x). 

8. Prove that any power of a circular permutation is either the 
identical permutation or a circular permutation or some other regular 
permutation. 

4. Prove that the order of a permutation of degree w is a factor 
of ml. 

6. Show that the permutations (ad) {cd) and (ac) (bd) are commu- 
tative. Show that the permutations 

/, (ab){cd), (ac)(bd), (ad) (be) 

are all the permutations that can be formed from the two given permu- 
tations by multiplication, however many times each of them is used 
as a factor. 

6. Find all the permutations that can be obtained by forming prod- 
ucts from the permutations {ab), (cd), (ac){bd), these being taken as 
factors. Show that they consist of the following eight permutations : 
/, {ab), (cd), (ab){cd), (ac){bd), (ad) (be), {adbc), (acbd), 

7. Show that the function ah -f cd is unaltered when its letters are 
interchanged in accordance with any one of the permutations in Ex. 6. 
[Thus the permutation {ac) {bd) replaces ab cd by cd + ab, and this is 
equal to ab + cd,] 

8. If 5 and T are two similar permutations, show that there exists 

a permutation U such that T. 

9. If A and B are similar permutations, find two permutations 
whose commutator is A~^B. 

10. Find the commutator of (^ 21^22 • • • aO and (aiai^^i ■ ■ • a^)^ 

11. Show that the commutator of two permutations is an even 
permutation. 

12. If S = {a\a^' • • show that 

V 

\<2^+l^2^+2 ’ • • atJrnJ 
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where each subscript in the second line is to be replaced by the least 
positive remainder obtained when that subscript is divided by 

13. The only permutations on «i, « 2 , • * which are permutable 
with the circular permutation (a^a^ an) are the powers of the latter. 

14. Find all the permutations on the ten symbols a, b, c, d, e, 1, 2, 3, 
4, 5 which are permutable with the permutation {ahcde) {122A5), 
Show that their number is 50. 

15. In the proof of Theorem II of § 2 we saw that a circular permu- 
tation of degree n can be expressed as a product of « — 1 transpositions. 
Show that it cannot be expressed as a product of any smaller number 
of transpositions. 

16. Show that 

{aia2 * • • a2n) = {aia2n-\){a2a2n-2) • • • ((Zn-l^n+l) 

* {aia2ri)(a2a2n-l) • • • (^n^n+l), 


• {a\a2n+ l) fe<22n) * ’ * (<2n<3n+2) *, 

and thence show that every permutation can be expressed as a product 
of two permutations of order 2 on the same letters. 

17. Show that every permutation on the letters ca, • • *, ^nCan be 
expressed as a product in terms of the permutations 

• • ^n). 

18. Show that every even permutation on the letters ‘ ‘ an 

can be expressed as a product in terms of the permutations 


19. Show that every even permutation on the letters a^ a 2 , • • *, 
n+i can be expressed as a product in terms of the permutations 


20. Show that every even permutation on the letters at, < 22 , • • *, a 2 n 
can be expressed as a product in terms of the permutations 

(aiC4<35), • ■ (aia2n-2a2n~l) 7 

3. Definition of Group. Mathematical systems of a certain 
very important type are known as groups. A group may be 
defined in the following manner. 

Let G be a system consisting of a set of distinct elements 
and one rule R of combination for uniting any pair of them in 
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a given order, this rule being such that the result is always 
uniquely determined. If a and b are two elements of G, we 
shall denote by ab the element resulting from the operation 
of combining a with b in the order written and in accordance 
with the rule R. By such a symbol as {ab)c we shall mean the 
result of combining with c the result obtained when a is com- 
bined with b, both combinations being in accordance with the 
rule R. A similar interpretation will be given to the symbol 
a{bc). If two symbols or combinations of symbols denote the 
same element, we shall express this fact by writing one of them 
equal to the other, using for this purpose the usual sign of 
equality. The elements in the system G are said to form a 
group, and the system itself is said to be a group, if the follow- 
ing conditions * are satisfied : 

I. If a and b are elements of G, whether the same 
or different, ab is also an element of G. 

II. lia,b, c are elements of G, then (ab)c = a(bc). 

III. The set G contains a single element i, called 
the identical element or the identity, such that for 
every element c of G we have ai = ia = a. 

IV. If a is an element of G, there is a unique 
element a' of G, called the inverse of a, such that 
aa' = a' a = i. 

A system satisfying Postulate I alone is sometimes said to 
have the group property. This postulate was the only one usu- 
ally mentioned explicitly by the older writers on the subject, 
but they generally tacitly assumed the remaining postulates. 

It is convenient to use the name multiplication for the rule 
R of combination and to say that db is the product of a and b 
in the given order and to use for products the customary sym- 
bols of algebra. Then Postulate II asserts that the associative 
law holds for the multiplication of the elements of a group G. 


* See § 100 for the removal of certain redundancies. 
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Since the identity plays the role of unity in multiplication, 
it is often denoted by the S 3 rmbol 1. It is evidently always its 
own inverse. 

A group G is said to be finite or infinite according as the num- 
ber of elements in it is finite or infinite. If the number of 
elements in G is the finite number n, then n is said to be the 
order of the finite group G. An infinite group is sometimes said 
to be a group of infinite order. 

The following afford examples of groups (as one may read- 
ily verify) : 

1. The set of integers, positive and negative and zero, the rule of 
combination being ordinary addition. (The identity is zero ; the in- 
verse of an element is its negative.) 

2. The set of all real numbers, the rule of combination being addi- 
tion. 

3. The set of all real numbers except zero, the rule of combination 
being ordinary multiplication. (Here unity is the identical element, 
and the inverse of an element is its reciprocal.) 

4. The set of numbers -hi,—!, the rule of com- 

bination being ordinary multiplication. 

5. The set of all «th roots of unity, with ordinary multiplication as 
the rule of combination, n being a fixed positive integer. 

6. The set of permutations in Ex. 5 on page 14. 

7. The set of permutations in Ex. 6 on page 14. (It may be shown 
that this group contains within itself five groups of order 2 and three 
groups of order 4.) 

8. The set of all distinct powers of any given permutation. 

As another example let us consider certain rotations of a 
plane about a fixed line I perpendicular to the plane. Let co be 
an angle such that nco = 360°, where w is a given integer greater 
than unity. Then let the elements of G consist of the rotations 
about I of angular measures co, 2 co, 3 co, • • wco. We shall call 
(n + A)co the same rotation as Aco, since it leaves the plane in 
the same final position. Let the rule of combination be that 
of addition of rotations. The identity is the rotation wco. The 
inverse of the rotation ^o?, where 0 < ^ < n, is the rotation 
{n — k)o^. It is now easy to see that this set of rotations forms 
a group of order n. 
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forms a group of order 6, the rule of combination being that of 
multiplication of transformations. Thus, the product of the 
sixth and the third may be obtained in the following manner: 


From 



X 1 

we have x" = 1 — ^ _ - £ » or x" = ’ 

and this is the fourth transformation of the set. It is easy to 
complete the verification of the fact that the set forms a group. 
It may be observed that all six of these transformations may be 
obtained by taking products with the second and the third as 
the factors. 

A group of order 6 is formed by the transformations 

x' ==x, x' = oc' = x-^2, x' = 2x, x' = 2x-^\, x' = 2x-\-2, 

the rule of combination being that of multiplication of trans- 
formations followed by a reduction of coefficients modulo 3 to 
their least non-negative values. As a part of the verification 
we note that from x" = 2 a:' = x -|- 2 we have x" = 2 x-\- A., 

or x" = 2 X -t- 1 when reduced modulo 3. It may readily be 
shown that all six of these transformations may be obtained by 
taVing products with the second and the fourth as the factors. 
Consider the transformations S and T, namely, 

x' = X + 1, x' = 2 X, 

respectively, and those which may be obtained from them by 
multiplication of transformations followed by reduction of co- 
efficients modulo 5 to their least non-negative values. When 
so treated S is of order 5 and T is of order 4. The products 
(a = 0, 1, 2, 3, 4 ; |S = 0, 1, 2, 3) are twenty in number 
and are all distinct, as the reader may readily verify. It may 
also be shown that these twenty transformations are all that 
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can be obtained by means of products formed from S and T, 
all transformations being taken modulo 5. These transforma- 
tions form a group of order 20, as the reader may verify. 

Since we are concerned (in this book) only with finite groups, 
we shall hereafter often use the word ''group'' to denote a finite 
group when there is no danger of confusion. 

4. Certain Permutation Groups. A group whose elements are 
permutations on a given (finite) set of S 3 niibols is called a per- 
mutation group on those symbols, the rule of combination being 
multiplication, as defined in § 2. If the given symbols are n in 
number, the group is said to be of degree n. 

It is easy to see that a set of permutations involving only a 
finite number of symbols and satisfying condition I in the defi- 
nition of "group" in § 3 also satisfies the remaining conditions. 
For multiplication of permutations is associative ; an appro- 
priate power of any permutation is the identical permutation ; 
and the next lower power is the inverse of the given permu- 
tation. This observation will sometimes shorten the labor 
of determining whether a given set of permutations forms 
a group. 

The total set of permutations on n letters au an con- 

tains n\ permutations. In view of the properties of permuta- 
tions it is easy to see that this set of permutations constitutes 
a group. It is called the symmetric group on the n given letters. 
It is of degree n and order n\. 

Consider the even permutations on ai, ■ * *, {n> 1). 

The product of any one of them by the transposition (^ 1 ^ 2 ) is 
an odd permutation, and no two such products are equal, 
whence it follows readily that the number of odd permutations 
on ai, < 32 , ' • an is at least as great as the number of even 
permutations. Similarly, from the facts that the product of an 
odd permutation by {aia^ is an even permutation and that no 
two such products are equal, it follows that the number of 
even i)ermutations on <3i, ^ 2 , • • *, On is at least as great as the 
number of odd permutations on the same letters. Hence the 
number of even permutations on Ui, < 32 , • • is equal to the num- 
ber of odd permutations on the same letters. 

Now the inverse of an even permutation is even, and the 
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product of two even permutations is even. Therefore it fol- 
lows readily that the even permutations on ai, ch., an form 
a group. It is called the alternating group on these letters. It 
is of degree n and order f • w!. When n — 2 the alternating 
group consists of the identical element alone. 

The method of proof used in the preceding paragraph may 
be employed to show that all the permutations of any given per- 
mutation group G are even, or else exactly half of them are even 
and the even permutations form a group. In such proof the 
transposition {aiaf), of the former argument, is to be replaced 
by a fixed odd permutation belonging to the group G, in case G 
contains odd permutations. 

In the case of four letters the symmetric group is of order 24 
and the alternating group is of order 12. The permutations in 
Ex. 6 on page 14 constitute a group of degree 4 and order 8 
known as the octic group ; those in Ex. 5 on page 14 constitute 
a group of degree 4 and order 4. There are also other groups 
of degree 4. An important problem in the theory of finite 
groups is that of constructing all the permutation groups of 
given degree. This problem has been completely solved only 
for the lower degrees. 

It is easy to verify (see Ex. 7 on page 14) that the function 
ab + cd is unaltered when its letters are interchanged in accord- 
ance with any one of the following permutations : 

I, {ah), {cd), {ab){cd), {ac){bd), {ad) {be), {adbc), {acbd). 

Thus the fourth permutation in the set leaves the terms of 
db-\-cd unaltered, while the fifth interchanges its terms. In all 
cases the function itself is left unaltered. The permutation {ac) 
changes this function into be f- ad-, the same is true of the 
product obtained from each of the given eight permutations on 
multiplying on the right by {ac). Thus {adbc) ■ {ac) = {adb){c), 
and the last permutation changes ab -f cd into ad -}- be. Like- 
wise each of the eight permutations obtained by multiplying 
the eight given permutations on the right by {ad) changes 
ab + cd into bd -t- ac. It is easy to verify that the eight original 
permutations and the two sets of eight each obtained in the 
way just indicated exhaust the total set of 24 permutations on 
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the letters a, b, c, d. Hence the original eight permutations are 
all the permutations on a, b, c, d each of which leaves unaltered 
the function ab + cd. 

Consider the total set of permutations on «i, a2, • • •, an each 
of which leaves unaltered a given polynomial P in the argu- 
ments au «2, • • an- This set contains the identical permuta- 
tion. It also contains the inverse of every permutation in the 
set. Moreover, the product of any two permutations in the set 
is itself in the set. Hence such a set of permutations constitutes 
a permutation group. It is said to be the group under which 
P is invariant, or the group to which P belongs. 

; The group so associated with a symmetric polynomial in 
ai, 02, '' ‘y On is obviously the symmetric group. It is easy to 
prove that it is the alternating group which is so associated 
with the function D employed in the proof of Theorem III of 
§ 2 , since an odd permutation changes D into — D, whereas D is 
left unaltered by an even permutation. 

Let us consider the seven sets of three letters each contained 
in the seven columns of the following array : 

A B C D E F G 

B C D E F G A 

D E F G A B C 

These sets are permuted among themselves by each of the per- 
mutations P = (ABCDEFG) and Q = (BD) {EF). The total set 
of permutations on A, B, C, D, E, F, G, each of which permutes 
among themselves these seven sets of three letters each, con- 
stitutes a group r, as one sees from the obvious fact that the 
product of any two permutations in the set is also in the set. 
Let us determine the order of this group F. 

Let S be a permutation in T that leaves each of the triples 
ABD and BCE fixed as a triple. Then S must replace Bhy B; 
it must interchange A and D or replace each of them by itself ; 
it must interchange C and E or replace each of them by itself ; 
and it must interchange F and G or replace each of them by 
itself. Hence S must be one of the following eight permuta- 
tions: I, {AD), (CE), (AD)(CE), (FG), {AD){FG), {CE){FG), 
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(AD)(CE)iFG). Upon testing these it is found that only four 
of them afford suitable values of S, namely, the following : 

I, {AD)(CE), {AD)(FG), (CE)(FG). 

Hence there are in T only these four permutations each of 
which leaves each of the first two triples fixed. We denote 
them in order by Si, S 2 , S 3 , Si. 

If r is a permutation in F which replaces ABD and BCE in 
order by any other ordered pair a and ^ of triples in the given 
set, then each of the elements SiT {i = 1, 2, 3, 4) replaces ABD 
and BCE by a and jS respectively. If U is any permutation in 
r which replaces ABD and BCE by a and /3 respectively, then 
UT~^ leaves ABD and BCE both fixed, so that UT~'^ = 3, for 
some i, and hence U = S,T. From this it follows that there 
are just four elements in F each of which replaces ABD and 
BCE by a and jS respectively. But the totality of ordered pairs 
a and /3 from the given set of seven triples is 7 - 6 in number. 
Hence F has at most 7-6-4 (= 168) elements. 

We shall now prove that F has at least 168 elements, by 
showing that there are 168 permutations which can be ex- 
pressed as products in terms of the permutations P and Q 
already introduced. We have 

p~2Qps = (BCDG)(EF), 
p-2Qp2Qp = {BEG){CDF). 

Now the powers of the first of these yield four distinct permu- 
tations. On multiplying each of them by Q, we have four more, 
making eight in all. On multiplying each of these eight by each 
of the three distinct powers of (BEG) (CDF), we obtain all to- 
gether 24 distinct permutations. On multiplying each of these 
24 by each of the seven distinct powers of P, we have 168 
(= 7 - 24) distinct permutations expressed as products in terms 
of P and Q. 

Therefore F has just 168 elements, and all these elements 
may be expressed as products in terms of P and Q. This group 
F of order 168 is one of the most interesting groups of degree 7. 

Two permutation groups are usually said to be identical if 
there is a permutation T which transforms all the permutations 
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of one of the groups into the permutations of the other group. 
Thus the group 

I, (ab), (cd), (ab)(cd) 
is identical with the group 

/, (ac), (M), (ac)(bd), 

into which it is transformed by the permutation (be ) ; it is also 
identical with the group 

/, (a/S), (yd), (a^)(yd), 

into which it is transformed by the permutation 


But if two notationally distinct groups are contained in a 
given permutation group G, they are reckoned as different 
groups in regard to their relation to G, even though they may 
be the same in the sense of the preceding paragraph. Thus the 
first two groups of that paragraph are considered as different 
groups contained in the symmetric group on a, b, c, d. 

EXERCISES 

1. Show that the permutations mentioned in Ex. 14 on page 15 
form a group of order 50. 

2. Find all the permutations on 1, 2, 3, 4, 5, 6, 7, 8 each of which is 
commutative with each of the permutations (12345) and (678), and 
show that they form a group of order 15. 

3. Find all the permutations on a, b, c, d, /, 1, 2, 3, 4, 5, 6 each of 
which is commutative with (abedef) (123456), and show that they form 
a group of order 72. 

4. Find all the permutations on 1, 2, 3, 4, 5, 6, 7, 8, 9 each of which 
is commutative with (123) (456) (789), and show that they form a group 
of order 162. 

6. If CO is a primitive nth root of unity, show that the transforma- 
tions 

X' = — (^ = 1, 2, • • •, n) 

X 

form a group of order 2 n. 
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6 . Construct all the transformations which can be formed by 
taking products of the transformations 

X' = V — 1 X, X' X' = - 

X X — 1 

and show that they form a group of order 24. 

7 . Show that the largest permutation group on xi, X 2 , X4. which 

leaves invariant the function (xi -i- X 2 — Xs — ^ 4 )^ is the octic group. 

8. Determine the largest permutation group on xu ^ 2 , ajs, xa under 
which the function (xi + X 2 ) (xs X 4 :) is invariant. 

9. Show that the symmetric group of degree m contains the sym- 
metric group of any lower degree. State and prove the corresponding 
theorem for the alternating group of degree m. 

10. Show that the largest permutation group on A, C, D, E, F, G, 
each element of which leaves invariant the function 

ABD + BCE + CDF + DEG + EFA + FGB + GAC, 
is a group of order 168. (Compare with the array on page 21.) 

11. Consider the 42 transformations 

x'=::ax-^b (fl = 1, 2, 3, 4, 5, 6; & = 0, 1, 2, 3, 4, 5, 6) 
and a rule of combination which consists of ordinary multiplication 
of transformations followed by a reduction of coefficients modulo 7 to 
their least non-negative values. Show that these transformations so 
considered form a group G of order 42, and prove that each of the 
transformations of G can be expressed as a product in terms of the 
transformations x' = x + I and x' = 3 x. 

12. Similarly, show that the transformations 

x' = ax-^b (a = 1, 2, 4 ; = 0, 1, 2, • - 6) 

give rise to a group of order 21, Show also that the transformations 
x'= ax A- b (fl = 1, 6 ; & = 0, 1, 2, • • •, 6) 
similarly give rise to a group of order 14, 

13. Show that the eleven sets of five letters each contained in the 
eleven columns of the array 


A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

A 

C 

D 

E 

F 

G 

H 

I 

J 

K 

A 

B 

E 

F 

G 

H 

I 

J 

K 

A 

B 

C 

D 

H 

J 

J 

K 

A 

B 

C 

D 

E 

F 

G 
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are permuted among themselves by a permutation group of order 660 
on the letters A, B, C, • ■ K and by no larger group on these letters. 
[Suggestion. Observe that the array is invariant for the permuta- 
tions (ABCBEFGmjK) and {CEir){DKG){FIJ) ; prove that it is left 
invariant by only six permutations each of which leaves two columns 
unaltered ; and thence proceed as on pages 21 and 22.] 

14. Find a function of A, B, C, • • K which is left invariant by the 
permutations of the group in Ex. 13 and by no other permutation of 
its arguments. 

15. Arrange seven letters in seven sets of four each so that every 
two of these sets shall have just two letters in common while every two 
letters shall occur together in just two sets. Show that these sets must 
be (apart from change in notation) the seven sets afforded by the 
columns of the array 


A 

A 

B 

A 

A 

B 

C 

B 

B 

C 

C 

D 

D 

D 

C 

E 

E 

F 

E 

F 

E 

D 

F 

G 

G 

G 

G 

F 


[Suggestion. Choose the notation so that three of the sets are 
those in the first three columns, and show that the remaining sets 
are then determined successively by means of the first two letters 
in them.] 

16. Show that the seven sets of four letters each afforded by the 
array in Ex. 15 are interchanged among themselves as sets by each of 
the permutations (ABCGFDE) and (BG){FD), and prove that the 
group obtained by forming all the distinct products with these permu- 
tations as factors is of order 168 and that it contains all the permuta- 
tions on A, J5, C, Z>, E, F, G, each of which merely interchanges the 
given sets among themselves. 

17. Arrange eleven letters in eleven sets of five each so that every 
two of these sets shall have just two letters in common while every two 
letters shall occur together in just two sets, and show that these sets 
must be (apart from change in notation) the eleven sets afforded by 
the columns of the array in the foregoing Ex. 13. 

18. Demonstrate that the distinct powers of the permutation 
(ABCDEFGHI JK) constitute the largest permutation group on these 
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letters the elements of which merely permute among themselves the 
eleven sets of five letters each afforded by the columns of the array 


A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

A 

C 

D 

E 

F 

G 

H 

I 

J 

K 

A 

B 

D 

E 

F 

G 

H 

I 

J 

K 

A 

B 

C 

J 

K 

A 

B 

C 

D 

E 

F 

G 

H 

I 


19. Consider the 14 quadruples defined by the columns of the 
following array : 


H 

H 

H 

H 

H 

H 

H 

G 

A 

B 

a 

D 

E 

F 

A 

B 

C 

D 

E 

F 

G 

C 

D 

E 

F 

G 

A 

B 

B 

C 

D 

E 

F 

G 

A 

E 

F 

G 

A 

B 

C 

D 

D 

E 

F 

G 

A 

B 

C 

F 

G 

A 

B 

C 

D 

E 


Show that these quadruples are permuted among themselves by a 
permutation group of order 8 • 7 • 6 * 4 on these eight letters and by no 
larger group on these letters. 

20, Arrange the eight letters A, B, C, D, E, F, G, H into 14 sets of 
four each so that each triple of these letters shall occur in one and in 
just one of the 14 quadruples, and show that (except for a permutation 
of the letters) these 14 quadruples are those afforded by the columns 
of the array in Ex. 19. 

5, Properties of the Elements of a Group.* li A, C are ele- 
ments of a group and AB = AC, have A'AB — A'AC, where 
A' is the inverse of A, whence it follows that B C. Similarly, 
if BA = CA, we have B= C, 

If S is an element of a group, then the product of k factors 
each equal to S is denoted by and is called the ^th power of S. 
The infinite sequence of symbols 

S, S2, S3, • • . 

obviously represents a finite number of distinct elements if S 
is an element of a finite group. If S^ == S" and ix> v, and if 
is the inverse of S\ we have, using 1 for the identity, 


* Many of these properties are given in § 2 for the special case of elements 
which are permutations. They are now treated for the more general abstract 
situation. 
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Hence there is some power of S which is equal to the identity. 
If S’" = 1 and m> 1, while S* 1 for ;r = 1, 2, • • •, w — 1, then 
tn is said to be the order of S. (The identity is said to be of order 
unity.) It is easy to prove that no two of the elements 1, S, S^, 
- • •, are equal. For, if S' = S'* {Oxv <n< m), then as 
before we have 1 = S'*"' ; and this is contrary to the hypoth- 
esis that S is of order m. If S' = 1 (Z > jw), and we write 
/ = w^-t-r(0<rs m), then 

1 = S' = = (S’”)® • S’' = S', 

whence it follows that r — m. Therefore I is divisible by m. 
Hence, ij S' = 1, then I is a multiple of the order m of S. 

The relation S'‘S' = S'‘+' obviously holds if n and v are 
positive integers. If we assume (as we may consistently) that 
this relation holds when and v are any integers, then it is 
easy to show that S° = 1 and that S~* is the inverse of S* ; for 

SOS" = S" and S-*S* = SP. 

If Si, S 2 , ■ ■ ■, Sp are elements of a group, then the inverse of 
■ • Sp is Sp"'Sp_i“'' • • ■ S 2 ~'Si‘"', since the product of one 
of these elements by the other is evidently the identity. 

We have seen that the elements of a group obey the associa- 
tive law of multiplication. But multiplication is not always 
commutative, as we saw in connection with the study of per- 
mutations in § 2. That is, if A and B are elements of a group, 
the product AB may be different from the product BA. In the 
case when AB = BA we say that A and B are commutative or 
that they are permutdble. If A is permutable with both B and C, 
then A is permutable with BC, since 

(BC) A = BC A = =A{BC). 

The element T~^ST is said to be the transform of S by T, or 
the result of transforming S by T. In the special case when 
T-isr= S we have ST= TS. Conversely, from the relation 
ST = TS we have T-^ST = S. Moreover, if T-'^ST= U, then 
r-iS*r = f/*, since 

t-ist t-^st=t-- 
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The element S~^T-'^ST is called the commutator of S and T. 
Its inverse is the commutator T~^S~^TS of T and S. A neces- 
sary and sufficient condition that S and T shall be commutative 
is that their commutator shall be the identity, as the reader will 
easily verify. 

Since 

[/= tz-is-itr- u-^T-w- u-'^su- U 

it follows that the transform of a commutator by any element is 
itself a commutator. 

Since 

{Tuy^siTV) = (f/-ir-i)S(rc;) = c/-i • r-^ST • u, 

it follows that the transform of S by TC/ is equal to the trans- 
form by U of the transform of S by T. 

6. Subgroups. If a group G contains within itself a set of 
elements H which forms a group with the same law of combina- 
tion of elements as G itself, then H is said to be a subgroup of G. 
Every group contains a subgroup of order 1 consisting of the 
identity alone. It is usually convenient to include the group G 
itself among the subgroups of G. A subgroup of G which is not 
identical with G is called a proper subgroup of G. 

In § 10 we shall prove that the order of a subgroup of a finite 
group G is a factor of the order of G. 

If S is an element of order m in a group G, then the elements 
1, S, S^, • • -, S”*"! form a group of order m which is a subgroup 
of G. It is a proper subgroup when the order of G is greater 
than m. 

The eight permutations in Ex. 6 on page 14 form a subgroup 
of the symmetric group on a, b,c,d; and this subgroup does not 
consist of the powers of one of its elements. The permutations 
in Ex. 5 on page 14 form a subgroup of order 4 of this group of 
order 8. 

Every group G of order greater than unity contains a set of 
elements each of which is permutable with each of the others ; 
for the set of all the distinct powers of a given element (not the 
identity) has this property. Let 

1 , S2, S3, ■ ■ ■, Sk 
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be a set of elements of G having this property that each of them 
is permutahle with each of the others and having moreover the 
property that no other element of G is permutahle with each 
element of the set. This set evidently contains the inverse of 
every element in it, and the product of every two elements in it. 
The set therefore constitutes a subgroup of G. 

If G is a group of order g (g >1), then commutators in G (that 
is, commutators each of which is formed from two elements in G, 
the same or different) may be formed in ways, since each of 
the two elements used to form a commutator may be chosen in 
g ways. Since G has only g elements, these g^ commutators can- 
not all be distinct elements. Consider the set of all distinct 
elements of G each of which is equal to a commutator in G. 
This set contains the identity, since the commutator of 1 and S 
is the identity. The set contains the inverse of every element 
in it, since the commutator of T and S is the inverse of the com- 
mutator of S and T. But it does not always contain the product 
of every two commutators, since (as is shown by Ex. 30 on 
page 39) the product of two commutators in G is not necessarily 
a commutator in G. Then form from these commutators all the 
elements which may be obtained by taking products each factor 
of which is a commutator. This new set of elements constitutes 
a subgroup of G. It is called the commutator subgroup of G or the 
first derived group of G. If the commutator subgroup of G coin- 
cides with G, then G is called a perfect group. 

7. Some Classes of Groups. If all the elements in a group G 
may be obtained by taking the powers of some appropriately 
chosen element in G, then G is said to be a cyclic group. A 
group which is not cyclic is said to be noncyclic. Every group 
G contains one or more cyclic subgroups, since the distinct 
powers of any element in G form a cyclic subgroup of G. If a 
group G is noncyclic the distinct powers of any element in it 
constitute a proper subgroup. If G is a cyclic group of com- 
posite order m and if S is an element whose distinct powers 
constitute the elements of G, then, if d is any proper divisor 
of m different from unity, the distinct powers of S'' constitute 
a proper cyclic subgroup of G. Hence every group whose order 
is a composite number contains a proper subgroup other than 
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tha t, consisting of the identity alone. We shall see later (§ 10) 
that a group whose order is a prime number contains no 
proper subgroup other than that consisting of the identical 
element alone. 

If each element of a group G is permutable with every other 
element in G, then G is said to be an Abelian group or a com- 
mutative group ; otherwise it is said to be non-Abelian or non- 
commutative. Since the powers of any element are permutable 
with each other, it follows that every cyclic group is an Abelian 
group. The permutations 

I, (ab), (cd), {ab){cd) 

or the permutations 

I, idb^icd), (ac)(M), {ad){bc), 

constitute a noncyclic Abelian group. The octic group, con- 
sisting of the eight permutations in Ex. 6 on page 14, is a non- 
Abelian group. 

A group whose order is a prime number or a power of a 
prime number is called a prime-power group. The three per- 
mutation groups mentioned in the preceding paragraph are 
prime-power groups. We shall see later (§ 13) that a finite 
group which is nOt a prime-power group always contains cer- 
tain important subgroups which are prime-power groups. For 
this reason the theory of prime-power groups is of great im- 
portance in constructing a general theory of finite groups. 

8. Generators of Groups. If a set of elements contained in a 
finite group G has the property that all the elements of G may 
be obtained by forming products whose factors all occur in the 
given set, then this set of elements is said to constitute a set 
of generating elements of G or a set of generators of G, and G is 
said to be generated by this set of elements. The set of gen- 
erators is said to be independent if no one of them is in the 
group generated by the remaining ones. (An element which 
generates a cyclic group is said to be an independent generator 
of that group.) In the case of independent generators no proper 
subset of the set of generators will generate the entire group G. 

The group consisting of the permutations 

I, (abc), {acb), (de), (abc){de), {acb){de) 
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is generated by the permutation {abc){de) and also by the per- 
mutation {acb){de). Moreover, it is also generated by the two 
permutations {abc) and (de) ; and these form a set of inde- 
pendent generators of the group. 

It is evident that every cyclic group contains at least one 
single element that generates it, and that every noncyclic 
group requires at least two generators to generate it. The 
example in the preceding paragraph shows that even a cyclic 
group may have a set of independent generators consisting of 
more than one element. In fact, it is not difficult to show that 
a cyclic group may be constructed of such sort as to possess n 
independent generators, where n is any given positive integer ; 
for, if P is a permutation which in standard form is composed 
of n cyclic factors of distinct prime orders, then the cyclic group 
generated by P can also be generated by the n independent 
generators each of which is represented by a single cycle of P. 

If gi. ^2, • ■ gk constitute a set of generators of a group G the 
group itself is often represented by the symbol {gi, g2, • • •, g*} ; 
that is, this symbol denotes the group generated by gi, g2, • • •, gt- 

From the corollary to Theorem II in § 2 it follows readily 
that the transpositions (0102), (dicia), ■ ■ ■, form a set of 

independent generators of the symmetric group on ai, a^, - ■ a„. 

Similarly, from the corollary to Theorem IV in § 2 it follows 
that {aia-iUz), (010204), • • {aiO^Cn) constitute a set of inde- 
pendent generators of the alternating group on ci, 02, • • •, o„. 
From a result in § 4 it follows that {ABCDEFG) and {BD) {EF') 
generate a group of degree 7 and order 168. The octic group is 
generated by (ab) and (adbc). 

9. Simple Isomorphism. Abstract Groups. If Gi is a group of 
order m and if G2 is a group of order m, and if each element of 
Gi can be made to correspond uniquely to an element of G2 in 
such a way that each element of G2 is the correspondent of an 
element of Gi while the product of any two elements in Gi cor- 
responds to the product of the corresponding two elements in 
G2, then Gi and G2 are said to be simply isomorphic and the re- 
lation so established between Gi and G2 is said to be a simple 
isomorphism of Gi and G2 ; each of the groups is said to be 
simply isomorphic with the other. In such a correspondence 
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the identity in Gi must correspond to the identity in G 2 ; for 
if S corresponds to the identity, then every power of S corre- 
sponds to the identity, whence it follows that S itself must be 
the identity, since the correspondence of elements is unique. 

If Gi and G 2 are the same group, this correspondence is said 
to exhibit an isomorphism of the group with itself. 

The two permutation groups I, {ab), {cd), (ab){cd) and I, 
{ab){cd), {ac)(bd), {ad) {be) are exhibited as simply isomorphic 
by the correspondences 

{ab) ~ {ab){cd), {cd) ~ {ac){bd), {ab){cd) ~ {ad) {be). 

If two groups have the same number of elements of order 2, 
the same number of order 3, the same number of order 4, and 
so on, they are said to be conformal. 

Two simply isomorphic groups are conformal. For if S in 
one of them corresponds to T in the other, then S* corresponds 
to r*, whence it follows that S and T have the same order, 
since the identity always corresponds to itself. But groups may 
be conformal without being simply isomorphic; an example 
illustrating this fact is given in Ex. 28 on page 38. 

If two groups are each simply isomorphic with a third group, 
then they are simply isomorphic with each other, and the 
isomorphism may be established as follows : if ^ in the first 
group corresponds to C in the third while B in the second cor- 
responds to C in the third, then take A and B as corresponding 
elements in the isomorphism of the first two groups. 

It is evident that two simply isomorphic groups have cer- 
tain of their more abstract properties in common. Let us 
render more precise the conception of the common character- 
istics of two simply isomorphic groups. 

For this purpose consider the multiplication table of a given 
group G, that is, a table exhibiting the product (in each order) 
of every pair of elements in G. As an example of such a table, 
we have for the group 

Si = 7, S 2 = {abc), S 3 = {acb), S 4 = {ab), S 5 = {be), Se = {cd) 

the multiplication table given below, where the element oppo- 
site Si in the first column and under Sj in the first row is the 
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product SiSj. If from the elements of a group all properties 
are abstracted except those implied by its multiplication table, 
then the new abstract elements so formed constitute a group 
which is known as an abstract group. It is simply isomorphic 
with the given group, the correspondence being established by 
making each element of the original group correspond to the 
abstract element formed from it in constructing the abstract 
group. We may call this abstract group the abstract form of 
the given group or the abstract group corresponding to the 
given group. 



Si 

S2 

Sz 

Si 

Ss 

Ss 

Si 

Si 

Sz 

Sz 

Si 

Ss 

Ss 

S2 

S2 

Sz 

Si 

Ss 

Se 

S4 

S3 

Sz 

Si 

S2. 

Se 

S4 

Ss 

S4 

Sa 

Sq 

Sb 

Si 

S3 

S2 

Se 

Ss 

Si 

Sb 

S2 

Si 

Sz 

Se 

Sz 

Ss 

Si 

Ss 

S2 

Si 


If two groups are simply isomorphic, it is evident that they 
have the same abstract group corresponding to them. We may 
say, then, that the two groups are abstractly identical. It is evi- 
dent that the abstract properties of a group constitute, in one 
respect at least, its essential properties as a group. 

It is possible to define the multiplication table of a group 
completely by means of certain relations governing a set of 
generators of the group. We shall illustrate this matter by 
considering the group {S, T} where S and T are subject only to 
the conditions 

3 _ 1 

and such conditions as may be implied by these. The group 
contains the following elements ; 


cTi = 1, cr2 = ST, (Xz = (ST)^, 04 = T, (rs = S, ere — STS. 
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In order to make sure that no two of these elements are equal, 
we observe that if we put a = (be) and r = (ab) we have 
er^ = 1, = 1, (ct)® = 1, while 1, ct, (err)®, t, cr, ertr are six 

distinct permutations on the letters a, b, c. But cr and r satisfy 
all the relations assigned to S and T; hence those relations 
are consistent and the corresponding six elements formed from 
S and T must be all distinct, since otherwise S and T would 
satisfy at least one relation not implied by the given relations. 

It may now be shown that the given relations on S anH t 
imply that the elements Oi have a multiplication table identi- 
cal with the foregoing multiplication table except that S,- is 
replaced by o-,- for i = 1, 2, 3, 4, 5, 6. We verify a few of the 
36 products : thus <r 2 ® = {ST)^ = <tz, 0 - 20-3 = (ST)® = cri, 0 - 20-4 
= ST-T=S = 05, 0-20-5 = ST-S = 06 , o- 20 - 6 =ST- STS= (ST)®S 
= {ST)~^S = TS • S = T = Ci- Since the product o,oy is some 
Ofc, it is evident that the elements oi, 02 , • • •, oe constitute a 
group of order 6. From this it follows that the group {S, T} is 
completely determined by the sole relations S® = T® = (ST)® = 1. 
Since we know nothing about the elements of {S, T} other than 
what is implied by its multiplication table, it follows that 
{S, T} is an abstract group. Such a set of conditions as those 
used in defining {S, T}, namely, the sole conditions 


is called a set of defining relations for the abstract group deter- 
mined by them. 

It is evident (from the existence of the multiplication table) 
that every abstract finite group may be defined by means of a 
certain finite number of independent generators and a finite 
number of independent defining relations connecting them. 
The conception of an abstract group, to which this fact gives 
rise, is of such importance that we shall at once illustrate it 
by another example. In Chapter VII we shall take up a more 
systematic consideration of the matter. 

Let us now determine a set of defining relations for the ab- 
stract group which is simply isomorphic with the alternating 
group of degree 4. As generators of the permutation group 
we may take ^ ^ ^ 
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Then a-* = = (ct)^ = 1. 

Since the permutations cr and t satisfy these relations and gen- 
erate a group of order 12, it follows that any abstract generators 
S and T which are subject solely to the conditions implied by 
the (necessarily consistent) relations 

S3=T3= 

must generate a group whose order is at least as great as 12. 
We shall next show that the order of this abstract group 
{S, T] cannot be greater than 12. For this purpose we con- 
sider the following twelve elements of {S, T], namely, 

1 S S3 

ST STS STS^ 

522’2 S^T^S S^T^S^ 

T^ST^ T^ST^S T^ST^S^ 

The corresponding elements in {cr, r} are distinct, the corre- 
spondence being established by making <r and t correspond to 
S and T respectively. Hence these are twelve distinct elements 
of (S, T). If each of these is multiplied on the right by S, then, 
since S® = 1, we obtain merely the same elements in another 
order. If each of them is multiplied on the right by T, then, by 
a repeated use of the relations s® = T® = (ST)^ = 1, it may be 
shown that the same set of elements is again obtained (in a 
new order). Thus we have 


1 - r = rs • S 3 = s-ir-is2 = s ^ t ^ s ^ 

ST - T = S- S27'2S3 • S^T^S^ = T^ST^S^ 

5272 . 7 = 52, 

J2573 . 7 = 7-15-152 _ srs2, 

S-T=ST, 

STS ■ T = (sr)2 = 1, 

52725 . T = S ■ ST ■ TS - T = S • T-IS-I • S-iJ-i ■ T = ST ■ TS 
= T-is-i • s-ir-i = r2ST2, 

J.2S725. 7=7. TS ■ T^ ■ ST = T ■ S~^T~^ • T2 • T~'^S~^ = TS 

_ 5-17-1 _ 5272^ 
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52 . T = = T^ST^ST ■ = T^ST^S, 

STS^ ■ T = ST - S^T = ST ■ T^ST^S = S^T^S, 

527’252 . 7 = 52 . 7-15-1 . 7 = 52 . 57 . 7 = 72 = , 

= STSTT^ = STS, 

T^ST^S^ - T — T^S ■ T-^S-^ - T = T^S ■ ST ■ T = T^ ■ S'^T-^ 

= T^TS = S. 

From these results it follows that the twelve elements in the 
foregoing table are replaced by themselves (in some order) on 
multiplication on the right by either S or T, and hence on such 
multiplication by any element of {S, T}. Hence {S, T} is a 
group of order 12. The correspondence S 0*, T' T exhibits 
it as simply isomorphic with the alternating group {<r, r}, as the 
reader may easily verify. Hence {S, T} is the abstract form of 
the alternating group on four letters. Therefore 

The abstract alternating group of degree four is 
generated by the abstract elements S and T when 
they are subject to the sole defining relations 


EXERCISES 

1. Show that the group generated by the permutations (12345), 
(abed), (a^y) is a cyclic group of order 60, and find an element in it 
by which it may be generated. 

2. Show that there exists a cyclic group of every finite order m. 

3. Prove that every subgroup of a cyclic group is cyclic. 

4. Show that the two permutations (1234) (5678) and (1638) (5274) 
are commutative and that they generate a group of order 8. 

6. Construct the multiplication table for the octic group. 

6. Find the commutator subgroup (1) of the octic group. (2) of the 
alternating group of degree 4. 

7. Show that the commutator subgroup of an Abelian group con- 
sists of the identity alone, and that the commutator subgroup of every 
non-Abelian group is of order greater than unity. 
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8 . Show that an Abelian group cannot be simply isomorphic with 
a non-Abelian group. 

9. If each generator in a set of generating elements of a group is 
permutable with every other generator in the set, then the group is 
Abelian. 

10 . A group each of whose elements other than the identity is of 
order 2 is an Abelian group. 

11 . Prove that the product of two commutators is a commutator 
whenever the last factor of the first is the inverse of the first factor of 
the second; that is, prove that (S‘’^T^^ST){T'^^U~^TU) is a com- 
mutator. 

12. If if is a subgroup of G show that the commutator subgroup of 

is a subgroup of the commutator subgroup of G. 

13. If a and b are elements of a group G, there exist elements g and 
h in G such that ag = b and ha = b, 

14. If 5 and T are two elements subject to the sole conditions that 

53 = r2 = (57)2 -- 

show that they generate a group {S, T} abstractly identical with the 
group whose multiplication table is given in § 9. 

15. If a, b, c are elements of orders 4, 2, 2 respectively, and are sub- 
ject to the sole remaining conditions that ab = ba^, ac = ca, be = cb, 
then the group {a, by c} is of order 16, and a, b, c form a set of independ- 
ent generators of this group. 

16. Construct a set of defining relations for the abstract octic group. 

17. Construct a set of defining relations for the abstract group which 
is simply isomorphic with the group generated by (ab)y {cd)y (ef). 

18. Construct a set of defining relations for the abstract group which 
is simply isomorphic with the group generated by (1234) (5678) and 
(1638) (5274). 

19. If S and T are subject to the sole defining relations 

54 = T^ = ly S~^TS= T-\ S^ = r2, 
show that {S, T} is a group of order 8. 

20. Construct five groups of order 8 no two of which are simply iso- 
morphic. (Compare Exs. 2, 16, 17, 18, 19.) Show that a group of 
order 8 is necessarily simply isomorphic with one of these five. 



38 


Groups of Finite Order 

21. Construct a permutation group of order and degree 8 which has 
six elements of order 4. Show that no group of order 8 can have more 
than six elements of order 4. 

22. If a and b are elements which generate a finite group G and if 
ah =z show that every element in the subgroup generated by a is 
transformed by b into an element in that subgroup. 

23. Show that the commutator subgroup of the symmetric group 
of degree n is the alternating group of degree n. (Use the corollaries to 
Theorems II and IV in § 2.) 

24. Show that the alternating group of degree « is a perfect group 
if « > 4. (Use the corollary to Theorem IV in § 2.) 

26. If a cyclic group G is of order where is a prime number, 

and if 0 < r ^ w, then G contains just elements such that the order 
of each is a factor of p^ ; it contains just p'^~^(p — 1) elements of order 

r. 

26. Show that the permutations 

(CiCioCiQ ) (C2C1 1C20) (C3C 12C2 1 ) (C4C 13^22) (C5C14C23) (C qC 15C24) (C7C 1 6C25) (CgC 1 7C26) 
(C9Ci8C27)» 

(C 1 C 4 C 7 ) (C 2 C 5 C 8 ) (CsCqCq) (Ci oCi 5 C 1 7 ) (c 1 iCisCis) (c 12 C 1 4Cie) (c 1 9 C 23 C 27 ) (C 20 C 24 C 25 ) 
(C 21 C 22 C 26 ) 

generate a non- Abelian group of order 27 containing as a subgroup an 
Abelian group of order 9 generated by the first of the given permuta- 
tions and the following : 

(CiC2C3)(C4C5C6)CC7C8C9)(CioCiiCi2)(Ci3Ci4Ci5)(Ci6Ci7Ci8)(Ci9C2oC2l)(C22C23C24) 

(C 25 C 26 C 27 ). 

27. Show that the commutator of the first two permutations in 
Ex. 26 is of order 3 and is permutable with each of them. 

28. Show that the group of order 27 defined in Ex. 26 is conformal 
(but not simply isomorphic) with the Abelian group generated by 
(123), (456), and (789). 

29. Let Q and R be two abstract elements and write ^QR = P. 

If Q and R are subject to the sole defining relations 

pS = Q^ = R^ = p- ^R- IPR = IQ- IPQ = L 

show that they generate a group of order 27 simply isomorphic with 
the group of order 27 d6i;ned''m*]Ex.''2^. ■ . . 
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30- Show that the group generated by the elements 

(ac)(M), {ik){jl), {mo){np), {ac){eg){ik), {ab)(cd)(mo), 

{ef){gh)(mn)(op), {ij){kl) 

is of order 256, that its commutator subgroup is of order 16 and is 
generated by the first four of the given permutations, and that the 
commutator subgroup contains just one element which is not a com- 
mutator, namely, {ik){jl){ino){np). 

MISCELLANEOUS EXERCISES 

1 . Show that a regular permutation is always a power of a circular 
permutation. 

2. Show that the commutator of two permutations having just two 
letters in common is of order 1 or 2 or 3 or 5. 

3. Let S be a permutation having at least one cycle of even order 
or at least two cycles of equal odd order. Show that S is commutative 
with some odd permutation on the letters involved in S’. 

4. Determine what permutations can be expressed in terms of the 
two permutations 


5. Consider the following permutations on mw -h 1 letters, where m 
is an integer greater than unity : 

{aia2 • • * O^n+l), + 2 * * * G2n-{-l)y * * *» (Clia(m ~l)n + 2 ' * * <2?nn+l)* 

Show that every permutation on this set of mn + 1 letters can be ex- 
pressed in terms of the given permutations when n is odd, and that 
every even permutation on these letters can be expressed in terms of 
the given permutations when n is even. 

6. For what values of k from the set 1, 2, • • •, — 1 is it possible 

to express every permutation on the letters au an in terms of 

the permutations {aiak^i) and {aia^ • • • ^z„) ? 

7. If 5 and T are commutative regular permutations on the same 
mn letters, m and n being relatively prime integers greater than unity, 
and if 5 is of order m and T is of order n, show that ST is a circular 
permutation on the mn letters. [Suggestion. Show that the n cycles 
of S are permuted cyclically^jam enffi^Lor^ s^es when S is transformed 
by r.] 
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8. Consider the 13 sets of four letters each afforded by the columns 


in the array 

A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

A 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

A 

B 

C 

J 

K 

L 

M 

A 

B 

C 

D 

E 

F 

G 

H 

I 


Show that these sets are permuted among themselves as sets by the 
permutations {ABC • • *M) and {ABCDKLHGMJEFI), that the prod- 
ucts formed from these permutations lead to a group of order 
13 • 12 • 9 ‘ 4, and that this group contains all the permutations on the 
given letters each of which merely permutes among themselves the 
given thirteen sets of four letters each. 

9. By omitting the letters A, B, D, J from the array in Ex. 8 form 
a new array defining 12 sets of three letters each and show that the 
sets thus defined are permuted among themselves by a group of order 
9 * 8 • 6 on the nine letters involved and by no larger group on these 
letters. 

10 . Form a function left invariant by the group in Ex. 8 and by no 
permutations of its arguments except those in this group. 

11. Let p be an odd prime number. Show that the totality of dis- 
tinct congruences 

x' = ax b mod p, {a^O mod p) 

with multiplication of transformations modulo p as the rule of combi- 
nation, constitutes a group of order p{p — 1), (Compare the special 
case in Ex. 11 on page 24.) 

Similarly show that the totality of distinct congruences 
a:' = mod p, (a ^ 0 mod p) 

constitutes a group of order \ pip — 1). 

12 . If a and b are elements which generate a finite group G and if 
ab = ba^y show that every element of G may be written in the form b^a^. 

13 . The permutations 

a = {QiC12 • • * Cl2&)t T = (<Z26<227^228^29^3n) 

generate an Abelian group H of order 125. The permutations 

S = (C1C2C3 - • • C 26 ), 

T = {C2C7Ci2Ci7C22){C3CizC2ZCsCls){C4:CigCQC24Ci4:){C5C25C20CiBCio)f 
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generate a non- Abelian group G of order 125. Prove these statements 
and show that G and H are conformal but are not simply isomorphic. 
[Suggestion. Observe that ST = TS^, apply Ex. 12, and show that 
and r^cr^ are of the same order.] 

14. If the commutator c = a'-^b-^ab of a and b is permutable with 
both a and show that 


15. If aga ^ = g°- and i ^ = g^, then the commutator of a and i 
is permutable with g. 

16. If TS=zS^T^ show that 

' = (S^T)^(TS)^(ST^)\ 

17. If S and T are elements of orders m and n respectively and if 
TS = S^T^, show that and are of the same order and hence that 
m = i n, n, or 2 n. Show also that S^T and ST^ are of the same order. 

18. Let S be an element of order mn contained in a finite group G, 

m and n being relatively prime. Show that integers a and exist such 
that S = while S°- is of order m and is of order n. Show 

furthermore that if S = P • Q, where P and Q are permutable elements 
in G of orders m and n respectively, then P = 5“ and Q = 

19. If S-^TS=T-^ and T~^ST= S^\ show that = 1. 

20. If p is any prime number and k is any primitive root modulo p, 
show that cyclic permutations S and T exist of orders p and jJ? — 1 re- 
spectively such that ST = TS^, 

21. Show by aid of Ex. 20 that a permutation group exists (1) of 
degree p and order p{p — l), (2) of degree p and order | p{p — 1), for 
every odd prime number p. 

22. Show that the abstract group whose generators cr and r are sub- 
ject to the sole defining relations 

= cr- V" ^ar = 1 

is simply isomorphic with the permutation group {cr, r} of Ex. 13. 

23. Show that the abstract group whose generators S and T are sub- 
ject to the sole defining relations 

S25 ™ isTS~^ = 1 

is simply isomorphic with the permutation group (S, T} of Ex. 13. 
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24. If ^ is any prime number and k is any primitive root modulo p, 
show that the abstract group whose generators S and T are subject to 
the sole defining relations 

is simply isomorphic with the permutation group of order — 1) in 
Exs. 20 and 21. 

25. If the elements a and h are of finite order and each of them is 
permutable with their commutator c= a~‘^b~^ab, then show (by aid 
of Ex. 14) that each of the elements in the group {a, b) is representable 
in the form a^b^c^ Show that the order of c is a common factor of the 
orders of a and b, and thence that {a, b} is a finite group. 

26. If <2 and b are two noncommutative elements of odd prime 
order p and if each of them is permutable with their commutator, show 
that {a, h) is a group of order p^. (Use Ex. 25.) 

27. Show that the abstract group whose generators S and T are sub- 
ject to the sole defining relations 

= tS=S^T^ 

is of order 12 and that its distinct elements are 

1, S, r, ST, TS, TK Sn, ST^ TS^ T^S, ST^S. 

28. Show that the group {S, T} of Ex. 27 is simply isomorphic with 
the alternating group of degree 4. 

29. Show that the abstract groups {S, T} and {P, Q} whose sole 
defining relations are 

S^ = T^ = 1, TS = and == 1 , pq = Qp 2 ^ 

respectively, are identical as abstract groups and that their order is 20. 

30. By means of the adjoining scheme form 16 sets A B C D 
of 6 letters each by taking for each letter in the scheme E F G 
the 6 which are aligned with it (excluding that letter 

itself). Thus we have the 16 sets afforded by the ^ J ^ 
columns in the following array : M N 0 


B 

A 

A 

A 

F 

E 

E 

E 

J 

I 

I 

I 

N 

M 

M 

M 

C 

C 

B 

B 

G 

G 

F 

F 

K 

K 

J 

J 

0 

0 

N 

N 

D 

D 

D 

C 

H 

H 

H 

G 

L 

L 

L 

K 

P 

P 

P 

0 

E 

F 

G 

H 

A 

B 

C 

D 

A 

B 

C 

D 

A 

B 

C 

D 

I 

J 

K 

L 

I 

J 

K 

L 

E 

F 

G 

H 

E 

F 

G 

H 

M 

N 

0 

P 

M 

N 

0 

P 

M 

N 

0 

P 

1 

J 

K 

L 
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Determine the largest permutation group on the 16 given letters each 
element of which merely permutes among themselves these 16 sets of 
6 letters each, and show that its order is 16 • 15 • 12 • 4. Show that 
the largest subgroup which leaves the first column fixed permutes its 
letters according to the symmetric group of degree 6 and that it per- 
mutes the remaining 10 letters according to a simply isomorphic group 
of degree 10 and order 10 • 9 • 8. 

31. By omitting P from each sextuple in Ex. 30 in which P appears, 
form the 6 quintuples in the columns of the following array : 


A 

E 

I 

N 

M 

M 

B 

F 

J 

0 

0 

N 

C 

G 

K 

A 

B 

C 

H 

D 

D 

E 

F 

G 

L 

L 

H 

I 

J 

K 


Determine the largest permutation group on these 15 given letters each 
element of which merely permutes among themselves these 6 quin- 
tuples, and determine the permutation group according to which the 
quintuples are thus interchanged. What is the relation between the 
two named permutation groups ? 



CHAPTER II 


Five Fundamental Theorems 


10. Orders of Subgroups. The following may be regarded as 
the most fundamental theorem in the theory of finite groups : 

I. First Fundamental Theorem.* The order of 
a subgroup of a finite group G is a factor of the order 
of G. 

Let G be of order n and let H he a proper subgroup of G of 
order r. We have to show that r is a factor of n. Let si = 1, 
S 2 , S 3 , ■ • Sr be the elements of H. Form the following array 
containing all the elements of G : 


5l, 

52, 

53, • 

* *, 5r, 

t2Su 

fe52, 

fe53, * 

• f t2Srf 

hsx, 


tsSSf • 

* *, tzSrf 

ikSu 


tkSZf ‘ 

*, ^A5r> 


where tz is any element not in the first row and in general ti is 
any element not in the first / — 1 rows. It is evident that the 
elements of G may be exhausted in a scheme of this sort ; it is 
next to be shown that no element of G occurs twice in this array. 
Let h be another symbol for the identity. Now tiSk and tiSi are 
elements in the ith row. If USk = Usi, then Sk — si and hence 
k = 1. Hence each row of the array consists of r distinct ele- 
ments. If y > i and if ijSm = Usi, we have tj = tiSiS„,~^ = ZiS^, 
where is an element of H. Hence tj is in the fth row, contrary 
to hypothesis. Therefore no element in one row is equal to any 


* This has sometimes been called the theorem of Lagrange. 
44 
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element in another row. Therefore the elements in the array- 
are all distinct. Hence the array contains all the elements of G 
and no element of G occurs t-wice in the array. Now the num- 
ber of elements in the array is Xr, since there are X rows of ele- 
ments with r elements in each row. Hence Xr = re, whence it 
follows that r is a di-visor of re. 

The quotient re/r is called the index of H in G. 

The learner will find it an excellent exercise to construct a 
similar proof by means of an array of the form 


Su 

S2, 

•S3, * • *, 

Stf 

SiT 2 , 

S2T2, 

53T2, * • 

StT 2 , 

Sl-TS. 

S 2 T 3 f 

53T3, • • 

StT 3 > 

SlT,,., 

S 2 Tfjt.f 

53T/X, * * •, 

SrTfi.f 


where T 2 is any element not in the first row and in general t, is 
any element not in the first f — 1 rows. It is convenient to use ti 
as an additional symbol for the identity ; and this we do. 

These two arrangements of the elements of G in rectangular 
arrays are often useful in developing the theory of finite groups. 
It is convenient to denote the elements in the fth row of the first 
array by till and those in the fth row of the second array by Hr,-. 

An element of G of order m generates a subgroup of G of order 
m. Hence, 

Cor. I. The order of an element of G is a factor 
of the order of G. 

If G is a group of prime order p, then every element of G 
except the identity is of order p. Hence, 

Cor. II. A group whose order is a prime is a cyclic 
group. It contains no proper subgroup except that 
consisting of the identity alone. 

11. Miscellaneous Theorems. Conjugate Elements and Sub- 
groups. We shall now give some definitions and theorems which 
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are important in themselves and are essential in the proofs of 
the remaining four fundamental theorems. 

II. The elements * common to two finite groups 
Gi and Gz form a finite group H known as the com- 
mon subgroup of Gi and Gz- 

Any two groups have the identity in common. If S and T 
are elements common to Gi and Gz, then ST is in each group and 
the inverse of each of them is in each group. Therefore these 
common elements form a group, and this group is necessarily of 
finite order. 

The elements of Gi and Gz generate a group which may be 
either finite or infinite. It is denoted by the symbol {Gi, G2}. 
If Gi and Gz are permutation groups, then it is obvious that 
{Gi, G2} is a finite group. 

More generally the elements Si, Sz, Sn (of finite order) 
and the elements of the finite groups Gi, Gz, ■ ■ ■, Gm generate a 
group (finite or infinite) which is denoted by the symbol 

{Si, S2, • • •, Sn, Gl, G2, • • •, Gm}. 

In case all the elements involved are permutations this group 
is necessarily a finite group. 

If S and T are elements of a group G, then S and T~'^ST are 
said to be conjugate elements of G and T~'^ST is said to be a con- 
jugate of S or to be conjugate to S. Every element S is conjugate 
to itself, since S^^SS = S. If every conjugate of S in G is equal 
to S, then S is said to be a self-conjugate, or normal, or invariant, 
element of G. 

III. Two elements which are conjugate in a given 
finite group G have the same order. 

For if S is of order m and T is any other element of G, then 
‘ = T~^ST ■ T-^ST T~^ST = T-^S^'T = 1 ; 


* In such matters as this, where the relations of two or more groups or the 
relations of an element to a group are considered, it is to be understood that 
all the elements involved are subject to the same law of combination. 
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and if T~^ST is of order m we have 

_ 'p . . J*—! = 

Let 77 be a group and let S be an element which combines 
with the elements of H. Then we denote by S~^HS the set of 
elements obtained on transforming the separate elements of H 
by S. If hi and are two elements of H, we have 

S-^hiS ■ S-1A2S = S-i ■ hihz ■ S. 

Hence, 

IV. If is a finite group and S is an element 
which combines with the elements of H, then H and 
S~^HS are simply isomorphic groups. 

The isomorphism is established by making each element in 
H correspond to that element in S~ ^HS into which it is trans- 
formed by S. If S belongs to H, then this process exhibits H 
as simply isomorphic with itself. 

If the groups H and S“ii 7 S are identical, then S is said to 
be permutable with H. In this case the two sets of elements 
HS and SH are identical, as may be readily proved; for, if 
S~'^hiS = hj, then hiS = Shj. 

If H is a subgroup of G and S is an element of G, then H 
and S~^HS are called conjugate subgroups of G and S~^HS is 
said to be a conjugate of H or to be conjugate to H. Further- 
more, H is said to be transformed by S into S~^HS. Every 
subgroup H of G is conjugate to itself, since it is transformed 
into itself by each of its own elements. If H and S~^HS are 
identical for every element S of G, then H is called a self- 
conjugate, or normal, or invariant, subgroup of G. 

It is evident that the total set of self-conjugate elements in 
a fini te group G forms a self-conjugate subgroup of G. This 
subgroup is called the central of G. 

If Si is a given element of G and if all the conjugates of Si in 
G are Si, S2, ■ • ■, Si, then Si, S2, - • Sj are said to form a com- 
plete conjugate set of elements of G. 

If Hi is a given subgroup of G and if all the conjugates of 
Hi in G are the subgroups Hi, Hz, • ■ Hk, then Hi, Hz, ■ ■ ■, Hk 
are said to form a complete conjugate set of subgroups of G. 
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If a group G has no self-conjugate proper subgroup other 
than that consisting of the identity alone, then G is said to 
be a simple group ; otherwise it is said to be a composite group. 

Let Si, Sz, ■■■, Si be the complete set of conjugates of 
the element Si of the group G. Then any S,- of the set obvi- 
ously has the same complete set of conjugates, since the re- 
lations Si=Ti~'^SiTi and Sj = Tj-'^Sz.Tj imply the relation 
Sj = Hence no two complete sets of con- 

jugate elements have an element in common. Therefore the ele- 
ments of G may be distributed into a certain number of complete 
sets of conjugate elements in such a way as to exhaust the 
elements of G without repetition. Let r be the number of these 
complete sets of conjugates and let h = 1 , *2, hs, • - A, be the 
numbers of elements in the different sets, h being the number 
of elements conjugate to the identity. Then if n is the order 
ofG.w.ehave n=l + h2-fhi + --- + hr. 

Let Hi, H2, ■ ■ ■, Hk be the complete set of conjugates of the 
subgroup Hi of the group G. Then it is easy to show (compare 
the previous paragraph) that any H, of the set has the same 
complete set of conjugates. Hence no two complete sets of con- 
jugate subgroups contain one and the same subgroup. Again, if 
Si is an element occurring in a subgroup H of G, it is obvious 
that all of its conjugates occur in the complete set of conju- 
gates of H. 

V. The elements common to the subgroups of a 
complete set of conjugate subgroups of a finite group 
G form a self-conjugate subgroup H of G. 

That these elements form a group H follows readily from 
Theorem II. The named complete set of conjugate subgroups 
of G is transformed into itself by any element whatever in G. 
In this process an element of the group H is necessarily trans- 
formed into an element of H. Hence the theorem. 

This group H often consists of the identical element alone. 

VI. The elements of a finite group G which are 
permutable with a given element S of G form a sub- 
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group H of G. The number of elements conjugate 
to S in G is equal to the index of iJ in G. 

This group H is called the normalizer of S in G. 

If Ti and T2 are permutable with S, then TiT2S= T1ST2 
= ST1T2, whence it follows that T1T2 is permutable with S. 
Thence it is easily shown that the elements of G which are 
permutable with S form a subgroup H of G. 

Let r be the order of H and let Ui = 1, U2, Uz, Ur be the 
elements of H, and let V be any element of G. Then we have 


whence it follows that each of the elements UiV {i = 1, 2, ■ • r) 
transforms S into the same element V~ V. Again if W is an ele- 
ment of G which transforms S into the element F'^SF, we have 
Ty-iSlF= F-iSF, whence VW-^SWV-^ = VV-^SVV-^ = S; 
whence it follows that TFF“i belongs to If so that WV~'- is 
equal to some U,. Then W = UjV, so that W belongs to the 
set UiV {i = 1, 2 , • • •, t). Therefore this set contains all the 
elements of G which transform S into F'^SF. Hence the num- 
ber of elements of G each of which transforms S into a given one 
of its conjugates is r. If w is the order of G, it follows then that 
the number of elements conjugate to S in G (including S itself) 
is n/r, and this number is the index of i? in G. 

VII. The elements of a finite group G which are 
permutable with a given subgroup H oi G form a 
subgroup K oi G which is either the same as H or 
contains if as a self-conjugate subgroup. The num- 
ber of subgroups conjugate to if in G is equal to the 
index of K in G. 

This group K is called the normalizer of H in G. 

If Ti and T2 are elements of G which are permutable with 
H so that Ti-^HTi = H {i = I, 2). then 
= T2~^Tr'^HTiT2 = T2~^HT2 = H; therefore T1T2 is permut- 
able with H. Thence it follows readily that the elements of 
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G which are permutable with H form a subgroup K of G. 
This group obviously contains H, since H is permutable with 
each of its own elements. If S is any element of K, we have 
S-ijcfS = H, so that H, when not identical with K, is contained 
in if as a self-conjugate subgroup. 

If t/ is an element of G not contained in K, then the elements 
KU, and no other elements of G, transform H into U~'^HU, as 
may be shown by the method employed in the proof of the 
corresponding part of the preceding theorem. From this it fol- 
lows readily that the number of subgroups conjugate to H in 
G is equal to the index of K in G. 

VIII. Let Si, S2, • • •, Sfc be a complete set of con- 
jugate elements of a finite group G, and let H denote 
the group {Si, S2, ■ • •, SJ. Then is a self-conjugate 
(proper or improper) subgroup of G; and no self- 
conjugate subgroup of G of lower order contains the 
element Si. 

The named generators of H are transformed, by any given 
element of G, into the same set of elements, either in the same 
order or in some other order. Hence this given element of G 
transforms H into itself. Therefore H is contained in G 
self-conjugately. 

If K is any self-conjugate subgroup of G containing the ele- 
ment Si, then K must contain every element into which Si may 
be transformed by elements of G. Hence K must contain all 
the elements Si, S2, • • •, Sk, and hence it must contain H itself. 

An exactly similar argument may be used to prove the fol- 
lowing theorem : 

IX. If Hi, Hi, • • •, is a complete set of conju- 
gate subgroups of a finite group G and H is the group 
{Hi, Hi, - - -, Hfc}, then H is a self-conjugate (proper 
or improper) subgroup of G ; and it is the smallest 
self-conjugate subgroup of G that contains Hu 
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X. Let S be an element of order n which is per- 
mutable with a finite group G of order g and let S’" 
be the lowest positive power of S in G. Then m is 
a factor of n and the order of {S, G} is gm. 

Since S is permutable with G, it follows that every prod- 
uct STi, where Ti is an element of G, can be put in the form 
TyS where Tj is an element of G. Hence all the elements of 
{S, G} can be obtained by multiplying the elements of G on the 
right by 1, S, S^, ■ • •, so that the elements of {S, G} are 

all contained in the sets 

G, GS, GS2, • - GS”*-!. 

No element of {S, G} occurs twice in these sets ; for if TyS* = TjS^ 
where Ty and Tj are in G and k and I are non-negative integers 
less than m, k being greater than I, we have = Ti~^Tj, so 
that is in G, contrary to hypothesis. Hence {S, G} is of 
order gm. 

If m is not a factor of n, let fj, be the greatest common divisor 
of m and n. Then integers x and y exist such that xm+yn = /x. 
But S’” and S" are in G. Hence (S’”)’’(S”)’', or or S'*, 

is in G, a result which contradicts the hypothesis that /j, is less 
than m. Hence m isa. divisor of n. 

XL If G and H are two finite groups such that 
every element of G transforms H into itself and every 
element of H transforms G into itself, and if G and 
H have no common element except the identity, then 
every element of G is permutable with every element 
of H. 

Let S be any element of G and let T be any element of H. 
Then T~'^ST is an element of G, since T transforms G into itself ; 
likewise S~^T^^S belongs to H. Therefore S~^T~^ST belongs 
to both G and H, since it is the product of and T~^ST, both 
belonging to G, and is also the product of and T, both 

belonging to H. But G and H have only the identity in common. 
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Therefore S'~^T~^ST = 1, or ST = TS. Hence every element of 
G is permutable with every element of H. 

liG and H are two groups having no common element except 
the identity and if every element of G is permutable with every 
element of H, then {G, H} is called the direct product of G and H. 
Similarly, we may speak of the direct product of several groups, 
the direct product of n groups being the direct product of one 
of them and the direct product of the other n—1. 

The reader will easily prove that the order of the direct product 
of two finite groups G and H (when this direct product exists) is 
equal to the product of the orders of G and H. 

EXERCISES 

1. If G is a cyclic group of order n and if d is any factor of show 
that G has one and just one subgroup of order d. 

2. In the group {a, b} the elements ab and ha are conjugates. 

3. Every element of an Abelian group is self-conjugate. 

4. Every subgroup of an Abelian group is self-conjugate. 

5. If 5i, S 2 , • • Sn generate a finite group G, show that the ele- 
ments S1S2 ' ' ‘ Sn and SrSr+i • • • SnSiS2 • • Sr~i are conjugate in G. 

6. If the order of an Abelian group G is a multiple of a prime num- 
ber p, then G contains an element of order p. (This theorem will later 
be extended to non- Abelian groups. See Cor. Ill in §16.) 

7. An Abelian group whose order is a product of k different prime 
factors is a cyclic group. 

8. The elements of a finite group G which are permutable with 
each subgroup of a complete set of conjugate subgroups of G form a 
self-conjugate subgroup of G. 

9. If H* is a subgroup of G and S is an element combining with the 
elements of G, then ^HS is a subgroup of S“ ^GS. 

10. Let jy be a self-conjugate subgroup of a finite group G. If H con- 
tains a subgroup K of G, then it contains every conjugate of K in G. 

11. If a finite group G contains a subgroup of index 2, that subgroup 
is self-conjugate in G. 

12. The elements which are common to two or more self-conjugate 
subgroups of a finite group G form a self-conjugate subgroup of G. 
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13. If S and T are conjugate elements of a finite group G, then 
T = SC, where C is a commutator of two elements of G. 

14. The commutator subgroup of a finite group G is self-conjugate 
in G. 

15. If a finite group contains only one subgroup of a given order, 
that subgroup is self-conjugate. 

16. If two self-conjugate subgroups of a finite group G have only 
the identity in common, then every element of one of these subgroups 
is permutable with every element of the other. 

17. If G and H are two finite groups such that every element of G 
transforms H into itself and every element of H transforms G into it- 
self, then a commutator formed with an element of G and an element 
of H is in the common subgroup of G and H. 

18. If Gi and G 2 are two groups of order where is a prime 
number, and if neither of them contains an element of order p^, then 
the two groups are conformal. 

19. Construct a group of order 12 which has no subgroup of order 6. 

20. Denote in order by a, b, c, d, e, /, g the seven triples of three 
letters each defined by the array in §4. Show that the permutations 
(ABCDEFG) and (BD)(EF) permute these triples according to the 
permutations (abcdefg) and (bc)(df), and prove that the two groups 
{(ABCDEFG), (BD)(EF)} and {(abcdefg), (bc)(df)) are identical as 
permutation groups. 

21. Solve the similar problem for the array in Ex. 13 on page 24. 

22. Show that the group {(ABCDEFG), (BD)(EF)} has a subgroup 
of order 24 each element of which leaves A fixed, and find the complete 
set of conjugates of this subgroup. 

23. Show that the group {(ABCDEFG), (BD)(EF)} has a subgroup 
of order 4 each element of which leaves both A and B fixed, and find 
the complete set of conjugates of this subgroup. 

24. For the group defined in Ex. 13 on page 24 solve the problems 
similar to those in Exs. 22 and 23. 

12. Representation of an Abstract Finite Group as a Regular 
Permutation Group. Let G be a permutation group of degree n 
on the letters ai, ^ 2 , • • •, If G contains permutations 81 , 82 , 
— •, 8 n replacing ai by au « 2 , an respectively, then G con- 
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tains the permutation Sr^Sj which replaces a, by a,. A per- 
mutation group which has this property of containing a permu- 
tation which replaces any given one of its letters by any other 
given one is called a transitive group. A permutation group 
which does not have this property is said to be intransitive. 

The group {{aio^- ■ ■ ««)}, generated by (<3iC2 • ■ • c„), is 
transitive. As another example of a transitive group we have 
the group consisting of the permutations 

1, {ab)(cd), {ac){bd), {ad){bc). 

These elements in order replace a by a, b, c, d. The octic group 
affords another example of a transitive group. 

A transitive group whose order is equal to its degree is called 
a regular permutation group. 

If the letters involved in a regxilar permutation group G are 
«i, ff 2 , • • •» Otii then there are n distinct permutations Sa, Sa, 
■ ■ Sin in G which replace respectively by Ci, « 2 , ■ • 

Since there are only n permutations in G, the named permuta- 
tions uniquely exhaust the elements of G. Hence the permuta- 
tion Sij is the only element of G which replaces ai by Cy. If T is 
an element of G which leaves any given «»• fixed, then TSa re- 
places Oi by aj, whence it follows that TSyy = Sij, so that T is 
the identity. Therefore the identity is the only element of a 
regular permutation group which leaves fixed a letter involved in 
the group. From this it follows that all the permutations of a 
regular permutation group are regular permutations. 

The cyclic group {{abc) (def)} is an example of a group which 
is not regular though every permutation in it is regular. It is 
intransitive. 

Regular groups are of great importance on account of their 
applications. In fact, as we shall see in the next theorem, every 
finite group can be represented as simply isomorphic with a 
regular permutation group. From this it follows that many of 
the general properties of finite groups may be developed by aid 
of their representations as permutation groups. In practice this 
is often found to be more effective than an investigation of the 
properties of groups by means of any purely abstract mode of 
representing them. 
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We shall now prove the following theorem : 

XII. Second Fundamental Theorem. Every 
group G of finite order n can be represented as a 
regular permutation group on n symbols, the latter 
being simply isomorphic with G. In fact, such a 
representation can be set up in two ways (as in the 
following proof) and the two representations are dis- 
tinct when G is not an Abelian group. Moreover, 
every permutation in one of these permutation 
groups is permutable with every permutation in the 
other, and the n permutations of one of these permu- 
tation groups are the only permutations on its letters 
permutable with every permutation of the other. 
Furthermore, these two simply isomorphic regular 
permutation groups are conjugate under the sym- 
metric group on the letters involved in them. 

Let Si = 1, S2, S3, ■ • S„ be the n elements of the given 
group G. Then the n elements SiS,-, S2Si, • • -, S„S,' are all dis- 
tinct and all belong to G, whence it follows that they are the 
elements of G in some order. Then 


( Si, S 2 , S„ 

UlSi, S^Si, SnSi 

is a permutation s, performed on the n symbols representing the 
elements of G. For brevity we denote Si by the symbol 

Si = 

The permutation sr'sj replaces S,- by Sj. Hence the permu- 
tation group P, consisting of the permutations si, S 2 , • • •, Sn, is 
transitive. Since its order is equal to its degree, it is regular. If 
Si is made to correspond with Si, for every i, then G and P are 
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exhibited as simply isomorphic, since S; corresponds with , 
as may be seen from the relations 

- issXss) = (sl)(S,) “ (sis,)- 

The process by which this representation of G has been ob- 
tained may be called post-multiplication, since in forming S{ we 
multiplied the elements of G on the right by S,-. If we use pre- 
multiplication and write 

^2) s 

* sr^s, 

then we have a permutation group P', consisting of the permu- 
tations s'l, s' 2 , ■ ■ •, s'n- Since Si~^ is replaced by by the 
permutation it follows that this group P' is transitive 

and thence that it is regular. Moreover, we have 


and this is the permutation corresponding to S.Sy. Hence by 
making 5i and s',- correspond for every i the groups G and P' are 
exhibited as simply isomorphic. 

Now if Si = s'j, we have 

S 

SSi, 

whence SSi = Sj~'^S for each element S of G. Taking Si for S, 
we have Si = S>~h Hence SSi = SiS, so that Si is permutable 
with every element of the group. From this it follows that the 
two representations of G are distinct except in the case when 
G is an Abelian group. That is, when G is not Abelian the per- 
mutation groups P and P' are distinct as permutation groups 
in the sense that the set of permutations in one is not the same 
as the set of permutations in the other. But they are simply 
isomorphic, since each is simply isomorphic with G. 
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From the relations 



we see that every permutation in one of the groups P and P' is 
permutable with every permutation in the other. 

Let s be any permutation on Si, S2, • • •, S„ which is permut- 
able with every permutation in P' and let Sk be the letter by 
which Si is replaced by s. Then leaves Sk unchanged 

and it is permutable with every permutation in P'. By aid of 
Theorem VI in § 2 it follows readily that such a permutation 
leaves fixed each of the letters Si, S2, • • •, S„, since P' is transi- 
tive on these letters. Hence is the identity, and therefore 
s = Sk- Hence P contains every permutation (on its letters) 
which is permutable with every permutation in P'. In a similar 
way it may be proved that P' contains every permutation (on 
its letters) which is permutable with every permutation in P. 

Let t denote the permutation 

. / Si, S2, ■ - S„ \ _ / S \ 

S2-L • - -, s„-ij = \s-iT 
Then from the relations 



it follows that = s/. Hence the group P' is conjugate to 
the group P xmder the symmetric group on Si, S2, • • •, S„. 

This completes the proof of the theorem. 

The groups P and P', occurring in the foregoing proof, are 
called conjoint groups. If P is Abelian, it coincides with its 
conjoint ; otherwise the conjoints (though conjugate) are dis- 
tinct in the sense that the set of permutations in one of them 
is not the same as the set in the other. 

We shall now prove the following corollary : 

Cor. Two simply isomorphic regular permutation 
groups K and K' on the same set of n letters are 
conjugate subgroups of the symmetric group on those 
letters. 
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Let ax, 02, ■ ■ ■,a-n be the n letters involved, and for each i 
of the set 1, 2, • • •, M let S, be that permutation of K which 
replaces ax by a*. Let S'i denote the permutation in K' which 
corresponds to Si in K in the isomorphism of K and K', and 
let S'i replace ax by at .. Let <Ti be the transform of S'i by the 


Then a,, as well as Si, replaces ax by Oi. To establish the corol- 
lary it is sufficient to show for each i that Si and a,- denote the 
same permutation. 

The group composed of the permutations ui, 0 - 2 , • • •, (r„ is 
simply isomorphic with K, <Ti corresponding to S, for each i. 
Then Sf corresponds to cr/; hence they both replace ox by 
the same letter. Therefore the cycle in Si which contains ax is 
the same as the cycle in cTi which contains ax, this result holding 
for each i of the set 1, 2, ■ ■ 

Let {aibxb 2 ■ ■ ■ bm) be a cycle of Sa not containing ax (in case 
such a cycle exists) and let iaiCxC 2 - ■ • c„) be a cycle of cr^ not 
containing ax. Then Sx“'’Sr^ replaces bp by ax while <Tx~’’crr'^ 
replaces Cp by ax. Hence 6p and Cp denote the same letter, since 
SK~'‘Sr^ and have the same cycle containing ax. 

Therefore Sx and <rx denote the same permutation. Since this 
holds for X = 1, 2, • • -, «, the proof of the corollary is complete. 

13. Sylow’s Theorem. We shall now prove the following theo- 
rem, which is known as Sylow’s theorem : 


XIII. Third Fundamental Theorem. Let G be 
a group of order n and let be the highest power 
of a prime p contained in w as a factor, a being a 
positive integer. Then G contains at least one sub- 
group of order All its subgroups of order p"" 
form a single complete conjugate set, and their num- 
ber is 1 -1- kp, where k is an integer (positive or zero). 

Such a subgroup of order is called a Sylow subgroup. 

Write n = p'^m. Then m is prime to p. If m = 1 so that G is 
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of order p^, then G itself is the only subgroup of G of order p °- ; 
whence it follows that the theorem is true in this case. Hence- 
forth suppose that m> 1 . 

In order to prove the existence of at least one subgroup of 
order p°- we represent G as a regular permutation group P on 
Si, S2, • • •, Sn, as in the proof of the preceding theorem. Let 
p^ be the highest power of p which is less than p°-m. Let T 
denote any permutation of order p and degree p^ on part of 
the letters Si, S2, • ■ •, S„. Then T cannot be transformed into 
itself by every permutation of P (since P is a transitive group), 
as one sees by aid of Theorem VI in § 2 . Let Ti = T, T% • • •, Tr, 
where r> 1 , be the total set of distinct permutations into 
which T is transformed by the permutations of P. The totality 
of permutations in P each of which transforms T into itself 
evidently forms a group Pr; let h denote the order of this 
group. Let Vi be a permutation in P which transforms T into 
Ti. Then if U is any permutation in Pj- the permutation UVi 
transforms T into Ti, since 

{UVi)-'^T{UVi) = Vr^ ■ U-^TU- V{ = Vi-^TVi=Ti. 

Conversely, if W is any permutation in P which transforms T 
into Ti, then W has the form UVi, where U belongs to Ft, since 
from the relation W~'-TW = Ti = Vr^TVi we have 

ViW-'-TWVr'^ = T or = T, 

so that WVi~^ is a permutation U which transforms T into 
itself, whence W = UVi. Hence the number of permutations in 
P each of which transforms T into Ti is k, h being the order of 
Pr- Then, writing Ti for t and hi for h, we have 

p'^m = Tihi. (n > 1 ) 

Now consider the totality M of permutations of order p and 
degree p^ on the letters Si, S2, • • -, S„. Let their number be s. 
If s > r, let Tr+i denote one of these permutations not in the set 
Ti, T2, • ■ Tr. Let the number of conjugates into which it is 
transformed by the permutations in P be r2, and let hz be the 
order of the subgroup of P each permutation of which transforms 
Tr+i into itself. Then, as in the preceding case, we have 



60 


Groups of Finite Order 

p^m = r 2 h 2 and r 2 > 1. If the totality M is not exhausted, con- 
tinue the process. Since it must finally be exhausted, we shall 
have sequences of numbers and hi with i varying from 1 to jLt 
(say) such that 

s = n -f r2 H h r^. 

p°-m = Tiki, {Ti > 1 ; / = 1, 2, • ■ /z) 

We shall next show that s is prime to p. For this purpose we 
observe first that the totality M forms the complete set of con- 
jugates of T under the symmetric group on Si, S 2 , * • S^, since 

each permutation in M can be transformed into any other by a 
permutation in this symmetric group, as one sees readily by aid 
of Theorem VI in § 2. Now consider the following permutation 
in the set M : 


D — (S 1 S 2 • * * *Sp)(Sj>4.i • ’ • S2p) • * • • * 

It is transformed into itself by each element of the group 

* * *Sp), (Sp-i-i • • 

a group whose order is It is also transformed into itself 

by any permutation on its letters which permutes the cycles of 
D and retains the letters in each cycle in their given order; 
and the totality of such permutations obviously forms a group 
of order !, this being the number of permutations of 

objects, here taken as the cycles of D. Thus we have two groups 
such that D is transformed into itself by each element in either 
of them. These two groups have no element in common except 
the identity. If a is an element of the first group and /3 is an 
element of the second group, then it is easy to show that 
/3~^n/3 is an element a' of the first group. From the relation 
= a! we have a/3 = jSa'. From this it follows that every 
permutation in the group K generated by the elements of these 
two groups can be written as a product AB, where A belongs to 
the first group and B to the second. Hence the order of K is 
equal to the product of the orders of these two groups and 
hence is 
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Moreover, D is also transformed into itself by the symmetric 
group on • • • , Sp-m. The direct product of K and this 

symmetric group is a group L of order 


Since this group L is contained in the largest subgroup of the 
symmetric group on Si, S2, • • •, Sn under which D is transformed 
into itself, it follows from Theorem VI of § 11 and Theorem I 
of § 10 that the number s of conjugates of D under this symmet- 
ric group is a factor of the quotient 

I -i- -p^)\- 0^-1) ! - 

which quotient is prime to p, as may be shown * from the fact 
that p® is the largest power of p which is less than Hence 
s is prime to p, as was to be proved. 

Since s is prime to p and we have shown that s = n • • • + 
it follows that at least one of the numbers ri is prime to p. 
Let r„ be such a number. Then, from the relation p’^m = 

> 1) , we see that hy is divisible by p°- and is less than p'm. 

But hy is the order of a proper subgroup of P ; whence it 
follows that G has a proper subgroup of order hy. If A,. > p“, we 
may apply to this subgroup of G of order hy the same process as 
that just applied to G itself, and with the conclusion that it con- 
tains a proper subgroup whose order is divisible by p“. It is 
clear that this process may be continued imtil we arrive at a 
subgroup of G of order p*. This proves the existence of at least 
one subgroup of order in G. 

Let H be a subgroup of G of order p'^ and let S be an element 
of G of order pf (7 s 0) which is permutable with H. Let p^ be 
the order of the greatest subgroup which is common to {S} and 
H. Then from Theorem X in § 1 1 it follows that the group {S, H} 
is of order But G does not contain a subgroup of order 

po, where p> a. Hence 7 = S. Therefore the element S is in H. 

* To prove this observe first that the named quotient may be written in the 
form 

1 • 2 • 3 PP W + lKf>® + 2)(^>g + 3) - • • - ^>31) 

p-2p-3p p^-'p' 1-2 -3 ip'^m-p^) 

and then that the denominator in the first fraction contains every multiple oip 
appearing in its numerator. 
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If G contains only one subgroup of order then our theorem 
is true for G. For the remainder of the proof we may then sup- 
pose that G contains more than one subgroup of order p\ 

We shall now prove that the number of conjugates of H in 
G is equal to a multiple of p increased by unity. If H is self- 
conjugate, the fact is granted. If H is not self-conjugate, let 
H' be any subgroup which is conjugate to iy in G and is differ- 
ent from H. Let p'^ be the order of the greatest subgroup h 
which is common to H and H'. When H' is transformed by all 
the elements of H, the only elements which transform H' into 
itself are those of h, and these are />’’ in number. Hence H' is 
transformed by the elements of H into p^-—^ distinct conjugate 
groups. If these do not exhaust the conjugates of H in G, let 
E" be a new conjugate of H in G. If p'<' is the order of the great- 
est subgroup common to H and H", then the elements of E 
transform E" into distinct conjugates of E different from 
E. No subgroup of this set is identical with a subgroup of the 
previous set ; for, if 


and Pi and P 2 belong to E, then we have 


so that E" is in the first set, contrary to hypothesis. If the set 
of subgroups conjugate to E is not yet exhausted, the process 
may be continued. Finally, we must exhaust the set of conju- 
gates of E in G. Then their number has the form 


where each of the exponents a — rj, a — yj', ■ ■ ■ greater than 
zero. Therefore the set of groups conjugate to // in G is in 
number 1 + kp, where k is an integer. 

We shall now show that there is no subgroup of G of order 
which is not conjugate to E. For, if Ei is such a subgroup, 
the number of its conjugates is 1 -t- hp, where ki is an integer, 
as one sees from the result in the previous paragraph. But if 
we transform Ei by the elements of E, then a set of />“-»■ {a > a) 
conjugates of Ei is obtained, p’^ being the order of the greatest 
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subgroup common to H and Hi. If these are not all the con- 
jugates of Hi in G, an additional conjugate of Hi can be trans- 
formed similarly into conjugates, where a — cr'>0. By 
continuing this process we must finally exhaust the conjugates 
of Hi and thus show that the number of them is a multiple of 
p. This contradicts the conclusion that their number is 1 + kip. 
Hence all the subgroups of G of order are contained in the 
conjugate set treated in the preceding paragraph. 

This completes the proof of the theorem. 

Cor. I. The only elements of G which are per- 
mutable with a Sylow subgroup of G of order p“ and 
whose orders are powers of p are the elements of that 
Sylow subgroup. 

This was proved in the course of the argument. 

Cor. II. The number 1 + kp of Sylow subgroups 
of G of order is a factor of the order of G. 

This follows from the latter part of Theorem VII of § 11 
and the fact that the Sylow subgroups of order constitute a 
complete set of conjugate subgroups of G. 

Cor. III. The number l+kpin the theorem may 
be written in the form 

1 kp = \ kip + k^P^ -+••••+ ka.P'^ 
where Kp^ is the number of Sylow subgroups of order 

each of which has with a given one of these sub- 
groups a greatest common subgroup of order p‘"~'. 

This follows readily from the arrangement of the Sylow sub- 
groups of G into the sets given in the proof of the theorem. 

Cor. IV. If iC is a subgroup of G of order p^, 
where X < a, then K is contained in a subgroup of 
G of order 
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It is sufficient to prove that K is contained in a subgroup 
of order for then the process can be continued until it is 
shown that K is contained in a subgroup of order If K is 
not contained in a subgroup of order then the only ele- 
ments whose orders are powers of p, such that each of them 
transforms K into itself, are elements of K, a fact which may 
be established in the same way as a similar result was derived 
in the proof of Sy low's theorem. Then the methods used in 
the proof of the theorem may be employed to show that the 
number of conjugates of iT in G must be 1 + k 2 p, where is an 
integer, and also that this number must be divisible hyp. Since 
this contradiction arises under the hypotheses employed, we 
see that K must be contained in a subgroup of order 

The three fundamental theorems already given have been 
called by G. A, Miller * the three most important theorems 
about finite groups. 

EXERCISES 

1. Show that the symmetric group of degree 4 has just three Sylow 
subgroups of order 8 and just four Sylow subgroups of order 3. 

2. The greatest common subgroup of the Sylow subgroups of order 

of a finite group G is a self-conjugate subgroup of G. 

3. Find the self-conjugate subgroup of the symmetric group of 
degree 4 which is common to its Sylow subgroups of order 8. 

4. If two Sylow subgroups of G of the same order are in a subgroup 
K of Gy then they are conjugate in K. 

5. Show that a group of order 200 contains a Sylow subgroup 
which is self-conjugate, and hence show that no group of order 200 
can be simple. 

6. Show that there is no simple group having its order equal to one 
of the following numbers : 204, 260, 2540, 9075. 

7. Show that there is no simple group of order 12 or 30 or 56 or 520. 

8. Find the Sylow subgroups of the alternating group of degree 4. 

9. A group of order pq, where p and q are primes and p> qy con- 
tains only one subgroup of order p and is therefore a composite group. 


* Miller, Blichfeldt, and Dickson, Finite Groups, pp. 23, 30, 64. 
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10. Show that every group of order 15 is cyclic. 

11. Show that the number of cyclic permutations of order/? that can 
be formed from p letters is {p — 1) !, If /? is a prime number, show that 
the number of Sylow subgroups of order p in the symmetric group of de- 
gree pi^ip- 2)!, and thence prove that (/? - 1)! + 1 is divisible by /?. 

12. If a prime number /? is a factor of the order of a finite group G, 
then G contains an element of order p. 

13. Show that a group of order p^y where /? is a prime number, is 
either a cyclic group or an Abelian group generated by two elements 
each of order /?. Represent the latter as a regular permutation group. 

14. Represent the alternating and the symmetric group of degree 4 
each as a regular group. 

16. Determine the Sylow subgroups of order 7 in the group F, 
T = {{ABCDEFG), (BD)(EF)}, of order 168, first showing that their 
number is 8. 

16. Show that the group of order 660 in Ex. 13 on page 24 has just 
twelve Sylow subgroups of order 11, and find them. 

17. Denote by ai, ^ 2 , • • •, cs (in some convenient order) the eight 
Sylow subgroups of order 7 in the group F of Ex. 15, and construct 
the permutations on au ^ 2 , • • as according to which these Sylow sub- 
groups are permuted when they are transformed by {ABCDEFG) and 
(BD)(EF), and show that these permutations generate a transitive 
group of degree 8 which is simply isomorphic with F. 

18. Construct a transitive group of degree 12 which is simply iso- 
morphic with the group of degree 11 mentioned in Ex. 16. (Compare 
Ex. 17.) 

19. If (/3 > 0) is the highest power of a prime p which does not 
exceed an integer n, show that the number of permutations of degree 
p^ and order p in the symmetric group of degree n is prime to p. 

20. Show that the number of permutations on nk letters each of 
which is permutable with a given regular permutation of order n and 
of degree nk on these letters is w* • ^!. 

21. If a group G has only one Sylow subgroup of order /?% then G 
contains just p^ elements whose orders are factors of p^. 

22. If n is an integer greater than 3 and /? is a prime not greater 
than n, then the symmetric group of degree n contains more than one 
Sylow subgroup of order p^. 
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23. Let /r be a self-conjugate subgroup of order contained in a 
group G. Then H is contained in every Sylow subgroup of G of order 
p\ 

24. The greatest common subgroup of the groups P and P' intro- 
duced in the proof of Theorem XII of § 12 is simply isomorphic with 
the central of the group G of that theorem. 

14. Generators of Abelian Groups. Since all the Sylow sub- 
groups of a given order in a finite group G form a single com- 
plete conjugate set, it follows that a given Abelian group can 
have only one Sylow subgroup of a given order. Hence, since 
two of these subgroups have no element in common except 
the identity, we have the following theorem; 

XIV. An Abelian group whose order is not a 
power of a prime number is the direct product of 
all its Sylow subgroups. 

From this it follows that two Abelian groups which have 
their Sylow subgroups simply isomorphic are themselves simply 
isomorphic. Therefore the problem of determining all possible 
abstract Abelian groups is reduced to the case of prime-power 
Abelian groups. 

We shall now prove the following theorem, called by G. A. 
Miller * the most important theorem relating to Abelian groups : 

XV. Fourth Fundamental Theorem. A non- 
cyclic Abelian group G whose order is a prime-power 
p”' is the direct product of cyclic groups no two of 
which have any element in common except the 
identity. 

Let Si be an element of G whose order p"'' is not less than 
that of any other element in G. We take {Si} to be one of the 
cyclic groups named in the theorem. If any element of G is 
raised to the power whose exponent is the result is the iden- 


* Miller, Blichfeldt, and Dickson, Finite Groups, p. 89 . 
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tity and hence is in {Si}. Let mi be such that the (/)’”^)th power 
of every element of G is in {Si}, while G contains an element Ti 
whose (/>”‘^-i)th power is not in {Si}. Since {Si} is cyclic and 
since G contains no element of order greater than p^\ it follows 
that every element which is in {Si} and is the (/>’”=)th power of 
an element of G is a (/>™=)th power of an element of {Si}. Let 
Ti' be an element in {Si} whose power is the inverse of 

the power of Ti. Then the (^”*^)th power of Ti'Ti is the 

identity. Moreover, no lower power of Ti'Ti is in {Si}, since 
such a power is the product of two factors one of which is in 
{Si} while the other is not. Put Ti'Ti = S2. Then {S2} is the 
second one of the cyclic groups named in the theorem. 

If {Si, S2} is not identical with G, let mz be such that the 
(/j^Oth power of every element of G is in {Si, S2}, while G con- 
tains an element Tz whose (^"^“ilth power is not in {Si, S2}. 
Then there is an element Tz' in {Si, S2} whose O^^lth power is 
the inverse of the (/>”‘=)thpower of T3. Then, if we put TzTz=Sz, 
the element S3 is of order while no power of S3 lower 
than the (^™2)th is in {Si, S2}. We take {S3} to be the third 
one of the cyclic groups named in the theorem. If {Si, S2, S3} 
is not the same as G, we may continue the process. Finally we 
have G expressed as a direct product {Si, Si, • • •, S*} of cyclic 
groups, as demanded in the theorem. 

If the orders of Si, S2, ■ • •, Su are />”’>, respec- 

tively, then we say that G is of type (mi, mi, • ■ mk). Obviously 
we have m = mi-{-mi-\- • • ■ + mj,- 

That an Abelian group of order p"" and type (mi, mi, ■ ■ •, mk) 
exists for every possible separation of m into the sum 
m = mi mi + ■ — h m*, where mi, mi, ■ ■ ■, mk are positive 
integers, is readily seen. For, if the aij form a set of distinct 
letters, such a group is generated by the permutations 

Si= ; 1 = 1, 2, 

By means of Theorems XIV and XV and the examples of 
permutation groups just indicated, all possible abstract Abelian 
groups may be determined (see § 23). 

15. Prime-Power Groups. From Sylow’s theorem it follows 
that every group whose order is not a power of a prime contains 
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two or more prime-power subgroups. Moreover, from the first 
fundamental theorem it follows that a given group may be 
generated by the elements in a set of Sylow subgroups if this 
set contains one Sylow subgroup of each possible order ; for 
these subgroups generate a group whose order is at least as 
great as that of the given group; and hence the group so gen- 
erated coincides with the given group. This fact shows the 
great importance of prime-power groups in the development of 
the general theory of finite groups. 

We shall now prove the following theorem, called by G. A. 
Miller * the most important theorem relating to prime-power 
groups : 

XVI. Fifth Fundamental Theorem. A prime- 
power group G of order p”* contains a self-conjugate 
element of order p. 

When G is an Abelian group the theorem is obvious. Then 
suppose that G is non- Abelian. Let S be an element of G which 
is not self-conjugate, and consider the complete set of conju- 
gates to which S belongs. From Theorem VI of § 1 1 it follows 
that the number of conjugates of S is a factor of p'^, and hence 
the number is p’^, where a. is some positive integer. Therefore 
the elements of G which are not self-conjugate fall into sets, each 
set containing a number of elements which is divisible by p. 
Since no two of these sets have an element in common (§ 11), it 
follows that the number of elements in G each of which is non- 
self-conjugate is a multiple of p, say that it is Ip. But the num- 
ber of elements in G besides the identity is p™ — 1. Let k be the 
number of self-conjugate elements in G besides the identity. 
Then k Ip = p”^ — 1, whence it follows that ^ -h 1 is divisible 
by p. This conclusion is not valid if k is zero. Hence G has a 
self-conjugate element besides the identity ; and the order of 
such an element is necessarily a power of p. An appropriate 
power of such an element is of order p and is self-conjugate in G. 
Hence the theorem follows. 


Miller, Blichfeldt, and Dickson, Finite Groups, p. 119. 
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Cor. I. The number of self-conjugate elements in 
G is a power of p. 

For the self-conjugate elements in G obviously form a group 
(which is Abelian), and this is a subgroup of G. 

Cor. II. A group H of order is Abelian. 

It H contains an element of order p^, it is cyclic and hence 
Abelian. If H is not cyclic, let S be a self-conjugate element of 
order p and let T be an element of H which is not in {S} . Then 
T~^ST = S, so that S and T are permutable. It is obvious that 
they generate the group H, 

Cor. III. Every group whose order is a multiple 
of a prime p contains an element of order p. 

This is an immediate consequence of Sylow's theorem and 
Theorem XVI . 

EXERCISES 

1. A prime-power group of order is composite if m> 1. 

2. If a group G of order contains more than one self-conjugate 
subgroup of order p, then G is Abelian and noncyclic. 

3. If every Sylow subgroup of G is self-conjugate, then G is the 
direct product of its Sylow subgroups. (Use Theorem XI of § 11.) 

4. If G is a cyclic group of prime-power order p^, then every ele- 
ment of G of order p^^, where 0 < a < w, is the i?th power of just p dis- 
tinct elements of order 

5. If G is a cyclic group of prime-power order p^, then a single 
generating element of G may be chosen in just — p^^'^ ways. 

6. If G is an Abelian group of order and type (1, 1), then two 
elements to generate G may be chosen in just — l)(p2 — p) differ- 
ent ways. 

7. Determine all abstract groups of order less than 16 and thus 
verify that the number of each order is that given in the following 
scheme : 

Order 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Number 111212152 2 1 5 1 2 1 
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8, If G is an Abelian group, the totality of elements of G whose 
orders are factors of a given integer k form a subgroup of G. 

9. If G is an Abelian group, the totality of elements of G which are 
yfeth powers of elements of G form a subgroup of G. 

10. An Abelian group of prime-power order contains a subgroup 
of order ^ and hence of every order k where ^ is a factor of p^. 

11. An Abelian group of order n contains a subgroup of order k 
where k is any factor of n, 

12. Let w be a number such that a group G of order n and a factor d 
of n exist of such sort that G has no subgroup of order d. Prove that n 
is the product of three or more (equal or distinct) prime factors. 
Thence show that 12 is the least possible value of n. 

13. How many elements of each order are there in each of the four 
Abelian groups of order 36? 

14. Let G be a group of order p% where p and q are primes such 
that q is less than p andhs not a factor oip^ — 1. Show that G is an 
Abelian group. 

15. Show that the elements of highest order in a prime-power 
Abelian group G generate G. 

16. If a group G of order 56 contains eight subgroups of order 7, 
then every proper subgroup of G is an Abelian group. 

17. If a group G is the direct product of its Sylow subgroups, so is 
every subgroup of G the direct product of its Sylow subgroups. 

18. If the commutator of every pair of elements in a finite group G 
is permutable with each element in the pair, then G is the direct 
product of its Sylow subgroups. 

19. Two conformal Abelian groups are simply isomorphic. 

20. Let G be a finite group half of whose elements are of order 2 
while the remaining elements form a subgroup H of order n. Show 
that H is Abelian and that- n is odd, first proving that an element of 
order 2 transforms an element not of order 2 into its inverse and hence 
that H is self-conjugate in G. 

21. Construct a group G of order 2 n having the properties assigned 
to G in the preceding exercise. 
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MISCELLANEOUS EXERCISES 


1. If each element of a finite group H transforms a finite group G 
into itself, then {G, H) is a finite group whose order is the order of 
G multiplied by the index in ffof the greatest common subgroup ot G 

and H. 

2 Show by an example that when G and H are given, H being a 
subgroup of the finite group G, it is not always possible to choose 
t t 2 ■ ■ ■,h in the first rectangular array in § 10 so that they form 
a’group. Give an example in which they do form a group. 

3. If H is a proper subgroup of G, then the complete set of conju- 
gates of H cannot contain all the elements of G. 

4. If H is a proper subgroup of G, then H cannot contain elements 
from every complete set of conjugate elements in G. 

5 If p is an odd prime, show that a non- Abelian group of order p® 
exists' which is conformal with the Abelian group of order and type 
(1, 1, 1). (Use Ex. 18 on page 53 and Ex. 26 on page 42.) 

6. Show that a necessary and sufficient condition that the two sets 
4 nr i Tj . f N and Ht 2 * • * •» Htx of elements of G, employed in 
§ 10, shall be identical as sets (except possibly for order) is that H shall 
be a’ self-conjugate subgroup of G. 

7. The elements which are permutable with each element m a 
complete set of conjugate subgroups of a finite group G themselves 
form a self-conjugate subgroup of G. 

8 If for every complete set Si. S 2 , • ■ -, S. of conjugate elements of 
a finite group G, other than that consisting of the identity alone, the 
io^MsTs" • . •, S.} coincides with G, then G is simple; otherwise 

G is composite. 

9. For a given group G of order « define 
as in the second paragraph preceding Theorem V in . 

5 _ /j . formed with a proper subset of two or more of these 

which set includes Hi, is a factor of «, show that G is simple 

10 Let S be an element of the finite group G and let H be a su - 
group of G. Then the group generated by the complete of conj - 
of S and the complete set of conjugates of H is self-comugate in G. 

11. The fth powers of the elements of a finite group G generate a 
self-conjugate (proper or improper) subgroup of G. 
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12. Let G and H be two groups of orders m and n respectively, and 
suppose that every element of G transforms into itself and that every 
element of H transforms G into itself. Let X be the order of {G, H}, 
and let 6 be the order of the greatest common subgroup Dot G and K 
Then prove that mn = X5. 

13. Determine the permutation group according to which the 13 
quadruples defined by the array in Ex. 8 on page 40 are permuted by 
the permutation group defined in that exercise, and investigate the 
relation between this new group and that defined in the named 
exercise. (Compare Ex. 20 on page 53.) 

14. Show that the group defined in Ex. 8 on page 40 contains a sub- 
group of order 12 • 9 • 4 each element of which leaves A fixed, and find 
the complete set of conjugates of this subgroup. 

15. Show that the group defined in Ex. 8 on page 40 contains a sub- 
group of order 9 • 4 each element of which leaves both A and B fixed, 
and find the complete set of conjugates of this subgroup. 

16. By means of the preceding Ex. 13 and Ex. 9 on page 40, con- 
struct two simply isomorphic groups of degrees 12 and 9 respectively, 
the order of each being 9 • 8 • 6. 

17. Show that the group of order 13 • 12 • 9 • 4, defined in Ex. 8 on 
page 40, has 144 Sylow subgroups of order 13, and show how to find 
these subgroups. 

18. If a group of order 60 has no self-conjugate subgroup of order 5, 
then it must have just 6 subgroups of order 5. Show that there is one 
and only one abstract group of order 60 which has 6 subgroups of order 
5, and prove that it is simply isomorphic with the alternating group of 
degree 5. 

19. Show that there exists a single abstract group of order 84 con- 
taining just 28 subgroups of order 3. 

20. If is a prime of the form 6 ^ -h 1, show that there are just 6 
abstract groups of order 6 p. 

21. If is a prime of the form 6 ^ -f 5, show that there are just 4 ab- 
stract groups of order 6 p. 

22. Show that there are just 15 abstract groups of order 24. 

23. Determine all the abstract groups whose orders do not exceed 
26. (Compare Ex. 7 on page 69 and Ex. 22 on this page.) Show that 
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the number of each order from 16 to 26 is that given in the following 
scheme : 

Order 16 17 18 19 20 21 22 23 24 25 26 
Number 14 1515221 15 22 

24. If G is a prime-power group of order in which no conjugate 
set contains more than elements, show that the (/j^th power of every 
element is self-conjugate. 

25. Let <? be a prime-power group of order p^ in which any (what- 
ever) element is either self-conjugate or belongs to a complete setoff 
conjugates. Show that an element of G is either self-conjugate in G or 
self-conjugate in a subgroup of G of index p, 

26. Show that every commutator in the group G of Ex. 25 is a self- 
conjugate element. 

27. Show that an Abelian group of order 3^ and type (1, 1, 1) has 13 
subgroups of order 3 and also 13 subgroups of order 9 and that the sub- 
groups of order 3 are distributed into 13 sets of four each, the four in 
each set belonging to a subgroup of order 9. By means of this result 
construct an array like that in Ex. 8 on page 40. 

28. Show that a prime-power Abelian group of order p^ and type 
(1, 1, 1) has -f ^ 4- 1 subgroups of order p and the same number of 
order p^ and that a subgroup of order p^ contains just p -hi of these 
subgroups of order p. 

29. By aid of the result in Ex. 28 arrange 31 (=52-1-5+1) letters 
into 31 sets of six each so that any given pair of the letters occurs in one 
and just one set of six and so that any two sets of six have one and just 
one letter in common, (Compare Ex. 27.) 

30. Determine the number of subgroups of each of the orders 
p, p^, p^ in a prime-power Abelian group of order p^ and type (1, 1, 1, 1). 

31. Show that a prime-power Abelian group of order p^ and type 

(1, 1, • ' 1) has just p^-'^ + p^~^ -1 + /? + 1 subgroups of order p 

and the same number of subgroups of index p. 

32. Let G be an Abelian group of order 16 and type (1, 1, 1, 1). Show 
that its 15 elements of order 2 may be separated into five sets of three 
each so that each set of three with the identity forms a group of order 
4, and prove that this separation into sets may be carried out in just 
56 distinct ways. 
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Additional Properties of Groups in General 


16. Isomorphism. Let G and T be two groups among whose 
elements a correspondence of the following sort may be es- 
tablished : To each element 7 of F there corresponds one or 
more elements g, g'y g'\ * • • of G ; to each element g of G there 
corresponds one or more elements 7, 7^ 7", - • • of F ; if gi and 
gj- are any elements of G, and 7i and 7^ are any elements of F 
corresponding, respectively, to gi and g;, then the element gig^ of 
G corresponds to the element 7i7j of F. Two groups G and F 
so related are said to be isomorphic, and the named relation is 
said to constitute an isomorphism, or a general isomorphism, be- 
tween G and F. 

In order to have an example of the general isomorphism of 
two groups, consider the groups G and F, namely, 

1 {abc) {acb) 

{db){cd) (acd) {bed) , p. 1 {a^j) 

{ac)(bd) (bde) (abd) ' (ab) {a^j) {ab) {a'y^){ab) 

{ad) {be) {adb) {adc) 

The required isomorphism is established by making each ele- 
ment in the ith column of elements of G correspond to each 
element in the fth column of elements of P for f = 1, 2, 3. That 
this exhibits an isomorphism the reader may readily verify. 

We shall now prove the following theorem : 

I. Let G and T be isomorphic groups. Then the 
elements of G which correspond to the identity in T 
constitute a self-conjugate subgroup H oi G. If /z 
is the order of H, then h elements of G correspond 
to each element of F. 
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If both. 3nd in G correspond to 1 in T, then corre- 
sponds to 1 • 1, or 1, in T. Hence the elements named in the 
second sentence of the theorem constitute a subgroup H of G. 
If ^ is any element of G and y is one of its correspondents in F, 
and if gi is any element in G which corresponds to 1 in F, then 
g-i • g corresponds to 7-1 - 1 • 7, or 1 . Hence H is self- 
conjugate in G. 

If gi and gj in G correspond to 7 in F, then gi~^gj corresponds 
to 7"^7, or 1 , in F. Hence gr^gj is in H. From this it follows 
readily that each element gj in G which corresponds to 7 in F 
belongs to the set giH, where gi is a particular one of them. But 
if hk is in if, then gihk corresponds to 7 • 1, or 7. Hence the ele- 
ments giH, and these alone, are elements in G which correspond 
to 7. Since their number is h, the last part of the theorem is 
established. 

From the foregoing theorem we see that if G and F are iso- 
morphic groups, and if the largest group in G whose elements 
correspond to 1 in F is of order h, while the largest group in F 
whose elements correspond to 1 in G is of order 77, then to each 
element in F there correspond h elements in G while to each 
element in G there correspond rj elements in F. The group G is 
then said to have an (h, rj) isomorphism with the group F. 
When A = 77 = 1 the two groups are said to be simply isomorphic. 
The notion of simple isomorphism we have already met in § 9 
and have used it on several occasions. The case which is next 
in importance is that in which h> 1 and 77 = 1 (or = 1 and 
77 > 1 ). When h>l and 77 = 1 , then G is said to be multiply 
isomorphic with F. In this case only one element in F corre- 
sponds to each element in G, while to each element in F there 
correspond h elements in G. 

11 . When G has an {h, 1 ) isomorphism with F, 
the order of each element in F is a factor of the order 
of each corresponding element in G. 

For if S in G corresponds to T in F and T is of order r, then 
S’* corresponds to and hence to 1 . Then is the lowest posi- 
tive power of S in the subgroup of G consisting of those elements 
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of G each of which corresponds to 1 in F. Hence the order of S 
is a multiple of r. 

III. If G and F, of orders n and v respectively, 
have an (h, -q) isomorphism, then mj = vh. 

Suppose that all correspondences of elements of G with ele- 
ments of F are written down, each correspondence appearing 
just once. Then each element of G occurs just t] times and each 
element of F occurs just h times. Hence the number of corre- 
spondences is nrj. It is also vh. Hence niq = vh, as was to be 
proved. 

17. Isomorphisms of a Group with Itself. If g is an element 
of a group G and if each element of G is made to correspond to 
its transform by g, then G is exhibited as simply isomorphic 
with itself, since the product gig 2 corresponds to g“igig 2 g 
= ■ f“^g 2 g. In this isomorphism not every element will 

correspond to itself unless g is permutable with every element 
of G. In the case of an Abelian group the only correspondence 
which can be established in this way is that in which each ele- 
ment corresponds to itself. But if G is Abelian and fi is pr imp 
to the order of G, then an isomorphism of G with itself can be 
established by making each element correspond to its own /^th 
power. For then gig 2 will correspond to {giguY = Thus 

we have two special ways of establishing an isomorphism of a 
group with itself. 

In general, if a correspondence is established among the ele- 
ments of a group G such that to every element there corresponds 
a unique element and such that when S and T are any two ele- 
ments of G and their correspondents are the elements S' and T' 
of G it is true that S'V is the correspondent of ST, then the 
group G is said to be exhibited as simply isomorphic with itself. 
If each element corresponds to itself, the isomorphism is called 
the identical isomorphism. 

IV. In every isomorphism of a group with itself 
two corresponding elements have the same order ; in 
particular, the identity always corresponds to itself. 
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If 1 corresponds to S and S is of order n{n>l), then 1" cor- 
responds to S", or 1, so that the identity has two correspond- 
ents; and this is impossible. Hence the identity always cor- 
responds to itself. If S corresponds to a, then S'-' corresponds to 
Hence, unless S and a have the same order, we should have 
the identity corresjKDnding to another element if we take Jfe to be 
the order of S and S is of lower order than cr. 

Let the elements of a finite group G be denoted by Si = 1, 
S3, S3, • • ■, Sn- In an isomorphism of G with itself let Si corre- 
spond to S'i. This isomorphism we may use to define a permuta- 
tion on the elements of G, namely, the permutation 

(Si, ; S„ 

We shall say that this is the permutation corresponding to the 
given isomorphism. It is obvious that the permutations thus 
corresponding to two distinct isomorphisms are themselves 
distinct. 

To the totality of isomorphisms of G with itself there corre- 
sponds in this way a certain totality of permutations. This 
totality of permutations constitutes a group, as we shall now 
show. If two isomorphisms of G with itself lead to the two 
permutations 


then we have to show that the product permutation 



corresponds to an isomorphism of G with itself. From the first 
isomorphism it follows that if SpSq = Sr, then S'pS\ = S'r ; and 
then, from the second, that S"pS"g = S'V- Hence if SpSq = Sr, 
we have S"pS"q = S"r. Therefore the named product permuta- 
tion corresponds to an isomorphism of G with itself. 

Hence the totality of permutations corresponding to the 
totality of isomorphisms constitutes a permutation group P. 

The abstract group which is simply isomorphic with this 
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permutation group P is called the group of isomorphisms of the 
given group G. 

An isomorphism which can be obtained by making each ele- 
ment of G correspond to the transform of that element by a 
single appropriately chosen element of G (the same for every 
correspondence in a given isomorphism) is called an inner iso- 
morphism ; an outer isomorphism is one which does not have 
this property. 

V. The inner isomorphisms of a finite group G 
constitute a group to which G itself is isomorphic of 
type (fe, 1), where k is the number of self-conjugate 
elements in G. This group of inner isomorphisms is 
a self-conjugate subgroup of the group of isomor- 
phisms of G. 

Represent the group of isomorphisms as a permutation group 
as in the preceding treatment. Forming the product of two 
inner isomorphisms, we have 

^^Sgi \ 

\gl~^Sgl/ \g2~^Sg2/ \gl'^^SgiJ \g2~^ l~^Sgi • g2/ 


where gz == gig 2 . Hence the product of two inner isomorphisms 
is an inner isomorphism. Therefore the inner isomorphisms 
form a group. 

Let us take the inner isomorphism 

(that is, the inner isomorphism corresponding to the given 
permutation) formed by means of any given element g of G as 
corresponding to g itself. Then to every element of G there cor- 
responds a definite and unique inner isomorphism of G. More- 
over, to the product of two elements corresponds the product 
of the two corresponding isomorphisms. Hence G and its group 
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of inner isomorphisms are isomorphic. It is evident that the 
isomorphism is of the general type {k, 1). If G contains no self- 
conjugate element besides the identity, then the isomorphism 
is necessarily ( 1 , 1 ) ; that is, the two groups are simply iso- 
morphic. If G contains just k self-conjugate elements, then k 
elements in G correspond to the identity in the group of inner 
isomorphisms ; and the isomorphism of the two groups is (k, 1 ). 

Let us now transform an inner isomorphism of G by any iso- 
morphism of G with itself. Thus we have 

'\/ S W g-^Sg \ S' 

.S'. .sJ\g-^Sg/\{g')-^S'g'J 

Hence an isomorphism of G with itself transforms every inner 
isomorphism of G into an inner isomorphism of G. The group 
of inner isomorphisms is therefore self-conjugate in the entire 
group of isomorphisms. 

18. The Holomorph of a Group. Let Si = 1, S 2 , S 3 , • ■ S„ be 
the elements of a group G of order n, and let L of order m be the 
group of isomorphisms of G. Represent G as a regular permu- 
tation group by the first method of § 12, and let G' be this per- 
mutation group. Corresponding to S, in G we have in G' the 
permutation , „ 

(ss 

Represent Z as a permutation group L' in accordance with the 
method of § 17. The two permutation groups G' and L' have 
no permutation in common except the identity, since every ele- 
ment in L' replaces Si by itself while an element in G' other than 
the identity replaces Si by another symbol. Now on transform- 
ing an element of G' by an element of L' , we have 



Hence every element of L' transforms each element of C into 
an element of G', so that every element of V is permutable with 
G'. Therefore every element of {G', L'} may be written in the 
form Z'g', where V and g' belong, respectively, to L' and G'. 
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Hence the group {G', L'} is of order mn. We shall denote it by 
K'. It is clear that G' is a self-conjugate subgroup of K'. 

The abstract group which is simply isomorphic with the per- 
mutation group K' is called the holomorph of G. 

Now the transform of Q^ ^by is and these two 

permutations of G' correspond to Si and S'i, respectively, in G. 
Hence, if the permutations in G' are transformed by any permu- 


tation ( o/) of ^ isomorphism of G is set up which is repre- 

' / S\ 

sented by the permutation 


Now we have 


S 

'iSSr 




S.SS -1 \ ^ / S \ 
SiSSr'^sJ \SiS/ 


The first factor is in L' and the second is in G' ; hence the 
product is in K'. Hence K' contains the set of permutations 


(f = l, 2, •••, n) 


But these (see §12) form a permutation group G" which is 
simply isomorphic with G. Moreover, G" contains the totality 
of permutations (on the symbols involved) each of which is 
permutable with every permutation in G', while G' has the same 
property with relation to G". 

That G" is a self-conjugate subgroup of K' may now be 
proved in a way similar to that by which the corresponding 
property was established for G'. 

It will now be shown that K' contains those permutations on 
the symbols Si, S 2 , ■ ■ S„ each of which is permutable with G'. 
For this purpose let a be any permutation on the named sym- 
bols which is permutable with G'. On transforming G' by a and 
making each element correspond to its transform we set up 
some isomorphism of G with itself. This may be represented by 


some permutation, say 




of L'. Then 




is a permuta- 


tion on Si, S2, ■ ■ ■, Sn which is permutable with every permuta- 
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tion in G' ; therefore it belongs to G", and hence is in K'. There- 
fore (T is in K', as was to be proved. 

In a similar way it may be shown that K' contains those per- 
mutations on Si, S 2 , • • • , S* each of which is permutable with G". 

Now G' and G" are both contained self-conjugately in K', 
while G' is transformed into G" and G" is transformed into G' by 
the permutation r, / c \ 

^ =(/->)■ 

as we saw in § 12. Hence r transforms the permutations that 
are permutable with G' into those that are permutable with G" ; 
it also transforms those that are permutable with G" into those 
that are permutable with G'. But K' is composed of all the per- 
mutations each of which is permutable with both G' and G". 
Hence t transforms K' into itself. When G is not Abelian, in 
which case (see §12) the groups G' and G" are distinct, the 
permutation t does not belong to K'. Hence when G is not 
Abelian the order of the group {K', r} is twice the order of K' ; 
moreover {K', r} contains K' self-conjugately. 

When G is not an Abelian group, the abstract group which is 
simply isomorphic with {K', r} is called the double holomorph 
of G. 

If a group G admits no outer isomorphism and if it contains 
no self-conjugate element besides the identity, it is said to be a 
complete group. If G is a complete group, then (Theorem V of 
§ 17) it is simply isomorphic with its group of isomorphisms. 
Therefore if the order of the complete group G is n, its holo- 
morph is of order n^. 

19. On Certeiin Subgroups of a Group G. A subgroup of G all 
of whose elements correspond to elements in that subgroup in 
every isomorphism of G with itself is called a characteristic sub- 
group of G. It is necessarily a self-conjugate subgroup of G since 
it is transformed into itself by every element of G ; but G may 
contain self-conjugate subgroups which are not characteristic. 
It is obvious that a characteristic subgroup of G is a self- 
conjugate subgroup of the holomorph K of G, and, conversely, 
that every self-conjugate subgroup of K which is contained in G 
is a characteristic subgroup of G. 
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That the commutator subgroup of a given finite group G 
(when it does not coincide with G) is a characteristic (proper) 
subgroup is readily proved. For, if S and T correspond to or and r, 
respectively, in an isomorphism of G with itself, then S~^T~^ST 
corresponds to so that every commutator in G cor- 

responds to a commutator ; whence the theorem follows at once. 

Another important characteristic subgroup of G may be 
defined as follows. We have seen (§ 8) that a set of independent 
generators of G is any set of generators such that no one of them 
is contained in the group generated by the remaining ones. Now 
the elements of G may be separated into two mutually exclusive 
classes, the one class containing all those elements of G each of 
which occurs in at least one set of independent generators of G 
while the other contains the remaining elements of G. The ele- 
ments of the second class generate a proper subgroup of G known 
as the (j)-subgroup of G. It is evidently a characteristic subgroup, 
since in any isomorphism of G with itself the elements of the 
first class must correspond only to elements of the first class, 
leaving the elements of the second class to correspond among 
themselves only. 

If if is a proper subgroup of G such that {H, S} coincides with 
G for every S in G and not in H, then B is called a maximum or a 
maximal subgroup of G. A given subgroup may have several 
maximal subgroups of the same or of different orders. 

If Gi is a self-conjugate subgroup of a finite group G not con- 
tained in any other self-conjugate subgroup of G except G itself, 
then Gi is called a maximum or a maximal self-conjugate sub- 
group of G. A given group may have several maximal self- 
conjugate subgroups, and these may be of different orders. 

Let H be any maximal subgroup of G. Then there is at least 
one set of independent generators of G that includes any given 
one of the elements in G and not in H, the remaining elements 
in the set being taken from H. Furthermore, if S is any element 
in a particular set of independent generators of G, there is at 
least one maximal subgroup of G which does not contain 5. 
Hence the 4>-subgroup of G is the largest common subgroup of the 
maximal subgroups of G — a property of the d>-subgroup which 
might be taken as its defining property. From these considera- 
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tions it follows also that the <i>-$ubgroup contains no ele?nent 
which can appear in a set of independent generators of G, so that 
it consists of the elements of the second class of elements in the 
classification made earlier in this section. 

EXERCISES 

1. If two simple groups are isomorphic, they are simply isomorphic. 

2. An isomorphism of an Abelian group with itself may be set up 
by making each element correspond to its inverse. In what case is 
this isomorphism the identical isomorphism ? 

3. The totality of elements of a finite group G each of which cor- 
responds to itself in a given isomorphism of G with itself constitutes a 
subgroup of G. 

4. If is an odd prime, the group of isomorphisms of a cyclic group 
of order is a cyclic group of order (p — 1). 

5. The group of isomorphisms of a cyclic group of order 2® (a > 2) 
is an Abelian group of order 2“~ ^ and t 3 rpe (a — 2, 1). 

6. A simple group cannot have a characteristic proper subgroup 
besides the identity. 

7. The central of a group is a characteristic subgroup. 

8. Any subgroup of a cyclic group is a characteristic subgroup. 

9. The Sylow subgroups of an Abelian group are characteristic 
subgroups. 

10. The ^h powers of the elements of an Abelian group constitute a 
characteristic subgroup. 

11. Let G be the noncyclic group of order 4. Show that the group 
of isomorphisms of G is simply isomorphic with the symmetric group 
of degree 3, and that its holomorph is simply isomorphic with the sym- 
metric group of degree 4. 

12. Show that the symmetric groups of degrees 3 and 4 are complete 
groups. Construct their holomorphs. 

13. Let be a cyclic group of order n. Prove that a necessary and 
sufficient condition that the (^-subgroup of G is of order 1 is that n shall 
be divisible by no square greater than unity. 
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14. Let G be a group containing elements of order greater than 2. 
Then the elements of order greater than 2 in G are even in number, and 
they generate a characteristic (proper or improper) subgroup of G. 

15. Let G be a group of order n and let m be a number prime to n. 
Show that every element in G is the mth power of one and just one 
element in G. 

16. Find the holomorph of the group {(aoaia^ * ■ • wherep is 

an odd prime number, showing that the order of this holomorph is 

17. Let H be the subgroup of a group G which is generated by all 
the elements of G whose orders are factors of a given number r. Prove 
that F is a characteristic subgroup of G. 

18. Prove that a characteristic proper subgroup of an Abelian group 
G cannot contain an element of maximum order in G. 

19. Find the group of isomorphisms of a cyclic group of order n and 
show that its order is (pin), where pin) denotes Euler’s ^-function of n, 

20. Show that n(t>{n) is the order of the holomorph of a cyclic group 
of order n. 

21. Let U he z noninvariant element or a noninvariant subgroup 
of a group G, and suppose that it is in the </>-subgroup of G. Show that 
the number of conjugates of U under G is greater than the number of 
its conjugates under the (^-subgroup of G. 

22. Show that the group of degree 7 and order 168 which leaves in- 
variant the configuration on seven letters in § 4 is simply isomorphic 
with the group of isomorphisms of the Abelian group of order 2^ and 
type (1, 1, 1). 

23. Show that the group of isomorphisms of the Abelian group of 
order 3^ and type (1, 1, 1) is of order 26 • 24 • 18. 

24. Show that the group of isomorphisms of the Abelian group of 
order 5^ and type (1, 1, 1) is of order 124 • 120 • 100. 

20. Factor-Groups. Let iT be a self-conjugate subgroup of 
order r in a finite group G of order n = Xr. By means of multi- 
pliers h = 1, fc, tz, • • write G as X sets of r elements each 
as in the first rectangular array in § 10, denoting these com- 
ponents, or partitions of G as to H, by the usual symbols kH, 
• ixH. Let the elements of JT, as in § 10, be denoted by 
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Si, S2, • • Sr. Then As* • iys,, is an element of the same partition 
as iiij, say the partition hff ; for, since H is self-conjugate in G, 
the element tj~^Sxij is an element s* (say) of H, whence it follows 
that tiSx • tjSy = titj ■ tj~^Sxlj • Sy = titjSzSy, BXi Blcment which is in 
and hence in tkH. Hence if Utj is in hH, so is every 
element of the form tiSx ■ tjSy ; that is, every product of an ele- 
ment tiSx in tiH by an element tjSy in tjH is an element in hH. 

Now write 'yi for tiH (1 = 1, 2, • • •, X). Then the symbols 

7 1, 72, ■■■, 7 \ obey a unique law of combination defined for 
each t and J by the relation yijj = y*. The symbols therefore 
satisfy Condition I in the definition of a group in § 3. 

That they obey the associative law, in accordance with Con- 
dition II in this definition of a group, may be shown as follows : 
If every element of the set tiH ■ tjH (that is, the set of elements 
formed by taking the product of each element in tiH by each 
element in tjH) is in tkH and every element of tjH ■ t/H is in 
tgH, the elements tkH ■ tjH and tiH ■ tgH are in the same parti- 
tion of G, since the elements of G obey the associative law. Hence 
{ 7 i 7 i) 7 f = 7i(7;Ty). as was to be shown. 

If h = 1, as we have supposed, then yi has the property of 
the identity, since 717,= 7i7i = 7i, as is obvious firom the dis- 
cussion in the first paragraph of this section. 

Again, each element 7, is of finite order, whence it follows 
that its inverse is in the set 71, 72, - ■ •, 7x- 

From these considerations it follows that the elements 71, 

72, • • •. 7 \, with the named rule of combination, form a group 
Gi of order X. It is completely determined by the given group G 
and its given self-conjugate subgroup H. It is called the 
quotient of G by H ; it is also called a factor-group of G or a 
quotient group of G. It is denoted by the S5mbol G/H. Its order 
is equal to the index of H in G. 

From the way in which G/H is formed it is evident that G is 
multiply isomorphic with G/H, the subgroup H in G corresponding 
to the identity in G/H. The elements tiH correspond to 7,-. 

Factor-groups afford a means of illuminating the concept of 
the general isomorphism of two groups. Let i? be a self- 
conjugate subgroup of G of order h, and let H' be a self-conjugate 
subgroup of G' of order h'; and suppose that these several 
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groups are so related that G/H is simply isomorphic with G'/H'. 
Separate G as to AT into the partitions t\H, hH, • ■ in the 
usual way; similarly, separate G' as to H' into the partitions 
ViH', ViE', ■ ■ ■, t\H' : let the notation be so chosen that in 
the simple isomorphism of G/H with G'/H' the partitions UH 
and t'iH' are corresponding partitions for each i of the set 
1 , 2, • • X. Then take the set t'iH' of elements in G' as the 
elements corresponding to each element in tiH, and take the 
set tiH of elements in G as the elements corresponding to each 
element in t'iH'. This correspondence exhibits G and G' as 
having a general (h, h') isomorphism, as we shall now show. 
Denote the elements of H by the symbols and those of H' by 
the symbols h'^. Let tih^ and tjhy in G correspond, respectively, 
to t'ih'^ and t'jh'y^ in G'. Then if Uh^ ■ tjhy is in the partition 
tiM, the element t'ih'^ ■ t'jh'y, is in the partition t'^H', so that 
the product Uh^ • tjhy corresponds to the product t'ih'^ ■ t'jh'y,. 
Hence the groups G and G' have the named isomorphism. 

We shall now prove the following theorem : 

VI. If If is a self-conjugate subgroup of a finite 
group G, and if Gi denotes the factor-group G/H, 
then to each subgroup Li of Gi corresponds a sub- 
group L of G, containing H, such that Li is simply 
isomorphic with L/H. If Li is self-conjugate in Gi, 
then L is self-conjugate in G and G/L is simply iso- 
morphic with Gi/Li. 

We retain the earlier notation of the section. In the isomor- 
phism already established between G and Gi every element y, 
in Li corresponds to the elements tM in G. If for is taken 
in turn every element in Li, then the corresponding elements 
UH form a set of elements L of G. Since to Ta7^, where 7a 
and 7;3 are in Gi, corresponds every product of an element in 
tM by an element in t^H, it follows that the set L constitutes 
a group containing H and that Zi is simply isomorphic with L/H. 

If Li is self-conjugate in Gi, then for every element 7a of 
Li and every element 7 of Gi we have in 7“^7a7 an element 
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which is in L\. Then if g is any element of G, we have in 
■ iaff- g a set of elements of L, whence it follows that L 
is self-conjugate in G. If we separate Gi as to Li into the par- 
titions diLi, S 2 L 1 , dsLi, ■ ■ and if every element formed by 
taking the product of an element in Sih by an element in 
djLi is in the set SiLi, then every element formed by taking the 
product of an element in di£ by an element in SyL is in 5iL. 
Hence G/L and Gi/Li are simply isomorphic. 

VI I . If C is the central of a finite group G, then 
G/C is simply isomorphic with the group A of inner 
isomorphisms of G. 


Let Cl = 1, C 2 , • • •, Cr be the elements of C, and arrange the 
elements of G into the partitions 7 ^ = i,C (/ = 1, 2, • ■ ■ , X) . Then, 
since {tiCp)~'^G{tiCp) = CfrHi~''-GtiC^ = tr'^Gti, it follows that the 
group of inner isomorphisms of G, when represented as a per- 
mutation group by the method of §17, consists of the following 
permutations : 


u4}- 


Letting these permutations correspond in order to the elements 
Jiy 72 , • * *, 7 x, we have the isomorphism whose existence is 
asserted in the theorem. For if titj is in the partition tkC, we have 


{.ir^st) Lr^st) {tf 


tr^sti 



and also ytyj = jk, the latter in accordance with the first para- 
graph of the section. 


VIII. When G is non- Abelian, the group A of in- 
ner isomorphisms is noncyclic. 


If A is cyclic, let a be an element which generates A ; and 
let g be an element of G which corresponds to a in the usual 
multiple isomorphism of G with A. Then the elements of G fall 
into the sets C, gC, g^C, • • •, Now g^'c^, • = g^g^c^Cy 

= g^gCyCx = g^Cy ■ tcx, SO that any two elements of G are per- 
mutable, contrary to the hypothesis. 
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IX. Let A be the commutator subgroup of a 
given finite group G, and let H be any self-conjugate 
subgroup of G. Then {H, A} /H is simply isomorphic 
with the commutator subgroup of G/H. 

Let a,bh& any two elements of G, and let a, /3 be the corre- 
sponding elements of G/H in the usual isomorphism of G with 
G/H. Then the elements a~^b~^abH of G correspond to the ele- 
ment a“i|S~iajS of G/H. Hence any commutator in G corre- 
sponds to a commutator in G/H. To a product of commutators 
of G/H correspond products of commutators of G by elements 
of H, and conversely. Hence the commutator subgroup of G/H 
corresponds to the subgroup {H, A} of G, and therefore this 
commutator subgroup is abstractly the same as the group 
{H, A} /H, in accordance with Theorem VI of this section. 

Cor. I. If the self-conjugate subgroup H of G 
contains the commutator subgroup A of G, then 
G/H is Abelian. 

For in this case {H, A}/H consists of the identity alone. 
Hence the commutator subgroup of G/H consists of the identity 
alone. Hence G/H is. Abelian. 

Cor. II. Conversely, if G/H is Abelian, then H 
contains A. 

For the commutator subgroup of G/H then consists of the 
identity alone, so that {H, A} /H consists of the identity alone. 

These two corollaries imply the following : 

Cor. hi. The commutator subgroup of G is the 
smallest self-conjugate subgroup of G such that the 
quotient group of G with respect to it is Abelian. 

21. The Composition-Series of a Group. Let Gi be a maximal 
self-conjugate proper subgroup of a given finite group Go, let G2 
be a maximal self-conjugate proper subgroup of Gi, G3 of Gz, G4 
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of Gs, and so on, till the series terminates with the identity. 
Then the series Go, Gi, G2, ■ ■ - is called a composition-series of Go- 
A given group may have more than one composition-series. 
Every composition-series of Go terminates with the group which 
consists of the identity alone. Although G; is self-conjugate in 
G»_i, it is not necessarily true that Gi is self-conjugate in Gi_2. 

The groups Go/ Gi, Gi/ G2, G2/ G3, • • • are known as composiiion- 
factor-groups of Go, and their orders are known as composition- 
factors of Go- From Theorem VI of § 20 it follows that these 
composition-factor-groups are simple. From the same theorem 
the converse also readily follows ; it may be stated thus : if Gi 
is self-conjugate in Go, G2 in Gi, G3 in G2, and so on, and if 
Go/Gi, G1/G2, • • • are all simple, then Go, Gi, G2, • • • constitute a 
composition-series of G. 

Concerning the composition-series of a group Go we shall now 
prove the following theorem ; 

X. Two composition-series of a finite group Go 
lead to two sets of composition-factor-groups of Go 
which are abstractly identical except for the sequence 
in which they occur. 

Let any two composition-series of Go be denoted by the 
symbols 

( 1 ) Go, Gi, G2, • ■ •, Gi, Gi+i, Gi+2» ■ • •» 

( 2 ) Go, Gi, G2, ■ • ■, Gi, F i+i, F i+ 2 , • • •> 

where i^O and where Gi+ 1 is different from F,+i. 

Let D be the greatest common subgroup of Gi+i and Fi+i. 
Then D is self-conjugate in Gi, since both Gi+i and Fi+i are self- 
conjugate in Gi. Hence Z) is a self-conjugate subgroup of both 
Gi+i and Fi+i. 

Let K denote the group {G,+i, Fi+i}. Then K is self- 
conjugate in Gi, since both Gi+i and Fi+i are self-conjugate in 
Gi. Then from the maximal character of Gi+i and Fi+i in Gi it 
follows that K is identical with Gi. With respect to the sub- 
group D the elements of the group Gi+i fall into sets of the form 
giD, g2D, gzD, ■ • each element appearing just once. Now 
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every element of Gi is a product of an element in Gi+i by an 
element in Fi+i, since Gi= {Gi+i, Fi+i} and Gi+i is self- 
conjugate in Gi. Hence any element in Gi may be written as a 
product gad^fy where /y is in Fi+i and is in D. Now the prod- 
ucts dfifv are the elements in Fi+i- Hence every element in Gi 
is contained in the sets giFi+i, g 2 F»+i, • • •. If g^Fi+i and gtFi+i 
have an element in common, then gt~^gs is in Fi+i as well as in 
Gi+u and hence it is in D, whence it follows that t = s. Therefore 
the elements in G, are contained without repetition in the sets 

+ 

From these partitions of Gi and Gf+i by means of their re- 
spective subgroups Fi+i and D it follows that Gi/Fi+i is simply 
isomorphic with Gi+i/D. Similarly the simple isomorphism of 
Gi/Gi+\ and Fi+i/D may be established. Now Gi/Fi+i is a 
simple group, since Fi+i is maximal in Gi. Hence Gi+i/Z> is a 
simple group, whence it follows that D is a maximal self- 
conjugate subgroup of Gi+i. Similarly it may be shown to be a 
maximal self-conjugate subgroup of F^+i. 

Now let D, Di, D 2 , • ■ • be a composition-series of D. Then Go 
has the following two composition-series in addition to (1) and 

(2) , namely : 

(3) Go> Gi, G 2 , • • ■, Gi, Gi+i, D, Di, D 2 , 

(4) Go> Gi, G 2 , ■ • ■, Gi, Fi+i, D, Di, D 2 , 

Since G./Gi+i is simply isomorphic with Fi+i/D, and G./Fi+i is 
simply isomorphic with Gi+ilD, it follows that the composition- 
factor-groups obtained from the series (3) and (4) are ab- 
stractly identical except for a single transposition in their order. 

The group of order 2 has only one composition-series. Let n 
be a nmnber such that every group L of order n or less has the 
following property : either it has only one composition-series, 
or, if it has more than one, any two composition-series give 
rise to simply isomorphic composition-factor-groups, except for 
possible difference in sequence. We shall now complete the 
proof of the theorem by mathematical induction. 

Suppose that Go is of order w -f 1. Then, whatever value i in 
(1) and (2) may have, the group Gi+i is of order less than n. 
Hence the two composition-series (1) and (3) give rise to simply 
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isomorphic composition-factor-groups of Go. Likewise the 
series (2) and (4) give rise to simply isomorphic composition- 
factor-groups of Go- But we have ^ready seen that (3) and (4) 
give rise to simply isomorphic composition-factor-groups. 
Hence (1) and (2) have this property. The theorem as stated 
then follows by mathematical induction. 

Cor. I. The composition-factors arising from any 
two composition-series of a group are identical ex- 
cept for the sequence in which they occur. 

Cor. II. The product of the composition-factors 
of a group is equal to the order of the group. 

XI. Let i? be a given self-conjugate subgroup of 
a given finite group G. Then there is a composition- 
series of G one group of which is H. The composition- 
factor-groups of G are simply isomorphic with those 
of G/H and H taken together. 

Denote G/H by L, and let L, Li, • • • be a composition- 
series of L. In the usual multiple isomorphism of G with L let 
Gi, G2, Gs, • • • be the subgroups of G corresponding to ii, L 2 , Lz, 
• • ■ in L. Then from Theorem VI of § 20 it is seen that we have 
the following pairs of simply isomorphic groups : 

G/Gi,L/Li', G 1 /G 2 , L 1 /L 2 ', G 2 /G 3 , X 2 /L 3 ; - • 

The second group in each pair is simple. Hence the first is 
also. Therefore G, Gi, G2, • ■ ■ is a part of a composition-series 
of G, this part terminating with H. Then continue this compo- 
sition-series by means of a composition-series of H; in this 
way we obtain a composition-series of G which includes H as 
one of the groups in the series. Then it is clear that the compo- 
sition-factor-groups of G have the properties of isomorphism 
stated in the theorem. 

A soluble (or solvable) group is a group all of whose composi- 
tion-factors are primes. The composition-factor-groups of a 
soluble group are cyclic. 
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Every Abelian group is soluble. For it contains a self- 
conjugate subgroup of order p, where p is any prime factor of 
the order of the group, and the quotient group corresponding 
to this subgroup is itself an Abelian group. The proof may 
then be completed by mathematical induction with the aid of 
the preceding Theorem XI. 

Every prime-power group is soluble. If is the order of such 
a group, the group contains a self-conjugate subgroup of order 6 
(Theorem XVI of § 15). The corresponding quotient group is 
of order Then complete the proof by mathematical in- 

duction as in the previous paragraph. 

22. The Theorem of Frobenius. We shall now prove the fol- 
lowing important theorem due to Frobenius : 

XII. Let G be a group of order g and let n be any 
factor of g. Then the number of elements in G, in- 
cluding the identity, whose orders are factors of n, 
is a multiple of n. 

The theorem is obviously true when n=l and when n = g. 
It is true also for a group whose order is a prime, for then n has 
one of the values just named. 

Now let A be a number such that the theorem is true for all 
groups of order less than h. We shall then prove that it is true 
for groups of order h, whence the theorem as stated will follow 
by mathematical induction. 

Now the theorem holds ior g = h provided that n = h. Then 
let be a factor of h such that the theorem holds for all larger 
factors w of A in every group of order h, and suppose that 
m>l. We shall prove that the theorem also holds for the 
factor m of h, whence it will follow by induction that it holds 
for all factors of h ; and therefore that the theorem holds in 
general as stated. 

Let ff be the group of order It now to be considered. Let 
Vx be the number of elements in H whose orders are factors 
of X. Let p be a prime factor ot h/m. Now 

N„.p = Vx. -f Nr., 
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where Wm denotes the number of elements in H whose orders 
are factors of mp but not of m. Now N^j, is divisible by mp 
according to hyp(rthesis, and hence it is divisible by m. Then 
if we prove that Ar„ is divisible by m, it will follow that is 
divisible by m. 

Let U be the set of elements in H each of which has for its 
order a number which is a factor of mp but not of m. Write 
m = pi^s, where s is an integer which is not divisible by p. The 
order of every element in {7 is divisible by If is an 

element in U, then «i“ is an element in [/ if a is prime to p. 
Since we may therefore associate with each element mi of U 
those powers of ui each of whose orders is divisible by 
it follows that the munber Nm of elements in the set £/ is a 
multiple of 4>{p'^'^'^) =p>^ip — 1), and hence of pi^. It remains 
only to prove that Nm is divisible by s. 

If H contains no element whose order is a multiple of 
then Nmp = Not ; in this case Not = 0 and hence Not is divisible 
by s. In what follows we may therefore confine ourselves to 
the case in which the set U contains an element of order 
since such an element exists in H if H contains an element whose 
order is a multiple of ^'^''b 

Then let P be an element in U of order Let K be the 

subgroup of H which is formed of all those elements in H each 
of which is permutable with P, and let the order of K be de- 
noted by The quotient group KJ {P} is of order p, and 

p < h. Let T be the greatest common divisor of s and p. From 
the hypothesis formed for the induction argument it follows 
that the number of elements in KJ{P} whose orders are fac- 
tors of T is a multiple cr of t. If the order of an element in 
K/ {P} is a factor of s, it is also a factor of r. Hence ct is the 
number of elements in K/ {P} whose orders are factors of s. 
Therefore there are ct elements common to the set U and the 
group K. 

The number of conjugates of P under H is g/ With 
each of these is associated ct elements of U. With all of them 
there are then associated elements of U. Now g 

is divisible by s and by p, whence it follows that gr is divisible 
by ps. Hence s is a factor of gr/ p and therefore of gcr/ (/>'“*' V)> 
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since 5 is prime to Therefore the number of elements in 
U thus associated with P and its conjugates is a multiple of s. 
The same will be true for any element Q of order which is 
not conjugate to P in H. When all such subsets of U are con- 
sidered, it is obvious that the set U exhausted and that no 
element in U is taken twice. Hence iV^ is divisible by s. 

We have already seen that this result is sufficient to complete 
the proof of the theorem. 

EXERCISES 

1. If H is a self-conjugate subgroup of G of prime index, then G/H 
is a cyclic group. 

2. If is a self-conjugate subgroup of G such that the partitions of 
G as to may be written in the form H, gH, g^ff, • • •, then G/H 
is a cyclic group. 

3. Every factor-group of an Abelian group is an Abelian group. 

4. A prime-power cyclic group has only one composition-series. 

5. If a prime-power group has only one composition-series it is a 
cyclic group. 

6. Construct all possible composition-series for each abstract group 
of order 8 (see Ex. 20 on page 37). 

7. A soluble noncyclic group is composite. 

8 . There is no perfect group which is soluble. 

9. A direct product of two soluble groups is a soluble group. 

10. A group whose order is the product of two primes is a soluble 
group. 

11. A factor-group of a soluble group is itself a soluble group. 

12. The order of an element of a quotient group G/H is a factor of 
the order of each element in G which corresponds to it in the isomor- 
phism described in § 20. 

13. If G has a subgroup of index 2, that subgroup contains all the 
elements of odd order in G. 

14. A group of order 4 w -f 2 has just 2 n + I elements of odd order. 

15. If a group G has just 1 -f Sylow subgroups of order these 
subgroups have just elements in common. 



Additional Properties of Groups in General 95 

16. If a group G has just 1 + ^ Sylow subgroups of order p°-, then G 
contains just elements whose orders are factors of p\ 

17. If a group G has more than 1-h p Sylow subgroups of order 
then G contains more than elements whose orders are factors of p°-, 

18. If G is a group of order pq, where p and q are primes and p> q* 
then G contains just p — 1 elements of order p. Show that G is cyclic 
unless p — I is divisible by If ^ — 1 is divisible by q, show that there 
is just one abstract group of order pq and noncyclic. 

19. If n is an integer which is divisible by a square greater than 
unity, then there are at least two abstract Abelian groups of order n. 

20. If « is a product pqr • • • of distinct primes and if ^ — 1 is 
divisible by q, then there are at least two abstract groups of order 

21. Let w be a product of distinct prime factors no one of which is a 
divisor of any number obtained by diminishing another prime factor 
by unity. Show that there is but one abstract group of order n, namely, 
the cyclic group. (Compare Exs. 19 and 20.) 

MISCELLANEOUS EXERCISES 

1. Let Gi, G 2 , Gs, • • • be a finite set of finite groups such that the 
orders of any two of them are relatively prime and such that {Gi, G 2 , 
Gs, • • is their direct product. Let their groups of isomorphisms be 
Li, L 2 , Ls, • • • respectively. Then the group of isomorphisms of {Gi, 
G 2 , Gs, • • •} is the direct product of groups which are simply isomor- 
phic with Li, L 2 , La, • • • respectively. 

2. If there is an isomorphism of a group G with itself in which more 
than three fourths of its elements correspond each to its inverse, then 
G is an Abelian group. 

3. Let A and B be two complete groups having a direct product G, 
and let L be the group of isomorphisms of G. If A is simply isomorphic 
with B, then G is simply isomorphic with a self-conjugate subgroup of 
index 2 in L; otherwise G is simply isomorphic with L, 

4. The holomorph of a complete group G is the direct product of 
two groups each of which is simply isomorphic with G. 

5. U A and B are simply isomorphic complete groups of order n 
such that A and B have a direct product G, then the holomorph of G is 
of order 2 
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6. If G is a complete group of order w, then the holomoiph of the 
holomorph of G is of order 2 

7. That totality of isomorphisms of a group G with itself, each iso- 
morphism of which changes every conjugate set of elements of G into 
itself, forms a self-conjugate subgroup of the group of isomorphisms of 
G. This subgroup contains the group of inner isomorphisms of G. 

8. An isomorphism of a group G with itself, the order of which con- 
tains a prime factor not occurring in the order of G, interchanges some 
of the conjugate sets of G. 

9. A group which has no characteristic subgroup other than that 
consisting of the identity alone is either a simple group or the direct 
product of simply isomorphic simple groups. 

10. If a group G contains a complete group H as a self-conjugate 
subgroup, then G is the direct product of H and some other group. 

11. No group of composite order exists having the property that 
every cyclic proper subgroup in it besides the identity is transformed 
into itself only by its own elements. 

12. If the order of a group G is pip 2 • - pu where pu p 2 . • -y Pt are 
distinct primes in ascending order of magnitude, show that G contains 
a self-conjugate subgroup of order prpr-i-i - • pt for each r of the set 
1, 2, • • •, t Thence show that G is a soluble group. 

13. An Abelian group of order p^ and type (1, 1, • • •, 1) has 

(gn ^ 1) ... fa ^ 1) 

composition-series. 

14. If G, Gi, G 2 , • • • is a composition-series of a group G, and if the order 
of Gi is prime to its index in G, then show that Gi is a self-conjugate 
subgroup of G by first establishing the following theorem : If A is a 
self-conjugate subgroup of H whose order a is prime to its index in H, 
then^every subgroup of H whose order divides a is contained in A. 

16. A subgroup of a soluble group is itself a soluble group. 

16. Let Ui be the number of cyclic subgroups of order p^ in a group 
G whose order is divisible by p being a prime number. Then 

(Wi — 1) -1- {U2 — 1)P + {Uz — 1)^2 -I- . . . + _ X)pk-l = Q niod/?*. 

17. If for each divisor d of the order w of a group G the number of 
elements whose orders are factors of d is equal to d, then G is a cyclic 
group. 
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18. If the group of inner isomorphisms of a group G is of order 4, 
then G has just three Abelian subgroups of index 2. 

19. If G is a non- Abelian group which has more than one Abelian 
subgroup of index 2, then the group of inner isomorphisms of G is of 
order 4. 

20. Let Gi be the commutator subgroup of Go, G 2 of Gi, Gs of G 2 , and 
so on. We may call Go, Gi, G 2 , * • • the commutator-series of Go. In order 
that Go shall be a soluble group it is necessary and sufficient that the 
commutator-series Go, Gi, G 2 , • * • shall contain a group consisting of 
the identity alone. 

21. Let 1 1 be the group of inner isomorphisms of a given group Jo, 
let I 2 be the group of inner isomorphisms of Ji, /s of / 2 , and so on. If 
in the sequence /o, Ii, I 2 , * • * there is a group of order unity, show that 
Jo is a soluble group. 

22. In the case of the commutator-series of a group (see Ex. 20) 
show that each group after the first is a characteristic self-conjugate 
subgroup of each group which precedes it. 

23. Show that a composition-series of Go exists containing among 
its groups the groups of the commutator-series of Go- (Use Theorem 
XI in § 21.) 

24. Let Gi be a maximal self-conjugate proper subgroup of Go and 
let Gi, G2, Gs, • • • be a series of self-conjugate subgroups of Go such that 
Gi contains the proper subgroup Gi+i but contains no larger self- 
conjugate subgroup of G which contains Gi^ 1 and is a proper subgroup 
of Gi. Then Go, Gi, G2, • • • is called a chief -series of Go. Show that a 
composition-series of Go exists containing among its groups any given 
chief-series of Go. (Use Theorem XI of § 21.) 



CHAPTER IV 


Abelian Groups 


23. Classification of AbeKan Groups. Several theorems con- 
cerning Abelian groups have appeared in the earlier chapters. 
We have shown (§ 14) that an Abelian group whose order is not 
a power of a prime number is the direct product of all its 
Sylow subgroups. From this it follows that two Abelian groups 
are simply isomorphic when and only when their Sylow sub- 
groups are simply isomorphic. Therefore the problem of deter- 
mining all possible abstract Abelian groups is readily reduced 
to that of determining all prime-power Abelian groups. This 
latter problem may be solved by aid of the fourth fundamental 
theorem (given in § 14), namely, the following : A noncyclic 
Abelian group G whose order is a prime-power is the direct 
product of cyclic groups no two of which have any element in 
common except the identity. If the orders of these cyclic sub- 
groups are, respectively, 

pm2^ . . pmj^^ (yyi — yyi^ 

then the group G is said to be of type (mi, m 2 , m^). It is 

convenient to choose the notation so that 


and we shall suppose that it is so chosen. 

Let Pi, P 2 , • • •, Pjfc, respectively, be generators of the cyclic 
subgroups of orders • • •, p^^ named in the preceding 

paragraph. Then it is obvious that the elements of G may be 
written in the form 

a, = 0, 1, 2, • p^> - 1, ■ (s = 1, 2, • - k) 

98 


where 
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each element having a unique representation in this form. From 
this it follows that Pi, P 2 , Pk are independent generators 
of G. 

If the orders of two elements A and B of G are factors of 
p" (m> 0), then the order of AB is a factor of p". Hence the 
totality of elements of G, each of which has for its order a factor 
of constitutes a subgroup G^ of G. If the element 


Pl^«P2^* . . . PjPft 

belongs to G^, then 

Let TOj+i be the first number less than /i in the sequence mi, m 2 , 
■ • mk, Mk+i, where mk+i = 0. Let Pk+i be a symbol denoting 
the identity. Adjoin ^k+i to the sequence jSi, ^ 2 , • • •, Then 
iSi+i, • • ^k+i may have any values whatever, whereas any re- 
maining (84 must be a multiple of From this it follows 

that G^ is generated by the elements 

• • •, Pp’"*-", Pi+i, - . ., Pk, Pk+i. 

Hence the order of G„ is p% where 

v = ixiAr inii+i H h mk+i). 

In particular, the identity and the totality of elements of G 
each of which is of order p constitute a group Gi of order p’^. 

Let us now suppose that the same group G is generated by 
the set 

Qi, Q2, * ‘ 

of independent generators of orders p'^\ • • •, p'^‘, respec- 

tively, where w = mi + M 2 + • • • + and mi = M 2 s ■ - g m? > 0, 
these generators being such that every element of G may be 
written uniquely in the form 

• - - Qt\ 

where 

7 s = 0, 1, 2, • • •, p« - 1. (s = 1, 2, • ■ •, t) 

We shall then show that t=^ k and that m; = w, for each i of the 
set 1, 2, • • •, k. 



100 


Groups of Finite Order 

By considering the group of order p’ with reference to 
this new set of generators it may now be shown that 

v = IJ-j + (Mi+i + • * • + Mi+i), 

where y is defined by the fact that is the first number less 
than M in the sequence mi, /i 2 , • • ixi, tn+i (m<+i = 0). A com- 
parison of the two forms of the value of v will enable us to 
establish the proposition stated at the end of the preceding 
paragraph. 

Thus if we take /i = 1 we have v = k and v = t, whence it 
follows that t — k. 

Suppose that m, = fx, for s = / -fl, « -|- 2, - • k-\- 1. If 

nti > fXi we choose n so as to satisfy the condition fji,> 
Then we have 


v = iii+ (Wi+i + 1 - m*+i), 

V = ix{i — 1) + fXi -j- (mi+i -f- - • • -f mic+x). 

Hence Hi = fx, contrary to hypothesis. Similarly we can prove 
the untenability of the hypothesis that ixi > nn. Hence }Xi = m.-. 
But = ixu+x. Hence by an induction argument we may 
show that [Xi = mi for / = 1, 2, • • •, k. 

Let G' be a second Abelian group of the same order and type 
as G. Then there exist independent generators Rx, R 2 , ■ ■ ■ R^. 
of G' whose orders are p”^, ■ ■ p’-k respectively. Then’the 
correspondence P, ~ Ri, for i= 1, 2, • • k, exhibits the fact 
that G and G' are simply isomorphic. It is obvious from the way 
m which the generators are determined in § 14 that two prime- 
power Abelian groups cannot be simply isomorphic unless they 
are of the same order and type. 

These conclusions justify our use of the symbol (mi, m^. 

■ ■ as a representation of the Abelian group G of order 6”* 
^d given type. For every partition of m into a sum mi 4- m 2 
akVi- positive summands a corresponding abstract 

G of order p- exists (see §14. near end) and 

titiSi ofm.^'"^” 

^ complete determination of all abstract prime- 
power Abelian groups. 
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Now let gi, g 2 , ■ ■ ■, gk be any set of elements such that 
gF”'=l, (j = l, 2, • • yfe) 
gig; = g;gi, {i, y = 1, 2, - • •, k) 

and let it be supposed that there are no additional conditions 
satisfied by the elements gi except those which are implied by 
the given conditions. Then we shall show that the group G, 
G = {gu g 2 , • ■ gk}, is an Abelian group of order p’^ and type 
(mi, m 2 , ■ ■ ■, mk), where m = mi-\-m 2 + ■ ■ ■ + mk, so that the 
given relations afford a set of abstract defining relations for G. 

It is evident that G is Abelian and that its order is a power of 
p. Moreover, its order cannot be greater than p”^, since every 
element in G is certainly contained in the set 

gl“‘g2“* . . - 

where Ui = 0, 1, 2, • • p”'' — 1. (i = 1, 2, • • •, k) 

But its order is at least as great as p”', since the elements 

ji = (oLiiai2 ■ • ■ ttipi) (pi = p”^< ; 2 = 1, 2, • - k) 

satisfy the conditions imposed on the corresponding g’s and at 
the same time generate a group of order p”'. Hence the group G 
is of order p'^. It is obvious that its type is (mi, m 2 , • • •, mk). 

24. Abelian Groups of a Given Order. We shall now deter- 
mine all possible abstract Abelian groups G of order g, 
g = pi“^p 2 °‘^ ■ ■ ■ where pi, p 2 , • ■ ps are distinct primes 
and ai, a 2 , ■■■, as are positive integers. Every such group G, as 
we have seen (§ 14), is the direct product of its Sylow subgroups 
of orders pi^i, p 2 °‘^, ■ ■ ■, ps°‘^. The Sylow subgroup of order />.■“» 
may be of any type (an, a, 2 , ■ ■ otik^, where the an are positive 
integers such that ai = an -|- Q;i 2 -| — ■ + diki- taking every 
p)Ossible such partition of each a, we get every possible set of 
Sylow subgroups of groups of order g ; the direct products ob- 
tained from them give every possible Abelian group G of the 
named order g. 

From this it follows that the number of abstract Abelian 
groups G of the named order g is equal to the product obtained 
by multiplying together the numbers which separately represent 
the numbers of partitions of the a,- into positive summands. 
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Thus the number of abstract Abelian groups of order , 
is 18 ; the number of those of order px^p^pz^ is 70. 

We have thus reduced the problem of determining the num- 
ber of abstract Abelian groups of given order n (where the fac- 
torization of n is known) to a problem in the theory of numbers, 
namely, the problem of determining the number of partitions of 
a positive integer into positive summands. This problem in the 
theory of numbers has received considerable attention, but it is 
yet far from being completely solved. 

26. Subgroups of a Prime-Power Abelian Group. Let us 
now consider the possible t 3 rpes of subgroups of an Abelian 
group G of order p'^ and type (wzi, m 2 , • • •, wik), where g OT 2 = 
• • ■ s Wfc > 0. Such a subgroup H is Abelian and of order p\ 
where nsm. Let ini, • • •, ««) denote the type of H, the 
notation being so chosen that «i s rag s ■ • • s > 0. We 
shall prove that t s k and that m ^ mt for f = 1, 2, • • i. 

For this purpose it is convenient to consider the subgroup 
GM which consists of the totality of distinct elements of G ob- 
tained by raising each element of G to the (i>'‘)th power. If 
mi> IMS Mi+i, then the (p'')th power of the element 


where Pi, Pz, • • •,Pk have the same meaning as in § 23, is 
Hence is generated by the i elements 


Therefore the order of G^^J is p\ where 

X = (wi m 2 -1 1- m,-) — iMi. 

Consider the subgroup H ot G already mentioned. Form its 
subgroup Hi consisting of the identity and the elements of order 
p. This is a subgroup of order of the group Gi of order p* con- 
sidered in § 23. Hence t s k, one of the propositions which we 
were to prove. 

Now the subgroup XfW of // is a subgroup of the subgroup 
G^'> of G, so that the number of generating elements of is 
equal to or less than the number of generating elements of GG\ 
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in accordance with the result in the preceding paragraph. If 
ni> rij+i, then the number of generators of is j. But 
the number of generators of is i. Hence j s i. 

Now it is obvious that ni s mu since is the greatest 
possible order of an element of G. Suppose that rip s nip for 
p = 1, 2, • • •, a, but Ma+i > rria+i. Then let p = rta+i. Then we 
have i = a and jsa + 1, contrary to the conclusion that j s i. 
Hence rii s rm for z = 1, 2, • • •, t, as was to be shown. 

From these results we see that the subgroup if of G exists 
only when t s k and ni^nkior i=l, 2 , ■ ■ ■, t. 

Now it is obvious that G has a subgroup of type («i, «2, • • •, «<) 
in all cases in which t ^ k and ru s nii for z = 1, 2, • • •, t. 

A part of the results obtained in this section and § 23 may 
now be summarized into the following theorem : 

I. The number of distinct types of abstract Abel- 
ian groups of order p^, where is a prime number 
and TO is a positive integer, is equal to the number of 
partitions of m into positive summands. If one such 
partition is to = toi -f TO2 4- • — 1- w*, then there is 
one and just one abstract Abelian group of order p™ 
and type (toi, m2, • • ■, to*). If the notation is so 
chosen ' that toi s to 2 = - • • s nik, then the group 
of type (toi, m2, ■ • ■, mk) has a subgroup of type 
(wi, «2, • ■ •, Wi) with zzi g n2 s ■ • - s Wi when and 
only when t s k and rii = wzi for z’ = 1, 2, • • •, t. 

26. Number of Elements of a Given Order. Let G be an 
Abelian group of order p™ and type {mu ni2, ■ ■ ■, to*) with 
TOi s TO2 s s TO* > 0. We saw in § 23 that the subgroup 
Gp, which consists of those elements of G whose orders divide p", 
is itself of order p”, where 

z' = pz' -h (TOf+i + • ■ • + nik+i), 

TOi+i being the first number less than p in the sequence TOi, m2, 
• ■ •, TOft, TO4+1 (TOi+i = 0). Now let X be any positive integer not 
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greater than mi. Then G contains elements of order p^-, more- 
over any given element of G (other than the identity) has for its 
order a number of the form p", where p is a positive integer not 
greater than mi. The number of elements of G of order p^ is 
obviously equal to the number obtained by subtracting from 
the order of Gx the order of Gx-i, since every element whose 
order is a factor of p'>^ is contained in Gx, while Gx-i contains 
every element whose order is a factor of p'^~^. Now let a and /3 
be such , that * 

wJa s X > ma+u s X — 1 > m^+i. 

Then the orders of Gx and Gx_i are, respectively, p-> and p^, where 

y = \cc "1- (wJa+i 4" ■ * • 4" mje+i), 

5 = (X — l)id 4- 4- • • • 4- Wk+i). 

The difference py — p^ gives the number of elements of G each 
of which is of order where X is a positive integer not greater 
than mi. 

27. Groups of Isomorphisms of Cyclic Groups. Let G be a 
cyclic group of order g. We shall now determine the group I of 
isomorphisms of G with itself and shall show that it is an 
Abelian group. 

Let S be a generator of the group G. Then every possible 
single generator of G is included in the set S’', where X ranges over 
the set of integers not greater than g and prime to g ; and every 
such element is a generator of G. In any isomorphism of G 
with itself a generator of G must correspond to a generator of G. 
From this it follows readily that the group I of isomorphisms of 
G with itself may be obtained by taking all correspondences of 
the form S ~ S’', where X is a positive integer not greater than 
g and prime to g. Hence the order of / is cj>{g), where <!> denotes 
Euler’s 0-fimction of g. 

Let S S’'i and S ~ S’'^ define two elements of I. The first 
may equally well be defined by the relation S’'^ ~ S\ where 
0 < X3 = g and X1X2 = X3 modulo g. Likewise the second may 
equally well be defined by the relation S’'i ~ Sh. Hence their 


An obvious modification is needed when \ = 1. 
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product in either order may be defined by the relation S 
From this it follows that the group I is Atelian, Groups formed 
in this way constitute an important special class of Abelian 
groups. 

Once the generator S of G is given, the element of I defined 
by the relation S ^ may be uniquely represented by the 
number \i. If two elements 5 ^ and S of I are 

given, their product is S ^ S\ where X3 is the least positive 
residue of X1X2 modulo g. Hence the isomorphisms which we 
represent by Xi and X2, respectively, have as their product the 
isomorphism represented by X3, where X3 is the least positive 
residue of X1X2 modulo g. The group I is thus represented as 
simply isomorphic with the group /' whose elements are the 
positive integers not greater than g and prime to g, the rule of 
combination being ordinary multiplication together with a re- 
duction modulo g. 


EXERCISES 

1. If G is an Abelian group and H is any subgroup of G, then the 
factor-group G/H exists and is Abelian. 

2. Construct a non- Abelian group G having an Abelian self- 
conjugate subgroup H such that G/H is Abelian. 

3. Let G be an Abelian group of order p^. Let G^. and GC*') be its 
subgroups denoted by these symbols in §§23 and 25 respectively. 
Prove that Gfx and are characteristic subgroups of G. Prove also 
that the greatest common subgroup of G^x and G^*') is a charac- 
teristic subgroup of G. 

4. Determine the group I of isomorphisms of the group whose 
elements are the eight eighth roots of unity, the law of combination 
being ordinary multiplication. 

5. Show that no group I of the class discussed in § 27 can be of 
order 14 or 26 ; show that these numbers are the smallest even num- 
bers that cannot be obtained as the orders of groups of isomorphisms 
of cyclic groups. 

6. The elements of highest order in an Abelian group G generate G. 

7. Construct a non- Abelian group which is not generated by its 
elements of highest order. 
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8. In order that a given group G shall be Abelian it is necessary 
and sufficient that G may be exhibited as simply isomorphic with 
itself by making each element in G correspond to its inverse. 

9. Show that the only Abelian groups each of which has no char- 
acteristic proper subgroup (other than that consisting of the identity 
alone) are those of prime-power order and type (1, 1, • • •, 1). 

10. If S and P are elements satisfying the relations 

and S-‘^PS = P°‘, 

where p is an odd prime and a is a primitive root modulo p, and if S 
and P satisfy no conditions except those implied by the relations 
already given, show that {S, P} is simply isomorphic with the holo- 
morph of the cyclic group of order p. (See Ex. 16 on page 84.) 

11. Represent the group {S, P} of Ex. 10 as a permutation group 
of degree p. 

12. Let G be a cyclic group of order where p is an odd prime. 
Show that the holomorph of G is of order p^^~'^{p — 1) and that it 
has the abstract defining relations 

pp” = , ) = 1, s-^PS = P“ 

where a is a primitive root of the congruence 

1(^-1) = 1 mod p\ 

13. Obtain for cyclic groups of order 2” the results corresponding 
to those given in Ex. 12 for the group G there defined. 

14. Show that the holomorph of a cyclic group of odd order is a 
complete group. 

15. Determine the cases in which the group I of isomorphisms of 
a cyclic group G of order g is itself a cyclic group. In particular, show 
that no such cyclic group I can be of order 8 or 14. 

16. Show that any given Abelian group G is simply isomorphic with 
a subgroup of some group I' of the class discussed at the end of § 27. 

17. If H is any subgroup of an Abelian group G, show that G con- 
tains a subgroup simply isomorphic with G/H, 

18. Construct a non- Abelian group G having a self-conjugate sub- 
group H such that the factor-group G/H is simply isomorphic with no 
subgroup of G. 
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19. Show that for every Abelian group G a set of independent gen- 
erating elements Si, S 2 , • • •, Sp exists such that the order of. each ele- 
ment in the set (after the first) is a (proper or improper) factor of the 
order of each element which precedes it. 

20. Show that the number of ways in which a set of independent 

generating elements of an Abelian group of order and type 

(w, w — 1, • • •, 2, 1) may be selected is^‘'(p — 1)”, where v is such that 
6 p = n(n -h 1) (2 ^ + 1) — 6 n. 

28. Properties of an Abelian Group G of Order and Type 
(1, 1, • • •, 1). The elements of G (other than the identity) are 
all of order p. Hence a subgroup of G of order is of type 
( 1 , 1 ,* ••,!). 

Let us consider the number of ways in which an ordered 
set Si, S 2 , • ‘ Sm of generators of G may be chosen. Since G 
contains p'^ — 1 elements of order p, the first generator Si may 
be chosen in — 1 ways. The group {Si} contains p — 1 
elements of order p. The remaining elements of order ^ in G 
are p^~p in number. Hence the second generator S 2 of G 
may be chosen in any one of p^ — p ways. The group (Si, S 2 } 
contains p^ ~1 elements of order p, so that the remaining 
elements of order p are p"^ — in number. Since any one of 
these may be taken for S3, it follows that S3 may be chosen in 
any one of p'^ — p^ ways. By continuing this process one finds 
that the ordered set Si, S 2 , • • •, Sm of generators of G may be 
chosen in 

{p^ - 1) {p^ ~ p) {p^ - ^2) . . . ^pm __ 

ways. A given set of m generators may be arranged in m ! dif- 
ferent orders. Hence the nximber of distinct sets of generators 
of G, considered apart from their order, is 

- V){p^ - p){p^ ^2) , . . (^pm _ ^m-l) 

m\ 

By a similar argument the number of subgroups of G of 
order p°^ is readily determined. Such a subgroup has a genera- 
tors of order p. The first may be chosen from G in p^ — 1 
ways ; the second, inp^ — p ways ; the third, in p^ — p‘^ ways ; 
and so on till finally the ath may be chosen in p^ — ways. 
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Hence the ordered set of a generators to give rise to a subgroup 
of G of order p“ may be chosen in 

(p™ - 1) (p™ - p) iP’" - p2) . . . (p"> _ p-i) 

■ways. But an ordered set of generators of a given group of 
order p“ and type (1, 1, • ■ 1) may be selected in 


ways. The number of subgroups of order P“ in G is evidently 
the quotient of these two numbers and hence is equal to 

{p”'~l)(p”^-p)(p”'-p^) ■ ■ • 
(P“-l)(p“-p)(P“-p2) • • - (p«-p“-i)' 

From this it follows readily that the niunber of subgroups 
of order in G is the same as the number of subgroups of 
order p™'*. 

Now let Pu P 2 , • ■ -.Pm be any fixed set of generators of G. 
Then an isomorphism of G with itself may be set up by mpang 
of the symbol 

[Pi, P2, • • •, 

[51, S 2 , • • •, SmJ 

where Si, S 2 , ■ • •,S„, is any ordered set of generators of G, this 
symbol implying that Pi corresponds to S,- for f = 1, 2, • • w. 
The totality of isomorphisms of G with itself is obtained by 
varying the ordered set Si, S 2 , • ■ S„ in every possible way. 
Hence the order of the group I of isomorphisms of G with itself 
is equal to the number of ways in which the ordered set of 
generators Si, S 2 , • ■ •, Sm may be chosen and hence is equal to 

(p'"-l)(p’”-p)(p’"-p2)... (p^-p^-i). 

From § 18 it follows that the order of the holomorph K of 
G is p” times the preceding number. 

29. Analytical Representations of G, I, and K. Employing the 
symbols G, f, and K with the same meanings as in the preceding 
section, we shall now obtain certain useful analytical represen- 
tations of the groups G, 7, and K. 

As before, we let Pi, P 2 , • • •, Pm denote a fixed set of genera- 
tors of the Abelian group G of order p” and type (1, 1, • ■ 1). 
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Then the elements of G are all uniquely represented by the 
symbols _ „ 

• • • P™"”, 


where fii, m 2 , • ■ /i™ run independently over the set 0, 1, 2, 

• • p — 1 of p numbers. An element of G may therefore be 
represented uniquely by the symbol 


* * *» Mwl j 

where each /z is a number of the set 0, 1, 2, • • p — 1, pro- 
vided it is imderstood that the symbol represents the product 
Pi'‘'P 2 '‘= • • ■ Pm'^. We shall employ the more general symbol 
{n, V 2 , • • •, J'm}, where the p’s belong to the class of all 
integers, with the tmderstanding that two symbols of this form 
are to be considered equivalent if their corresponding ele- 
ments are congruent modulo p. Thus {mi, /i 2 , • • •, Mm} and 
{vu V 2 , ■ • •, Pm} are equivalent if Mi= v. mod p for i = 1, 2, 
■ ■ ■,m. For the multiplication of these symbols (corresponding 
to the multiplication of elements in G) we obviously have the 
formula 


{mi, M2, • • •, Mm} ■ [Plf P2. ■ ■ Pm} = {M1 + Pi, ' ' Mm + Pm}- 

Now consider the set of elements 


{mMi, MM2, - • •, MMm}, 

where mi, M 2 , • • •, Mm constitute a fixed set of m numbers taken 
modulo p and not all of them congruent to zero modulo p, 
M being a variable integer taken modulo p. This set of elements 
forms a group of order p having {mi, M 2 , • • •, Mm} for a generator. 
This group of order p may be denoted by the sjnnbol 

(mi, M2, • • Mm)- 

The same group is also represented by the symbol 

(j'Mi. >'M2, • • »'Mm), 

provided only that is a fixed integer incongruent to zero 
modulo p. The symbol (mi, M 2 , • • •, Mm) may therefore be 
treated as exhibiting a set of homogeneous co-ordinates for the 
given subgroup, analogous to the homogeneous co-ordinates 
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of a point in a space of m — 1 dimensions. (The geometrical 
interpretation thus suggested will be generalized and developed 
in Chapter XL) In a similar way the symbol {ni, /X2, • ■ 
denotes the nonhomogeneous co-ordinates of an element of G 
analogous to the nonhomogeneous co-ordinates of a point in a 
space of m dimensions. 

Let us now consider the conditions under which the symbols 

define an isomorphism of G with itself. In accordance with 
these symbols an element • • • Pm^”" is replaced by the 

element Pi^iP2"2 • - • Pm''”*, where 

y, = aaXi + ai2X2 + ■ • • -f aimXm mod p. {i = 1 , 2 , • • m) 

This represents a transformation of the element {xi, X2, ■ ■ Zm} 
of G into the element {yu ya, • • •, ym} of G. In order that tlfis 
may represent an isomorphism of G with itself, it is necessary 
and sufficient that {yi, ya, - • ym} shall run over all the ele- 
ments of G when {xi, X2,- x^} runs over all the elements of 

G. Hence for a given set {yi, ya, • • ym} there must be a single 
set {zi, X2, ■ ■ ■, Xm}. Therefore the foregoing set of m simulta- 
neous congruences must have a unique solution {xi, Za, • • x^} 

when the set {yi, ya, • • •, y^} is given. A necessary and suffi- 
cient condition for this is that the determinant D, 



an ccia • • 

^Im 

D = 

0^21 Oi22 * • 

* 


O^rnl • 

OCmm 


shall be incongruent to zero modulo p. 

From these considerations it follows that the symbols at 
the beginning of the preceding paragraph define an isomor- 
phism of G with itself when and only when the foregoing deter- 
minant D is incongruent to zero modulo p. When this condition 
is satisfied, every set of simultaneous congruences of the fore- 
going form represents an isomorphism of G with itself, and two 
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distinct sets of congruences represent two distinct isomorphisms 
of G with itself. Moreover, every isomorphism of G with itself 
may be represented in such a form. Furthermore, to the 
product of two isomorphisms of G with itself will correspond 
the product of the two corresponding transformations of :t’s 
into j^’s. 

From these results it follows that the group I of isomor- 
phisms of G with itself is simply isomorphic with the group of 
elements defined by all congruences of the form 

yi = oiaXi -h ai2X2 -| f- ai^Xm mod p (f = 1, 2, • • w) 

when the coefficients olh are subject to the condition that the 
determinant D, or | olh |, shall be incongruent to zero modulo p. 

The group last mentioned is known as the linear homogeneous 
group modulo p. Its order is found from § 28 and the fact that 
it is simply isomorphic with I ; this order is 

iP”"- VliP”' - P)iP^ - P^) ■ • • (/>’"- 
This group and its generalizations (see Chapters X and XI) 
are of importance in several branches of mathematics. 

The corresponding linear nonhxmogeneous group modulo p 
consists of the transformations 

yi = cLixXx -t- aaX2 ^ h (Xi^x^ -f- jS.- mod p, (f = 1, 2, • • • , m) 

where again the determinant D is restricted to be incongn^nt 
to zero modulo p. It will now be shown that this group K is 
simply isomorphic with the holomorph K of G. Since each of 
the integers /S,- may be selected in p ways which are distinct 
modulo p, it follows that the set /Si, ^2, |8m_may be se- 
lected in p™ ways. Hence the order of the group K is p^ times 
the order of 7, since the |8’s may be assigned vdues quite inde- 
pendently of the ct’s. Therefore the order of K is 

(7?’" — 1)(7>’” —p){p”^ — p^) • ■ ■ —P”'~'^)P”', 

and this is the same as the order of K. The transformations 
yi = Xi -|- jSi mod p (i = 1, 2, • • m) 

form an Abelian group of order p”' and type (1, 1, • ■ 1), as one 

may easily verify. Hence it is simply isomorphic with G. More- 
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over, this subgroup is self-conjugate in K. Furthemiore, it is 
not difficult to show that the only elements of K which are 
permutable with every element in this subgroup are the elements 
of this subgroup. From these facts, and the isomorphism of the 
linpar homogeneous group modulo p with I and the known order 
of it follows readily that K and K are simply isomorphic, as 
was to be proved. 

30 . Groups of Isomorphisms of Abelian Groups in General. 
Let G be an Abelian group of order where pi, 

p2, ■ • pn are distinct primes and cti, 0:2, • • -, are positive 
integers. Then G, as we have seen, is the direct product of its 
Sylow subgroups Gi, G2, • • •, G„ of orders ^2““, • • •, re- 
spectively. In any isomorphism of G with itself the elements of 
the subgroup Gi must correspond to elements of Gi. If U is any 
isomorphism of Gi with itself, then G admits an isomorphism in 
which the elements of Gi correspond in accordance with the 
isomorphism h while the elements of the remaining subgroups 
in the set Gi, G2, - • G„ correspond each to itself. This isomor- 
phism of G with itself is permutable with any isomorphism of G 
with itself in which the elements of Gi correspond each to itself. 
From these facts it follows that the group of isomorphisms of G 
with itself is the direct product of the groups Li, L2, ■ ■ ■, L„ of 
isomorphisms of Gi, G2, ■ • -, G„, respectively, each with itself. 

In a similar way it may be shown that the holomorph of G is 
the direct product of the holomorphs of Gi, G2, • • •, G„. 

Now let m be the least common multiple of the orders of the 
elements of G. Then G has elements of order m and no element 
of order greater than m. Let fj, be any number not greater than 
m and prime to m. Then the symbol 

a) 


denotes an isomorphism of G with itself, as one may easily 
verify. It is obvious (compare § 27) that the product of any 
two such isomorphisms is an isomorphism of the same sort ; for 
wehave , 


\ s ^ i / \smz/ 
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where /is is the least positive residue of modulo m. Giving 
to jJL in turn all its possible values, cjiim) in number, we have 
<t>(m) distinct isomorphisms of G with itself ; and these consti- 
tute a subgroup of the group of isomorphisms of G with itself. 
When G is a cyclic group this group of 4>(m) isomorphisms is the 
entire group of isomorphisms of G with itself, as we have seen 
in § 27. When G is noncyclic, it is clear that this group is a 
proper subgroup of the group of isomorphisms of G with itself; 
we shall now show that it is a self-conjugate subgroup. 

For this purpose let the symbol 

© 


denote any isomorphism of G with itself. Then we have 


This shows that the elements of the named subgroup are self- 
conjugate in the group of isomorphisms of G with itself. 

31. Hamiltonian. Groups. A Hamiltonian group is a non- 
Abelian group all of whose subgroups are self-con jugate. Since 
every subgroup of such a group is self-conjugate, it follows that 
there is only one Sylow subgroup of each order. Now let g and 
h be elements from two Sylow subgroups. If c is the element 
c = g-i . h~^gh = • h, then c is in each of these sub- 

groups and therefore is the identity. Hence g and h are per- 
mutable. Hence it follows that a Hamiltonian group is the 
direct product of its Sylow subgroups. 

Two elements a and b subject to the sole conditions 


generate a group of order 8, as the reader may easily verify. 
This is known as the quaternion group. The reader may show 
that it is a Hamiltonian group. It has, besides the identity, six 
elements of order 4 and one of order 2. 

We shall now prove the following theorem (by the method 
given in Hilton’s Finite Groups ) : 
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11. Let G be a Hamiltonian group. Then 

(1) G is the quaternion group Q ; or, 

(2) G is the direct product of Q and A, of Q and 
B, or of Q and A and B, 

where A is an Abelian group of odd order k and B is 
an Abelian group of order 2* and type (1, 1, • • 1). 

Every such direct product is a Hamiltonian group. 

We first prove that the direct product Gi of Q and A and B 
is a Hamiltonian group. Let h be any element of a subgroup H 
of Gi and write h = abc, where a, b, c belong, respectively, to 
A, B, Q. Let g be any element of Gi and write similarly g = a/Sy, 
where a, / 8 , 7 belong, respectively, to A, B, Q. Then we have 
g-i/!g = oc~^ abcoi^y = y~'^abcy — y~^cyab. Since 

= 1 and {c} is self-conjugate in Q, it follows that y~'^cy = c 
or c®. Hence g~'^hg — h ox c^h. Now H contains the element 
^2*: = {abcY^ = = c^. But = Y, since = 1 and k 

is odd. Therefore H contains both h and c^h and hence contains 
g~^hg. Therefore H is self-conjugate in Gi. Therefore Gi is a 
Hamiltonian group. 

That the direct product of Q and A alone or of Q and B 
alone is also a Hamiltonian group is now evident. 

Let r be a Hamiltonian group of order />“, where pis a prime. 
Let be the lowest order of an element in T which is not 
self-conjugate in F, and let g be an element of F of order p^ 
which is not self-conjugate in F. Let h be any element of F 
which is not permutable with g and denote the order of h by 
p** (ju s X). 

Since F is Hamiltonian, it follows that h~''-gh is in {£}. 
Then h~'^gh is a power of g. Write g~'^ ■ h~^gh = c. Then c is 
a power of g. In a similar way it may be shown that c is a 
power of h. Hence c is in the greatest common subgroup D 
of {g} and {h}. Every subgroup (of order greater than 1) of 
{g} contains and every subgroup (of order greater 

than 1) of {h} contains {Ap"”*}. But, since 1, D does not 
consist of the identity alone. Therefore D contains both 
and Hence g^”^" Ms some power of c; likewise 
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some power of c. Therefore where m is an appro- 

priate integer which is prime to p. Since g and h are not per- 
mutable, it follows that D does not coincide with {^}. Therefore 
X> 1. 

From the relation h-^gh = gc and the fact that g and c are 
permutable we have h-^gph = But g^ is self-conjugate in 
r by hypothesis ; therefore = 1. 

Since c is permutable with both g and h and g~'^h~'^gh = c, 
we have 

g~^h~'^g = ch~^, g~''-h~^g = c%~^, h~^g¥ = gc^, h~^g°h^ = 

In particular, gW = Mgc^. Hence {hg)^ = h - gh - g = h ■ hgc ■ g 
= h^g^c, (JigY = hgh^g^c = h • h^gc^ • g^c = h^g^c^. By induction 
it may now be shown that (hg)* = But from the 

established relation h~^g‘h?' = g^cf^, it follows * that is the 
commutator of g* and h^. Hence 

{h^g^Y — 

as one may show from the result just preceding. 

In the last relation put 

x = l, y = — up'^~'>', t = p^~^. 

Then we have = Hence if p is odd, or if /> = 2 

and y is even, or it p = 2 and X > 2, we have {hygY = 1, since 
= 1. Now h^g is not permutable with h ; hence we cannot 
have [h^gy — 1, for then we should have an element of lower 
order than g and yet not permutable with h, contrary to hy- 
pothesis. Therefore we must have p — 2, X = 2 (since X > 1), 
y an odd number, and therefore ju = X = 2. Then we have 
g4 = g 2 = ^ 2 ^ and g~'^'hg = From this it follows that 

{g, h} is the quaternion group. 

From this it follows that any two nonpermutable elements 
in a Hamiltonian group F of order 2“ generate a quaternion 
group. 

An element e of order 2 in F is self-conjugate, since {e} is 
self-conjugate. The elements of order 2 therefore constitute 
an Abelian subgroup H of tjqje (1, 1, • • •, 1). Let Q be any 


* This result is of some interest in itself apart from the use made of it here. 
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quaternion subgroup of F generated by elements a and & sub- 
ject to the conditions = 1, = {obY = b^. If is an element 

of r which is not permutable with a, then {a, d} is a quater- 
nion group and we have ~ a^, in accordance with a previous 
result in the argument. 

If 7 is an element of F which is permutable with both a and 
b, then yb is not permutable with a, and hence = {■ybY = 

= y'^a^. Therefore 7 ® = 1 and hence 7 is in H. 

If 7 is an element of F which is not permutable with both 
a and b, then we have either ( 1 ) y~'-ay = a, y-'^bg = b^, 
( 2 ) y~^ay = a^, y~^by = b, or (3) 7 "^C 7 = o^, y~'^by = b^. 
In the respective cases it may be shown that a and b are both 
permutable with (1) ay, (2) by, (3) aby. In each case 7 is in 
{Q, H). Then F is generated by Q and H, and H is the central 
of F. The greatest common subgroup of Q and H is {a^}. If 
B is that subgroup of H of index 2 which does not contain a^, 
then jB is an Abelian group of order 2“"^ and of type (1, 1, • • •, 1), 
when a > 3, while F itself is the direct product of Q and B. 

From this it follows that a Hamiltonian group of order 2“ is 
the direct product of the quaternion group Q and an Abelian 
group B of order 1 when o: = 3 and of order 2“~* and type 
(1, 1, • • •, 1) when a > 3. 

Now any Hamiltonian group is the direct product of its 
Sylow subgroups. From the foregoing argument it follows that 
the Sylow subgroups of odd order are Abelian. The direct 
product of these Sylow subgroups of odd order is an Abelian 
group A of odd order. The Sylow subgroup of even order 2“ is 
either the quaternion group Q or the direct product of B and Q, 
as we have seen. Hence G itself is a group of one of the types 
described in the theorem. 

This completes the proof of the theorem. 

EXERCISES 

1. If K is the holomorph of a cyclic group G of order 8, show that 
G is not a characteristic subgroup of K. 

2. In the group A of inner isomorphisms of a group G no element other 
than the identity is a power of every other element except the identity. 
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3. There is no group G having the quaternion group for its group 
of inner isomorphisms. 

4. A subgroup of a Hamiltonian group is either Hamiltonian or 
Abelian. 

5. A factor “group of a Hamiltonian group is either Hamiltonian 
or Abelian. 

6. The holomorph of the cyclic group of order 4 is simply iso- 
morphic with the octic group. 

7. The group of inner isomorphisms of a Hamiltonian group is an 
Abelian group of order 4 and t5npe (1, 1). 

8. An element of the group {B, Q) of § 31 is of order 1 or 2 or 4. 

9. If s and i are subject to the sole conditions 5 ^® = 1, i^:= 1, 
tst = s9, then the group, {s, t} is of order 32 and is conformal with the 
Abelian group of order 2® and type (4, 1). 

10. Show that the holomorph of the cyclic group of order n con- 
tains a subgroup of order nd for every factor d of <)>(n\ where (p(n) 
denotes Euler's 0-function of n. 

11. Show that the number of subgroups of type (2, 1) in a prime- 
power Abelian group of order p® and type (2, 2, 1, 1) is 

12. In order that a prime-power group of order (m > 1) shall 
be Abelian, it is necessary and sufficient that more than p^~'^ of its 
elements shall correspond each to its inverse in some isomorphism 
of the group with itself. 

13. Let Ho, Hi, H 2 , • • •, be the p + 1 subgroups of order p in 
an Abelian group G of prime-power order p^ and type (1, 1). Show 
that the group of isomorphisms of G with itself permutes these p + l 
subgroups according to a transitive permutation group K of degree 

-f 1 and order {p + l)p{p ~~ 1). 

14. Show that the group K of the foregoing Ex. 13 contains a transi- 
tive subgroup K\ of degree p and order pip —1) each element of which 
leaves Hq fixed ; show further that Ki has a cyclic transitive subgroup 
of degree and order p — 1 each element of which leaves Hi fixed. 

16. Show that the group K of the foregoing Ex. 13 has a transitive 
subgroup L of index 2 such that L itself has a transitive subgroup Li 
of degree p and order i pip — 1) each element of which leaves Ho fixed. 
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16. Let G be a prime-power Abelian group of order and type 
imu m 2 , • • •, mk) and let r be less than or equal to k. Show that the 
number of subgroups in G of order and type (1, !,•••, 1) is 

- 1 ) • - - 1 ) 


MISCELLANEOUS EXERCISES 

1. Let G be an Abelian group of order greater than unity such 

that every element in it besides the identity is of one given order k. 
Show that ^ is a prime number p and that G is of order and type 
(1, 1, • • 1), where m is some positive integer. 

2. Let S be an element of prime order q which is permutable with 
a prime-power Abelian group G of order p^ but not with any proper 
subgroup of G except that consisting of the identity alone. Show 
that 

3. Let 0 be any group of finite order. Show that a number m 
exists such that the group of isomorphisms of the Abelian group of 
prime-power order p^ and type (1, 1, • • •, 1) contains a subgroup 
simply isomorphic with G. 

4. Let G be an Abelian group having the property that it contains 
a set of subgroups such that any given element of G other than the 
identity occurs in one and just one subgroup of the named set. Show 
that G is of prime-power order p'^ and of type (1, 1, • • •, 1). 

5. Let G be a prime-power Abelian group of order p'^y^^ and 
type (2, 2, • • •, 2, 1, 1, • • *, 1), the latter symbol containing y 2’s and 
z I's. Show that the number Ni of cyclic subgroups of order p^ m G 
and the number N 2 of noncyclic subgroups of order p^ in G are given 
by the formulas 

an- 

6. Find the number of subgroups of type (3, 2, 1) in a prime-power 
Abelian group of order p^^ and type (3, 3, 2, 2, 1, 1). 

7. Let G be an Abelian group of prime-power order p^ and type 
(2, 1, 1, • • •, 1). Show that the number of subgroups of index in G 
is - l)/(p ^ 1). 
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8 . If P is an element of order p« in the group / of §§ 28 and 29 , 
show that a S i m or a S i(m + 1) according as m is even or odd. 

9. Show that the group of isomorphisms of the Abelian group G 
of order 3 ^ and type ( 1 , 1 ), when represented in the usual way as a 
permutation group, contains two abstractly distinct regular subgroups 
of order 8 . Show in each case that the corresponding subgroup of the 
holomorph of G, when represented in the usual way as a permutation 
group, is a transitive group of degree 9 and order 9 • 8 which contains 
as a subgroup a transitive group of degree 8 and order 8 . 

10 . Show that the group of isomorphisms of the Abelian group G 
of order 5 ^ and type ( 1 , 1 ), when represented in the usual way as a 
permutation group, contains three abstractly distinct regular sub- 
groups of order 24. Show in each of the three cases that the corre- 
sponding subgroup of the holomorph of G, when represented in the 
usual way as a permutation group, is a transitive group of degree 25 
which contains as a subgroup a transitive group of degree 24 and 
order 24. 

11 . Show that the prime-power Abelian group G of order and 
type ( 1 , 1 , 1 , 1 ) has a set of ^>2 4- 1 subgroups each of order such 
that the identity is the only element common to any two of them. 

12. Show that a prime-power Abelian group G of order p^ and type 
( 1 , 1 , • • •, 1 ) has a set of -}- 1 subgroups each of order p^ such that 
the identity is the only element common to any two of them. 

13. Show that a prime-power Abelian group G of order p^ and type 

( 1 , 1 , • • 1 ) has a set of + 1 subgroups each of order p^ such 

that the identity is the only element common to any two of them. 

14. Show that the group I of isomorphisms of the Abelian group G 
of order 3^ and type (1, 1, 1) is (2, 1) isomorphic with a group H which 
permutes the 13 subgroups of G of order 9 according to a transitive 
group of degree 13 and order 13 • 12 • 9 • 4. 

15. Show that the group I of isomorphisms of the Abelian group G 

of prime-power order p^ and type ( 1 , 1 , 1 ) is (i> — 1 , 1 ) isomorphic 
with a group H which permutes the p^ + p-]- 1 subgroups of G of 
order p^ according to a transitive group of degree + 1 and order 

^ + 1 ) (^2 ^ P)p2i^ _ 1)2 

16. Show that the group H of the foregoing Ex. 15 contains a sub- 
group of index p^-\- p + 1 which is transitive of degree p^ + p. 
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32. General Properties. In § 16 we saw that any group may 
be generated by any set of its Sylow subgroups which contains 
one such subgroup of each possible order. Since these Sylow 
subgroups are prime-power groups, it follows that the theory of 
prime-power groups is of central importance in the theory of 
finite groups in general. In the previous chapter we have made 
an analysis of the prime-power Abelian groups. In this chapter 
we shall treat the prime-power groups without the restriction 
that they shall be Abelian. 

The most important theorem relating to prime-power groups 
has already been proved in § 15. It may be stated as follows : 

I. A prime-power * group G of order p”" contains 
a self-conjugate element of order p. 

From this theorem we drew the following corollaries: the 
number of self-conjugate elements in G is a power of />; a 
group of order p^ is Abelian ; a group whose order is a multiple 
of p contains an element of order p. 

In § 21 we saw that every prime-power group is soluble. 

Every subgroup of a group G of order has for its order a 
power of p (§ 10). Hence the number of elements of G each of 
which is conjugate to a given element must (by Theorem VI of 
§ 11) be a power of p. 

If G is a non- Abelian group of order p'^, its central is a 
proper subgroup of order p‘, where s is a positive integer less 
than m. The factor-group G/H is of order We call it the 

central factor-group of G. If this group is non- Abelian, we form 

* Throughout the chapter the symbol p will always denote a prime number. 
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its central factor-group. Continuing this process, we must 
finally arrive at a central factor-group which is Abelian. It is 
to be observed that this central factor-group is noncyclic. This 
follows at once from Theorems VII and VIII of § 20 and the 
fact that this Abelian factor-group is the factor-group of a non- 
Abelian group with respect to its central. 

Now G is multiply isomorphic with its central factor-group 
G/H, the central H (of order />*) of G corresponding to the 
identity in G/H. And G/H contains a self-conjugate subgroup 
of order p, as one sees from Theorem I. Corresponding to such 
a subgroup of G/H is a self-conjugate subgroup of G of order 
in accordance with Theorem VI of § 20 ; and this self- 
conjugate subgroup contains the central H of G as a subgroup 
of index p. This subgroup of order is an Abelian group, 
since it is generated by the central of G and one other (suitably 
chosen) element of G. From this result we have the following 
theorem : 

II. Every non-Abelian prime-power group G con- 
tains a self-conjugate Abelian subgroup some of the 
elements of which are not self-conjugate in G; in 
fact, it contains an Abelian self-conjugate subgroup 
having as a proper subgroup the central H of G. 

Let Hi, Hz, ■ ■ -, Hk be any complete set of conjugate sub- 
groups of a group G of order p”'. Then the elements of G each 
of which transforms Hi into itself form a subgroup whose order 
is a power ofp. Therefore (Theorem VII of § 11) the number k 
of subgroups in this conjugate set is itself a power of p. Let 
Ki be the largest subgroup of G the elements of which transform 
Hi into itself. Then K{ contains H{. When k> 1, the elements 
of Hi transform at least p — l other H’s of the set Hi, Hz, ■ • •, 
Hk, each into itself, since the number of conjugates of Hj under 
transformation by the elements of Hi is a power of p. Hence we 
have the following theorem : 

III. The number of subgroups in any complete 
set of conjugate subgroups of a group G of order 
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is a power of p. If this number is greater than one, 
then each subgroup in the set transforms into itself 
at least p — 1 other subgroups in the set. 

In particular, 

IV. Every subgroup of order p'^~^ in a group of 
order p^ is self-conjugate in this group. 

For if Hi and H2 are two subgroups of order in a con- 
jugate set such that H2 is transformed into itself by the elements 
of Hi, we may tcike g to be an element of Hi which is not in H2. 
Then {H2, g} coincides with G while H2 is self-conjugate in 
{H2, g} contrary to the hj^pothesis that Hi is a conjugate of H2. 

83 . Some Self-conjugate Subgroups. We shall now prove the 
following theorem ; 

V. A prime-power group G of order contains a 
set of self-conjugate subgroups Gi, G2, ■ ■ •, G^-i, G„ 
with Gm = G, of orders p, p^, ■ ■ •, p'^~^, p'^, respec- 
tively, such that Gi is a self-conjugate subgroup of 
Gi+i, of Gi+2, • • of Gm, for f = 1, 2, • • •, m — 1. 

Let gi be a self-conjugate element of order p in G. Then 
G/{gi} is of order and contains a self-conjugate element 
72 of order p. In the usual multiple isomorphism of G with 
G/{gi}» let g2 be an element which corresponds to 72. Then 
g2® is in {gi}, since it corresponds to 72^, or 1 . Let g be any ele- 
ment of G and 7 the corresponding element of G/{gi}. Then 
7“^r2'"^T'Y2 = 1 , and therefore g“ig2~igg2 is in {gi}. Hence 
{gi. g2} is a self-conjugate subgroup of G of order consisting of 
the p^ elements 

gi“'g2“^. (ai, a2 = 1, 2, ■ • •, p) 

It contains self-conjugately the self-conjugate subgroup {gj of G. 

Let 73 be a self-conjugate element of order p in the group 
G/{gi, g2}, and let gs be a corresponding element in G in the 
usual multiple isomorphism of G with G/{gi, g2}. Then gs^ and 
g“^g3~^gg3 are in {gi, g2}, g being any element of G. Thence it 



Prime-Power Groups 123 

may be shown that {gi, g2, 53} is a self-conjugate subgroup of 
G of order consisting of the elements 

(au az, az = l,2,- ■ ■,p) 

Moreover, {gi, g2, gs} contains both {gi, g2} and {gi} self- 
conjugately. 

Continuing this process, we prove the existence in G of ele- 
ments gi, g2, ■ ■ gm such that the groups 

Oi = "(gl, g 2 j * * gi} ~ 1 > ‘ 

have the properties named in the theorem. 

Cor. I. The group G (= Gm) contains a set of ele- 
ments gug2,--;gm such that gi^ and g-igr^gg» 
(where g is any element of G) are in the group 
Gi-i = {gi, g2, • • •, gi-i} for i = 2 , 3 , • ■ ■, m, while 
Gi itself consists of the p' elements 

■ • • gf‘s (cKi = 1, 2, • • - ^ = 1, 2, • • •, 0 
for each i of the set 1, 2, • • •, m. 

Cor. II. If H is any proper subgroup of order p‘ 
in a group G of order />”, then H is contained self- 
conjugately in a subgroup of G of order p'+h 

If H does not contain gi, then {H, gi} contains H, Hgi, Hgi^, 

• • •, jygi^~i, and these constitute the required subgroup of 
order If H contains gi, g2, • • •, gi-i but not g,, then 

{H, gi} contains the elements H, Hgi, Hgi^, ■ ■ ■, Hg^~^ and these 
constitute the required subgroup of order 

34 . Number of Subgroups of Index p. We shall now prove the 
following theorem : 

VI. Let D of order p" be the greatest common sub- 
group of the subgroups of order p'^~^ in a group G 
of order Then G contains just 

pm-^ _ I 

P-1 

subgroups of order 
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Let Hu H 2 , Hs,--- be the subgroups of G of index p. Then 
(Theorem IV of § 32) each Hi is self-conjugate in G. Hence 
their greatest common subgroup D is self-conjugate in G. Let 
g be an element of G, ji the corresponding element in G/H{ in 
the usual multiple isomorphism of G with G/Hi, and y the 
corresponding element in G/D in the usual multiple isomorphism 
of G with G/D. Now G/Hi is of order p, and hence 7 ,-*’ = 1 . 
Hence is in Hi for each value of i, and therefore is in D. 
That is, D contains the pth. power of every element in G. Since 
g^ is in D, it follows that the corresponding element y^ in G/D 
is the identity. Hence G/D consists of the identity and p™-'* — 1 
elements each of order p. 

To each subgroup of index p va. G/D there corresponds one 
and just one subgroup of index p in G, in the named isomor- 
phism of G with G/D. Therefore the number of subgroups of 
index p in G is the same as the number of subgroups of index p 
in G/D. It remains to determine the latter niimber. 

For this purpose it is convenient to prove first that G/D is 
Abelian. Since G/Hi is Abelian, owing to the fact that it is 
of order p, it follows from Corollary II of Theorem IX of § 20 
that Hi contains the commutator subgroup A of G ; hence D 
contains A. Then from Corollary I of the same theorem it 
follows that G/D is Abelian. Since the elements of G/D, other 
than the identity, are of order p, it follows that G/D is of t 3 rpe 
(1, 1, • • •, 1). Since its order is p™-^, it follows from § 28 that 
the number of its subgroups of index p is (p™"'* — l)/(p — 1 ). 
Hence this is the number of subgroups of index p in G, as was 
to be proved. (The reader may note that ix is zero when G is 
Abelian of type (1, 1, • • •, 1).) 

Cor. I. The pth power of every element of G is 
inD. 

Cor. II. The group G/D is Abelian of order p"*~'‘ 
and type ( 1 , !,•••, 1 ). 


35. Number of Subgroups of Any Given Order. We shall 
prove the following theorem ; 
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VII. The number of subgroups of order in a 
group G of order p” is of the form 1 + kp, where k 
is an integer. 

In view of Theorem III of § 32 it is sufficient to prove the 
following, in order to establish the foregoing, theorem : 

VIII. The number of self-conjugate subgroups of 
order in a group G of order p'^ is of the form 1 + kp, 
where ^ is an integer. 

From Theorem V of § 33 it follows that G has at least one 
self-conjugate subgroup of order p^. Let Hi, Hi, ■■ ■,H„ de- 
note its self-conjugate subgroups of order p“. Let Ki, Ki, ■ ■ ■,K, 
be the subgroups of G of order Then from Theorem VI 

of § 34 it follows that v = l mod p. We have to prove that 
yu = 1 mod p. 

Let Si he the number of the subgroups Hi, Hz, ■ ■ ■, H„ each 
of which is in Ki. Let t, be the number of the subgroups 
Ki, Kz,---,K, each of which contains Hj. Then the number 
of cases in which a group if is in a group if is Si -1- S 2 -f • — 1- s, ; 
it is also ii -f + • • • + Hence 


Si -j- 52 -f- • • • -1- s, = -f fe 4- • • • -1- L- 

The groups K containing a given subgroup Hj are the sub- 
groups of G which correspond to subgroups of index p in G/H,- 
in the usual multiple isomorphism of G with G/Hj. But the 
number of these subgroups of index p in G/Hj is congruent to 
imity modulo p, in accordance with Theorem VI of § 34. Hence 
tj = 1 mod p. Then from the result at the end of the preceding 
paragraph it follows that 


Si -h S 2 -1 h s, = yu mod p. 


Since v = 1 mod p, it will follow that ju = 1 mod p when it 
is shown that s,- = 1 mod p. The latter fact we shall now prove. 

From Theorem VI of § 34, together with Theorem IV of 
§ 32, it follows that the number of self-conjugate subgroups of 
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order p’ in any (whatever) given group of order p*+i is con- 
gruent to unity modulo p. Let us suppose that the number 
of self-conjugate subgroups of order p* contained in any 
(whatever) given group of order i^as the same property; 
and likewise for any (whatever) given group of order p*+3, • - 
P”*"!. If from this hypothesis it follows that the same is true 
for any (whatever) given group of order p”*, it is clear that the 
truth of the theorem is established by induction. Now from 
the hyimthesis we see that the number of self-conjugate sub- 
groups of order p* contained in Ki is congruent to unity mod- 
ulo p. These include the Si groups H contained in Ki and also 
(possibly) certain other subgroups Li, L 2 , ■ ■ Lx of order p*, 
which are self-conjugate in Ki but not in G. Since Ki is self- 
conjugate in G, it follows that Ki contains every subgroup 
conjugate in G to any of the groups Li, L 2 , Lx; whence we 
conclude that X = 0 mod p, since these groups fall into conju- 
gate sets in G, the number of elements in each set being a 
power of p. Therefore Si = 1 mod p. From this conclusion the 
theorem follows, as we have already seen. 

The foregoing theorem will enable us to prove an important 
theorem due to Frobenius which is in the nature of an extension 
of a part of Sylow's theorem, namely, the following : 

IX. If G is any group whose order is divisible by 
the prime-power p® (s > 0), then the number of sub- 
groups of order in G is of the form 1 -|- kp. 

Let p” be the highest power of p contained as a factor in the 
order of G. Let Gi be a Sylow subgroup of order p” contained 
in G. If a given subgroup of G of order p* is not a self-conjugate 
subgroup of Gi, then it is transformed by the elements of Gi into 
a set of conjugates whose number is a power of p, as one may 
easily verify. Now (Theorem VIII of this section) the number 
of self-conjugate subgroups of order p’ in Gi is congruent to 
unity modulo p. Combining the propositions in the last two 
sentences, we see that the number of subgroups of G of order p* 
is of the form 1 -|- kp, as was to be proved. 
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EXERCISES 

1. The central of a direct product of prime-power groups is of 
order greater than unity. 

2. A simple prime-power group is of prime order. 

3. No prime-power group can be a complete group. 

4. A self-conjugate subgroup of a prime-power group G has ele- 
ments in common with the central of G. 

5. The central of a non- Abelian group G of order contains at 
least p commutators of G. 

6. If the commutator subgroup of a prime-power group G is of 
prime order, then each commutator of G is a self-conjugate element 
of G, 

7. A prime-power group is never a perfect group. 

8. If S is an element of order in a prime-power group G and if 
S is not self-conjugate in G, then 5 is not conjugate in G to any power 
of 5. 

9. Let a and h be two nonpermutable elements in a prime-power 
group G each having just p conjugates in G. Show that their com- 
mutator c is of order p and is permutable with both a and h. 

10. Let G be the direct product of prime-power groups and let m 
be any factor of the order of G, Show that G contains a self-conjugate 
subgroup of order m, 

11. Any self-con jugate subgroup of order p^{s^m — 2) in a 
group G of order p'^ is itself contained self-con jugately in self- 
conjugate subgroups of G of orders p^^^, • * •, p^~^. 

12. The commutator subgroup of a group G of order p”^ is a sub- 
group of G of index equal to or greater than 

13. In a group G of order p^ the number of elements of order p is 
of the form kp — 1. 

14. The total number of subgroups of a group G of order p'^ is 
congruent to 1 -f m mod p. 

16. Every self-conjugate subgroup of a group G of order p^ contains 
a subgroup of index p which is self-conjugate in G. 

16. Let be defined as in Theorem VI of § 34. Then show that G 
contains no element of order greater than 
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17. If £ is a self-conjugate subgroup of a group G of order p” such 

that G/E is an Abelian group of type (1, 1, ■ • 1), then E contains 

the group D of Theorem VI of § 34. 

18. In a non-Abelian group of order an element is either self- 
conjugate or belongs to a complete set of p conjugates. 

36. Prime-Power Groups Each with a Single Subgroup of a 
Given Order. We shall now prove the following two theorems : 

X. If a prime-power group G of odd order con- 
tains only one subgroup of order p\ where s is a 
given positive integer less than m, then G is a cyclic 
group. 

XL If a group G of order 2” contains only one 
subgroup Gs of order 2*, where s is a given integer 
greater than 1 and less than m, then G is a cyclic 
group. If G contains only one subgroup Gi of order 2, 
then G is either a cyclic group or a group of the type 
defined by the relations 

= = T-^ST = S-\ {m>2) 

The proofs of the two theorems coincide through a certain 
part of the argument ; therefore we carry them together as far 
as is convenient. 

Let P be an element of G not contained in G^. If the order of 
P is less than p^+\ then (Corollary II of Theorem V of § 33) G 
contains a subgroup of order p‘ containing P, and this subgroup 
is necessarily different from G,. Since this contradicts the hy- 
pothesis that G contains only one subgroup of order p®, it follows 
that an element P which is not in G, is of order where t is a 
positive integer. Then is a cyclic subgroup of G of order 
p ’‘ ; it must therefore coincide with Gj. Hence Gs is a cyclic 
group. 

Now let /)’■ be the largest number which is the order of an 
element of G, and let P be an element which is of order p\ Then 
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(Corollary II of Theorem V of § 38) {P} is either identical with 
G or is contained self-conjugately in a noncyclic subgroup 
Gr+i of order In the first case both theorems are granted. 
It remains to consider the second alternative. 

The group {P} is a self-conjugate subgroup of G^+i, as we 
have already seen. Hence if Pi is an element of Gr+i which is 
not contained in {P}, then integers a and /S exist such that 


Now jS is divisible by p, since, if it were not, Pi would be an ele- 
ment of order contrary to hypothesis. Then write /S = yp, 
so that Pi*" = P’’’’. Moreover, a caimot be unity, for then 
{P, Pi} would be an Abelian group of type (r, 1) and would 
therefore contain an element of order p not occurring in {P}, 
contrary to the conclusion reached in the first paragraph of the 
proof. Let Pp be the lowest positive integral power of Pi which 
is permutable with P. Then we have Pi~'’PPi'’ = P. But from 
the relation Pi"ipPi = P“ we have Pi“'’PPi'’ = P“^ Hence 
= p and therefore a" = 1 mod p^. Furthermore, in the 
group {P, Pi} the element P is one of a complete set of p con- 
jugates. Therefore p is a power of p, say, p = p'^. But we have 
seen that Pi*" = ; hence X = 1. Therefore 

aP=l modp’’, 
while a ^ 1 mod p*". 

Since x'^ = x mod p for every positive integer x, we may write 
o: = 1 -f where p is so chosen that k is prime to p. Then 


Hence p = r — 1. Therefore we have 


where k is prime to p. 

From the first of the last two relations we have 
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for all values of the integer x. Hence 

pipi = where <r = 1 + kp^~^, 

(P*Pi)2 = Pi • P^'Pi • P*" = Pi2p“=(‘^+<'=>, 

(pa:pi)P — p^px(f+<'^+ ■■ • +<f^) 

— p^ppifp+Cl + S-i- * ■ ' +p)fcp^”^3 
_ PjPpx[p+}p(3> + l)*p'‘~^] 

Now consider the case when p is odd. Then the last member 
of the foregoing equation is equal to Pi^P^p. Hence, taking 
x = — 'Y and remembering that Pi^ = P^, we see that (p-i-Pi)? 
= 1 while P'-'Pi is not contained in {P} . Since this con- 
tradicts a result obtained in the first paragraph of the proof, 
the second alternative named in the second paragraph must be 
excluded. Hence G is a cyclic group. This completes the proof 
of Theorem X. 

Consider now the case of Theorem XL From the previous 
argument we have 

where o- = 1 ■+■ 2’'~'k, k being odd ; whence it follows that 

{P^PlY == Pi^paCff-fo-s+o-s+iH) 

= Pj4pa;(4 + 10A? . 

p^4p4x^ 

Again take x = — then since Pi^ = we have = 1 

and hence {P^^PiY == 1 while P“^Pi is not in {P}. If 5 ^ 2, 
we have as before a contradiction with a result obtained in the 
first paragraph of the proof. Thence it follows that G is cyclic 
when s ^ 2. 

It remains to consider the case when G in Theorem XI is 
supposed to have only one subgroup Gi of order 2. Then G is 
cyclic unless m > 2. Hence in the further argument we sup- 
pose that m > 2. In the case to be considered now we put on 
Pi the further restriction that its order is as small as possible 
consistent with the other condition already placed on it, 
namely, that Pi is an element of Gr+i which is not contained 
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in {F}, while P has the largest possible order 2r of an element 
in G. We shall then determine what noncyclic group or groups 
(if any) can satisfy the named conditions. As before we have 
{P~'‘PiY= 1 while P~''Pi is not in {P}. Since P"'^Pi is of 
order not greater than 4, it follows that Pi is of order not 
greater than 4, since by hjTX)thesis Pi is of minimum order 
consistent with the fact that it is in Gr+i and is not in {P}. 
But from a result in the first paragraph of the proof it follows 
that the order of Pi is not less than 4. Hence Pi is of order 4. 
Sin rp G by hypothesis contains only one subgroup of order 2, 
it follows that is identical with Pi^. Now from the rela- 
tion Pi-ipPi = P“ we have Pi-^PPi"^ = P‘-\ But Pi^ and P 
are permutable. Hence P“” = P. Hence a® = 1 mod 2’'. The 
cases a = 1 and a = ±l + 2r~'^ may now be excluded, leaving 
a = — 1 mod 2\ Therefore we have Pi"^PPi = P~^. By writ- 
ing S and T for P and Pi, respectively, we see that the proof of 
the theorem will be completed when it is further shown that 
r = w — 1, since it is easy to prove the existence of a group 
with the defining relations given in the theorem and to show 
that it has the requisite property of containing but one sub- 
group of order 2. [To show the existence and uniqueness of a 
group with the given defining relations, note that its elements 
are S* and S^T for f = 0, 1, 2, • • •, 2’"-i - 1 and that these 
elements are permuted among themselves in a determinate 
way when they are multiplied on the left by either S or T, the 
resulting permutations o- and t having the properties assigned 
to S and T and generating a group of order 2“. Then show that 
this group has only one element of order 2.] 

Now 7 <m, since we are considering the case when G is not 
cyclic. If r were less than m—1, then (Corollary II of Theo- 
rem V of § 33) the group {P, Pi} would be contained self- 
conjugately in a subgroup of G of order Let P 2 be 

an element of this latter group not contained in {P , Pi}. 
Since {P, Pi} is transformed into itself by P 2 and {P} is the 
only cyclic subgroup of order 2r in {P, Pi}, then {P} is trans- 
formed into itself by P 2 . If P 2 ^ is in {P}, then, by an argu- 
ment like the foregoing, we show that P 2 “^PP 2 = P L Hence 
Pi~^P 2 ~^PP 2 Pi = P- Then {P, P 2 P 1 } is a noncyclic Abelian 
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group which contains 3 subgroups of order 2. Hence is 
not in {P}. Now {P, P 2 } is of order 2^-^^ at most; hence P 2 ^ 
is in {P} ; it is therefore the lowest positive integral power of 
P 2 which is in {P}, whence it follows that {P, P 2 } is of order 
2’'+2 and that {P, Pz^} is of order 2^+K Now P 2 ^ and P can- 
not be permutable; for, if so, we should have in {P, Pg^} 
three subpoups of order 2. But from the relation P 2 ~^PP 2 
= P« we have P 2 -^PP 2 ^ = P‘' and P 2 -^PP 2 ^ = P^'. Hence 
32 ^ 1 mod 2r, d* = l mod 2'. But 5^ -H 1 = 0 mod 2 and 

-f- 1 ^0 mod 4. Hence 5^ = 1 mod 2''~\ while, as we have 
seen, mod 2^. Hence 5^ = 1 where k is odd. 

Hence P 2 - 2 PP 22 = pi+2’'~^*. Therefore P 2 -^P^P 2 ^ = P% so 
that Pz^ and P^ are permutable. Therefore the poup {Pz^, P^} 
is Abelian and contains three subpoups of order 2, contrary 
to_ hypothesis. Hence r — 1. Then we conclude that 
r = m — 1. 

This completes the proof of the theorem. 

37. Groups of Order p'" Each with a Cyclic Subpoup of Index 
We now prove the following theorem : 

XII. If p is an odd prime and m > 2, there is one 
and only one abstract non-Abelian poup G of order 
p'^ containing an element of order It is the 

poup {P, P}, where P and R are subject to the sole 
defining relations 

pp‘^~^=RP = l, R-1PR = pi+p”-^. 

The poups of order p and p^ are Abelian, as we have al- 
ready seen. 

Let P be an element of order in a non-Abelian group G 
of order p”', if such a poup exists. The poup {P} contains 
just one subpoup of order p. Hence, since G is noncyclic, it 
follows from Theorem X of the preceding section that G con- 
tains an element Q of order p not contained in {P} . Since {P} 
is self-conjugate in G, it follows that {P} is transformed into 
itself by Q, and hence that Q~^PQ = p«, where a is some 
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positive integer between 1 and p^-'^ exclusive of these bounds ; 
moreover, a is prime to p. 

Now P — Q-PPQ^ = Hence = 1 mod But oP 

= a mod p. Hence o: = 1 mod p. Then write a = 1 + kp^, where 
k is prime to p. It is clear that 0 < pL<m — l. Now a^ = l 

+ kp>‘+^ H . Hence ij. = m— 2. Therefore a = 1 +>^”“2 ■ 

Now Q~^PQ‘ = P“^. We have oP = 1 kxp”'~^ + p”'~'‘- 1, 
where I is an integer since m> 2. Let ;r be such that kx = l mod p 
and put R for Q^. Then R-^PR = pi+p”'--^ while R itself is of 
order p. Then {P, R} is the group G, in case this group exists. 
It is of order p™', and its generators satisfy the conditions 

x-2 


If such a group exists, its elements are 

pi, pip2^ . . pipp-i_ (^-=0^ 1, 2, • • -, - 1) 

On multipl 3 dng these elements on the left by P and by R we 
obtain determinate permutations t and p respectively; and 
these permutations generate a group G having the requisite 
properties. Hence the group G exists and is unique. 

XIII. If OT > 3, there are just four abstract non- 
AbeHan groups of order 2™ each of which contains 
an element of order 2™“i. (See Ex. 1 on page 134.) 

Let G be a non-Abelian group of order 2™ containing an ele- 
ment P of order 2““^, m being greater than 3. 

Let us first suppose that G contains no element of order 2 
except the single element of this order contained in {P} . Then G 
is a non-Abelian group having only a single subgroup of order 2. 
It is therefore of the last type defined in Theorem XI of § 36. 

There remains the case in which G contains an element Q 
of order 2 not contained in {P}. Since {P} is self-conjugate 
in G, it follows that Q-^PQ = P“, where a is some odd positive 
integer between 1 and 2’"“^ exclusive of these bounds. Then 
P = Q-^PQ^ = P‘^; hence 0:2 = 1 mod 2“- L Writing a = H-2'‘A, 
where k is odd, we have 

a2-l=(H-2'‘;fe)2-l = 


k 2 . 2 *-!) s 0 mod 2”-i. 
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Hence (1) m = ^ — 2, or (2) /x = 1 and k(X + k) =0 mod 2^-^. 
In case (1) we have a = 1 + In case (2), since k is odd, 

we must have ^ — 1 + and hence a = — 1 + 2”‘~2X, 

where X is an integer. Then the only ix)ssible values for X are 
X = 1 and X = 2. The three cases thus obtained give rise, re- 
spectively, to the following three sets of conditions : 

( 1 ) = 62 = 

( 2 ) P 2"^”1 = Q 2 ^ 

(3) 

It is not difficult to show (by methods now familiar to the 
reader) that each of these sets of conditions (when taken as the 
sole defining relations of {P, Q}) leads uniquely to an abstract 
group and that the three groups so defined are distinct. 

From the conclusions already reached the theorem follows. 

EXERCISES 

1- Show that there are just two abstract non- Abelian groups of 
order 8 and that they have, respectively, the following defining re- 
lations : 

(1) a4 = ^,2 = 1 . (2) <2^=1, a^=(aby=:bK 

2. Let p be an odd prime. Show that there are just two abstract 
non- Abelian groups of order and that they have, respectively, the 
following defining relations : 

( 1 ) = 1 , h-^ab = 

(2) = 1, c“^6c = 6a, c~^ac^a^ h~^ab-=^a, 

3. Let G be the abstract group of odd order irn> 2) generated 
by two elements a and h subject to the sole conditions 

Prove the following propositions : 

(1) The elements b and are permutable. 

(2) The central of G is {a^}. 

(3) If c = a~^b~^ab, then c is permutable with a and with h and we 
have = 1. 

(4) The subgroups of G of index (X < m) are the p cyclic groups 

(f ~ 0, 1, • • •, /) — 1) and the Abelian group b} , The 
latter is noncyclic if X < w — 1. 
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(5) The commutator subgroup of G is of order p. 

(6) Every proper subgroup of G is Abelian. 

(7) Every noncyclic subgroup of G is characteristic. 

(8) A factor-group of G is an Abelian group. 

4. If G is a non- Abelian group of order 2^ containing two and just 
two cyclic subgroups of order 2^ and no cyclic subgroup of order 
2^+h show that cannot be greater than m — 2. 

5. If G is a prime-power non- Abelian group of order show that 

G is generated by any two noncommutative elements in it. 

6. If a group of order p^^ has its central of order then it contains 
an Abelian subgroup of order p\ [Suggestion. Let C be the central 
of G and let g be an element of G corresponding to a self-conjugate 
element y of order p in G/C in the usual multiple isomorphism of G 
with G/C. Then show that {C, g} is Abelian of order p^ and is con- 
tained in the central Ci of a subgroup Gi of G of order at least as great 
as p^^. Repeat the process with Gi and Ci, and so on.] 

7. If a group of order p'^^ has its central of order p^, then it con- 
tains an Abelian subgroup of order 

8. Let G be a non-Abelian group of order containing two 
Abelian subgroups B and K of index p. Show that the greatest com- 
mon subgroup of E and K is the central C of G. Show also that the 
derived group of G and the group of inner isomorphisms of G are both 
Abelian and of type (1, !,•••, 1), the latter being of order p^, 

9. The greatest common subgroup of all self-conjugate subgroups 
of index p^^ in a group G of order contains the commutator sub- 
group of G. 

10. Let P and Q be two noncommutative elements of a group G 
of odd order p'^ each of which corresponds to its inverse in some iso- 
morphism of G with itself ; show that in this isomorphism the com- 
mutator of P and Q cannot correspond to its inverse. 

11. Let G be a group of order 2”* containing only one cyclic sub- 
group of given order 2“, where 1 < a; < m ; then show that it contains 
no more than one cyclic subgroup of order 2^, where a< 13 < m. 

12. If a group of order 2^ contains just 1 -h 2 ^ cyclic subgroups of 
order 2“, where a> 2 and ^ is an integer, then k must be zero. 

13. If G is a group of order p”^ (w > 1), and if s<m, then the number 
of subgroups of G of order p^-^^ each of which contains a given subgroup 
of order p^ is congruent to unity modulo p. 
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14. If G is a non-Abelian group of order then the number of 
Abelian subgroups of index p in G is 0, 1, or 1+ p. In the last case 
the central is of index 

16. If a group G of order p'^ contains an Abelian subgroup of order p^^ 
then the number of its Abelian subgroups of order is of the form 

1 + kp, 

MISCELLANEOUS EXERCISES 

1. There is one and just one abstract non-Abelian group of odd 
order p^ all of whose elements except the identity are of order p, 

2. A non-Abelian group of order p^ contains a self-conjugate 
commutator of order p. 

8. If G is a non-Abelian group of order p^ and if every subgroup 
of G is self-conjugate in G, show that p must be 2. 

4. If a group of order p^ has its central of order p, then it contains 
just 2p^ — 1 conjugate sets of elements. 

6. If a group of order p^ has its central of order p'^, then it contains 
just p^ p^ — p conjugate sets of elements. 

6. A group of order p"^ cannot be generated by two elements which 
are conjugate within it. 

7. If the elements C, Au A 2 , • * *, A An are subject to the sole de- 
fining relations 

C2 = 1, Ai^ =1 (z = 1, 2, • • •, 4 n), 

CAiAjAiAj =1 (zV y ; y = 1, 2, • • 4 «), 

they generate a group G of order 2^”+^ whose central is the group {C} 
of order 2. Moreover, the numbers of elements in G of orders 4 and 

2 are, respectively, 

24n + (_ l)n-hl22n ^^d 2^^ - (- - 1. 

8. Let G be a group of order S’" which contains no element of order 

9. Show that any two conjugate elements in G are permutable. If w 
is the number of elements in a set of independent generators of G, 
show that 2" — 1 ^ w. 

9. Show that a group of order p^ contains a self-conjugate Abelian 
subgroup of order if oi(Q' — 1) < 2 m. 

10. The number of subgroups of order ^ in a noncyclic group of 
odd order p'^ is congruent to 1 -L i? mod p^. 
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11. Show that there are just three abstract groups of order 3^ each 
of which contains three and only three cyclic subgroups of order 9. 

12. Determine the abstract non-Abelian groups of odd order 
each of which has all its elements of order p except the identity. When 
p = 3 show that there is only one such group. When p> 3 show that 
there are two such groups, one having its central of order p and the 
other having its central of order p^. 

13. Let C be a noncyclic group of odd order p'^, and let ck be an 
integer such that 1 < (x< m. Show that the number of noncyclic 
subgroups of order p^ m G of the form 1 + kp, 

14. Let G be a group of order p^, and let p^ be the highest power of 

p contained in the order of the group of isomorphisms of G. Show 
that n^^m(m — l). Show, furthermore, that n attains the maxi- 
mum value § m(w — 1) when G is Abelian and of type (1, 1, • - 1) 

or of type (2, 1, 1, • • *, 1). 

15. Let R, S, T be three elements each of odd prime order p such 
that the commutators S~^T~^ST, T~^R^^TR, R~'^S~^RS are each of 
order p while each of them is permutable with each of the elements 
R, S, T. If the elements i?, S, T are subject to no conditions except 
those implied by the conditions already stated, show that the group 
{R, S, r} is of order that each of its elements besides the identity 
is of order p, and that any given element in the group either is self- 
conjugate or is one of a complete set of p^ conjugates. 

16. Let G be a non-Abelian group of order ^ 2) which is 

generated by two elements P and Q of orders p"^ and respectively 
such that the groups {P} and {0} have no common element besides 
the identity. Show that G must belong to one of the four cases (1), 
(2), (3), (4) determined, respectively, by the further conditions: 

(1) P“iQ-ip^ = pp’”“\ 

(2) 

(3) P-1Q-1PQ=Q^ 

(4) P-^Q-^PQP = P^"^ \ P-^Q'^PQ = 

How many abstractly distinct groups can be obtained in case (4) by 
suitably varying a? 



CHAPTER VI 


Permutation Groups 


38. Introduction. In § 4 we have defined the terms permuta- 
tion group and degree of a permutation group. The n! per- 
mutations on n letters form (see § 4) the symmetric group of 
degree n and order n!, and the even permutations on n letters 
form the alternating group of degree n and order i(n !). We saw 
(in § 4) that in any permutation group the permutations are all 
even or exactly half of them are even ; in the latter case the 
even permutations form a subgroup of index 2 in the given 
group. The question of the identity of two permutation groups 
was also discussed in § 4. 

It is obvious that any alternating group is a self-conjugate 
subgroup of the symmetric group on the same letters. More 
generally, if G is any i)ermutation group containing odd permu- 
tations, then the even permutations in G constitute a self- 
conjugate subgroup of G. 

In § 12 we defined the terms transitive and intransitive as 
applied to permutation groups. A transitive group whose order 
is equal to its degree is called a regular permutation group. 

Furthermore, in § 12 we showed that every group G of finite 
order n can be represented as a regular permutation group on n 
symbols, the latter group being simply isomorphic with G. In 
fact, we set up this representation in two ways ; whenever the 
group G is non- Abelian (and only then) these two ways give rise 
to two conjugate permutation groups each of which contains 
permutations not in the other. Moreover, several properties 
concerning the relations of these two groups were determined. 
In particular we showed that two simply isomorphic regular 
groups on the same set of n letters are conjugate under the sym- 
metric group on those letters. 

138 
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It is obvious that a given group G may be represented in an 
imlimited number of ways as a permutation group simply iso- 
morphic with G. In fact, if G is so represented as a permutation 
group on each of two distinct sets of letters, then it is also rep- 
resentable as a permutation group on the set composed of all 
the letters in the two given sets by taking as the correspondent 
of each element g of G the product of the two elements which 
correspond to g in the given permutation groups, one of the 
factors being taken from one of the given representations and 
the other from the other representation. 

In the preceding chapters we have frequently employed per- 
mutation groups as a tool in the study of abstract groups, 
particularly in the case of the group of isomorphisms and the 
holomorph of a given group. Now we shall proceed to develop 
some properties of permutation groups as such. 

39. Transitive Groups. A transitive permutation group G on 
the S 3 mibols ai, 02 , ■ • -, as we have seen in § 12, is a permu- 
tation group on those symbols containing permutations Si, S 2 , 
• ■ S„ which replace ai by ai, az- • an, respectively. Then 
Si“*S,- replaces a, by Uj, so that any symbol in G may be re- 
placed by any other symbol in G by a permutation belonging 
to G. A permutation group G which contains a permutation 
replacing any whatever given ordered pair of sjmbols in G 
by any whatever other given ordered pair of symbols in G is 
called a doubly transitive group. More generally, a permutation 
group G which contains a permutation replacing any whatever 
given ordered set of k symbols in G by any whatever other 
given ordered set of k symbols in G is called a k-ply transitive, 
or a k-fold transitive, group. For fe = 3, 4, 5 one often uses the 
terms triply, quadruply, quintuply transitive. A group which 
is transitive but not doubly transitive is often said to be 
singly transitive or simply transitive. If a group is k-ply transi- 
tive but is not {k 4- l)-ply transitive, then k is said to be the 
degree of transitivity of the group. If the degree of transitivity 
of a transitive group is greater than unity, the group is said to 
be multiply transitive. 

If the permutation group G on the symbols ci, 02 , • ■ ■,an con- 
tains permutations replacing the given ordered set 01 , 02 , • • •, o* 
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of k symbols in G by every other ordered set of k symbols in 
G, it is evident that G is A-ply transitive in accordance with 
the foregoing definition; for, if Pi and P2 are permutations 
in G replacing the given ordered set Oi, 02, ■■■, Ok by any two 
given ordered sets, then Pi~^P2 replaces one of these lat- 
ter by the other. Again, if G contains permutations replacing 
every given ordered set of k symbols in G by the ordered set 
Cl, C2, • ■ -, Ci, then G is obviously &-ply transitive. 

Let G be a ^-ply transitive group on n symbols. If S and T are 
two permutations in G each of which leaves fixed a given ordered 
set of k symbols in G, then ST leaves fixed the same ordered set 
of k symbols. Hence we are led to the following theorem ; 

I. The totality of permutations of a given ;fe-ply 
transitive group G each of which leaves fixed a given 
ordered set of k symbols of G forms a subgroup H 
of G. 

If this subgroup H is l-ply transitive, then G itself is (k + l)- 
ply transitive; for if Ci, 02. ■ ■ «4+i, ■ • dk+i is any ordered 

set oi kf - 1 symbols in G and bi,b2, ■ ■ ■, bk+i is any other, 
then G has an element replacing bi, fe, ■ ■ ■, bk by Ci, C2, ■ ■ ■, Ok; 
if bk+i, ■ ■ •, bk+i are replaced by this element by Ck+i, ■ ■ •, Ck+i, 
then there is an element in H which replaces the latter ordered 
set by the ordered set ak+i, ■■■, ak+ii then the product of these 
two elements is an element in G replacing the ordered set 
bi, ■ • ■, bk+i by the ordered set Ci, • • •, ak+i. 

Now let G be any ^-ply transitive group of degree n, where 
k> 1 . Then G is also (k — 0 ‘Ply transitive, where I is any 
positive integer less than k. Therefore (Theorem I) G contains 
a subgroup H consisting of all the elements of G leaving fixed 
each of a given set of k — I S5nnbols. This group H is l-ply 
transitive; for if Ci, C2, • - •, c„ are the S3mibols in G and if 
Cl, C2, • • •, Cit-z are the symbols left separately fixed by the 
elements of H, then H contains an element replacing the ordered 
set Cl, C2, ■ ■ ■,ak by the ordered set Ci, C2, • ■ -, Uk-i, bi, ^2, • • •, 
bi, where bi, b2,---,bi is any ordered set of I symbols in G not 
containing one of the symbols Ci, C2, ■ • ■, Ok-i. 
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We shall now prove the following theorem : 

II. The order of a ^-ply transitive group G of 
degree n is n(w - 1 ) - - - (n - fe + l)w, where m is 
the order of the largest subgroup H oi G each ele- 
ment of which leaves fixed a given ordered set of 
k symbols. The subgroup H is contained self- 
conjugately in a subgroup of G of order kl- m. 

The number yu of ordered sets of the n S3Tnbols of G, when 
these s3anbols are taken ^ at a time, is n(n — 1 ) ■ ■ ■ (n — k+ 1 ). 
Denote these ordered sets by Pi, P2, • • ■, P,., where Pi is an 
ordered set of the k S3Tnbols left fixed by each element of H. 
Let gi, g2, • • •, gy. be permutations in G, such that g, replaces 
the ordered set Pi by the ordered set P<. Then G consists 
of the following elements and no others: Hgi, Hg2, • • -, Hg^. 
For, if g and g,- replace Pi by P,, then ggr^ replaces Pi by 
Pi and is therefore contained in H; hence g is contained in 
Hgi. The sets Hgi, - • Hg^ of elements of G form a set of 
fim distinct elements. Hence the order of G is that stated in 
the theorem. 

Let Pi be the ordered set ai, 02, ■ ■ c*. Then each element 

of H leaves this ordered set unchanged. If a'l, a'2, • • ■, a'k is 
any ordered set of the same k symbols, then G contains a per- 
mutation a. of the form 

_ /fli, (h., ■ ■ Oh, b\, fe, • • A 
““Wi, c' 2 ,- b\, b' 2 ,---/ 

There are k\ permutations of the form a no two of which are 
alike as regards the ordered set a'\, a'2, ■■■, o' k‘, and each of 
them is permutable with H, since it interchanges among them- 
selves the symbols left unchanged by H. If ai and 02 are two 
permutations of the foregoing class a which are alike as re- 
gards the sequence a'l, a'2, ■ • o'k, then 0:1 is in N. There- 
fore the permutations a constitute a subgroup of G of order 
kl - m, and this subgroup contains H self-conjugately. 
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This completes the proof of the theorem. 

Cor. I. The order of a transitive group is divisible 
by its degree. 

Cor. II. The number of elements in G each 
of which replaces the ordered set Pi by the ordered 
set Pi is m : and these m elements are the elements 
gr^Hg,- 

If m = l, then H consists of the identity alone, and there is 
just one permutation in G which replaces a given ordered set of 
k sjmbols by another given ordered set of k S 5 mbols. In the 
same case G contains elements displacing n — k+1 symbols ; 
but there is no element of G other than the identity which dis- 
places fewer than n — k-\-\ symbols. 

By taking A = 1 in the foregoing theorem we have the 
following : 

III. If G is a transitive group, the order of the 
subgroup H formed by all the permutations of G 
each of which leaves a given letter fixed is equal to 
the order of G divided by its degree. 

Now let Si = 1, S 2 , • • -, Sm be the elements of this group H, 
and form for G the following rectangular array as in § 10 ; 


Sir 1 , S2T1, • - SmTu (ti = 1) 
Sir2, S2r2, • • SmTZt 


SlT n, S2T n> * * SmT„. 

Let Oi be the letter held fixed by H, and let Oi be the letter by 
which Ti replaces ci. Then every element in the fth row of the 
foregoing array replaces ai by a,, and no other element of G has 
this property. Hence ai is left unchanged by m permutations 
in G and is changed into another letter by m(n — 1) permutations 
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in G. In the same way it may be shown that any other letter 
occurs similarly in G ; that is, it is left fixed by m elements of G 
and is changed into another letter by m{n — 1) elements of G. 
Hence mn(n — 1) is the total number of replacements of one 
letter by another in all the elements of G. But the order of G is 
mn. Hence we have the following theorem : 

IV. The average number of letters displaced by 
the permutations of a transitive group is equal to 
the degree of the group diminished by unity. 

40. Examples of Multiply Transitive Groups. Let G be a mul- 
tiply transitive group of degree n and order »(n — 1). We shall 
show that n is necessarily a power of a prime number. The sub- 
group E of order n—\, leaving a given symbol fixed, is itself 
transitive of degree and order « — 1. It is therefore a regular 
permutation group. Hence all its elements except the identity 
are regular i)ermutations changing exactly n—1 symbols. 
Therefore every element in G besides the identity changes all or 
all but one of the symbols of G. But the average ntunber of 
symbols displaced by the permutations of G is « — 1. Hence G 
has exactly n — 1 elements each of which displaces all the sym- 
bols of G. If these n—1 elements, together with the identity, 
form a subgroup, then this subgroup must be self-conjugate in G, 
since it obviously contains the transform of each of its elements. 
The order of an element leaving just one s 5 mbol unchanged is 
a factor of n — 1. Hence the n — 1 elements each of which dis- 
places all the symbols are the only elements besides the identity 
which satisfy the equation S” = 1. The other elements in G 
satisfy the equation = 1. 

No element which leaves just one symbol unchanged can be 
permutable with an element which displaces all the symbols. 
There are just n—1 elements each of which displaces all the 
symbols. Therefore these n — 1 elements form a complete set 
of conjugate elements. 

Let us write w = Pi“>p 2 "* • • where pi, p 2 , ■ ■ ■, P, are 
primes and (when s > 1) no two of them are equal and where 
the oii are positive integers. The number of elements of G whose 
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orders are factors of njpi’^ is (by Theorem XII of § 22) a multi- 
ple of njpei, say k^/pi’^. Hence the number of elements of G 
whose orders are multiples of pi is w — kinlpi^i, a number nec- 
essarily different from zero since G contains an element of order 
pi (by Corollary III of Theorem XVI in § 15). Each of these 
elements satisfies the equation S" = 1 ; and hence each of them 
displaces all the symbols of G. Therefore the elements of G whose 
orders axe multiples of pi form a conjugate set of « — 1 elements. 
Therefore n — lan/pi'^i = n—l. But n — ki^lpi’‘i is less than 
n — \ imless « is a power of a prime and ki=\. Hence n is nec- 
essarily a power of a prime number, say, n ~ 

Now there are just n — 1 elements of G each of which dis- 
places all the symbols of G, and these form a conjugate set, as 
we have seen. Their orders are factors of />“. Since they aU have 
the same order (owing to the fact that they form a conjugate 
set) it follows that the order of each is p. There is no other 
element in G besides the identity whose order is a power of p, 
since these other elements satisfy the equation = 1, where 
n = p“. But G contains a Sylow subgroup of order p<‘. Hence 
the />“ — 1 elements of order p, together with the identity, con- 
stitute the sole Sylow subgroup T of order in G. It follows 
that r is a self-conjugate subgroup of G. 

We shall next show that F is an Abelian group. In case p — 2 
all the elements of F except the identity are of order 2. If S 
and T are two of these elements, we have STST = 1 or T-^ST 
= S. Hence F is Abelian \l p = 2. In the tether argument 
suppose that p is odd. Then the group G has an element Ai of 
order 2 (by Corollary III of Theorem XVI in § 15). Since the 
number of symbols in G is odd, Ai must leave one letter fixed. 
Let ai be that letter. Then Ai has a set of conjugate elements 
Ai, A 2 , ■ ■ ■, An {n = />“) such that A,- leaves fixed the sole s 5 mbol 
Oi. These n elements involve transpositions ; no 

two elements can have a common transposition, since their 
product would then leave at least two letters fixed and yet 
not be the identity ; for this reason also the n given elements 
of order 2 are all the elements of order 2 in G. Now consider 
the set 


A1A2, AiAs, • • •, AiAn 
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of « — 1 elements. Since no two A’s have a common transposi- 
tion, each of these elements displaces all the S 3 nnbols of G. 
Hence these are the elements of order p in G. Now the trans- 
form of AiAi by Ai is AiAi ; hence Ai transforms each of the 
elements of order p into its inverse. Then, since F is self- 
conjugate in G, it follows that F admits an isomorphism with 
itself in which each element corresponds to its inverse. Hence 
F is an Abelian group; for we have S ~ T ~ T"!, 
ST ~ (ST)-i and ST ^ 5-iT-i, so that (Sr)-i = or 

= S~''-T~^, whence S and T are permutable. 

Then we have the following theorem : 

V. A doubly transitive group G of degree n and 
order n(n — l) does not exist unless n is a power 
of a prime number. In case G exists, it has just n — 1 
elements each of which displaces all the n s 3 nnbols 
of G, and these elements, together with the identity, 
constitute a self-conjugate Abeliein subgroup F of G 
of order p" and type (1, 1, • • •, 1). Every element of 
G not in F is a regular permutation on just n — 1 
symbols. 

Now suppose that G is a ^-ply transitive group of degree n 
and order n(n — 1) ■ ■ ■ (n — k + 1), k being greater than unity. 
Then G contains a doubly transitive group of degree n — k + 2 
and order (« — A -f 2) (w — ^ -t- 1). Hence n — k + 2 must be a 
power of a prime, in accordance with the preceding theorem. 
Therefore we have the following corollary : 

CoR. A k-p\y transitive group G of degree n and 
order n(n — 1) ■ ■ • (n — ^ -I- 1) does not exist for k 
greater than unity unless n — k + 2 is a power of 
a prime. 

When k = n the group G is obviously the symmetric group. 
When k = n — 2 the group is the alternating group, as one 
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may see by aid of Theorem VI in § 41 below. If in this corol- 
lary k<n — 2, then k cannot exceed 3 except when « = 11 and 
« = 12, a fact which is established by Jordan in Liouville's 
Journal (2) 17 (1872), pp. 357-363. [See Ex. 12 on page 151.] 
The actual existence of triply transitive groups of degree ^ ” -f 1 
and order {p’ + l)p''{p'' — 1), where ^ is a prime number, will 
be established here for the case v=l and in § 68 for every 
positive integral value of v. 

Let p be any odd prime number and let us consider the exist- 
ence of a doubly transitive group G of degree p and order 
p(p — l). The elements of G which displace all the sjnnbols 
are of order p. Let P be such an element, and let us take for 
P the permutation 

P = 

Let a be any primitive root modulo p, and consider the per- 
mutation ^ 

where it is to be imderstood that a subscript greater than 
p — 1 is to be reduced modulo p to a number of the set 0, 1, 2, 

• • p — 1. Then S is of order P — 1, and we have 

S-ips = (aoCaOscaacc • • •) = •P“- 

Hence the subgroup {P} of {P, S} is self-conjugate. More- 
over, since S~'PS = P“, it follows that all the elements of 
{P, S} may be written in the form S'*P’' ; for 5 • S^P^ = S^+^P^ 
and P • S'-P^' = S" ■ S-^PS" • P’^ = S" • P”" - P^ = s»‘P’^+“'', whence 
the elements S^P^ are merely permuted among themselves on 
multiplication on the left by S or by P. From these facts it 
follows readily that {P, S} is of order pip — 1). In order to 
show that this group is doubly transitive, we observe that any 
given ordered pair of symbols Cp, a, is changed into the fixed 
ordered pair co, by the permutation P~'‘S~^, where r is 
suitably chosen. 

Transitive subgroups of {P, S} are readily constructed, 
namely, those which are generated by P and the subgroups of 
{S}. There is obviously such a subgroup of order pd for every 
divisor d ol p — l. Thus when p == 13 we obtain in this way 
six transitive groups of degree 13. 
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Onemayreadily verify that the group {(0123456), (124) (365)} 
of degree 7 and order 21 displaces every unordered pair of its 
symbols by every other unordered pair, though the group is 
only singly transitive. This example shows the importance of 
the notion of ordered sets in the definition of multiply transitive 
groups. 

Now in the general case the permutation P is completely 
defined by the transformation 

x' = X + 1 mod p 

on the subscripts x attached to the symbols a. Similarly, the 
permutation S is defined by the transformation 

x' = ax mod p 

on these subscripts. These two transformations generate all 
transformations of the form 

x' = ax -\-b modp, (c^Omod^) 

and no others, as one may easily verify. This is a special case 
of the linear nonhomogeneous group modulo p introduced in 
§ 29. The order in this case is ^ (/» — 1). 

Let us now consider the set of transformations of the form 

(A) ^raodp, {ad — be rood p) 

where it is to be rmderstood that k/0 is to be replaced by oo 
when AfiO mod p and that a corresponding a, namely, a^, is 
to be adjoined to the set of symbols a so that we now have 
p+l symbols a. 

Let us first determine the number of transformations in the 
set (^). If c = 0 mod p we may take d—1 without loss of 
generality. Then the transformation is linear. We have just 
seen that the number of such transformations is pip — 1). 
When c ^ 0 mod p we may take c = 1 without loss of generality. 
Then a and d may be chosen at will, each from p incongruent 
numbers, and then b may have any one of p — 1 incongruent 
values and no more, since we must have ad — bc^Q mod p. 
Hence the number of nonlinear transformations in (A) is 
p^{p — 1). Therefore the total number of transformations in 
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the set (^) is p^ip — 1) +/>(/> — 1). or (^ + V)p{p— 1). But 
the product of any two transformations in the set (A) is also a 
transformation of the same set. Thence it follows that the 
transformations (A) constitute a group of order ip + l)pip - 1). 

The transformation group (A) may be represented as a per- 
mutation group on the symbols co, ai, • • •, Op-i- As such it 
is transitive, since any symbol may obviously be replaced by 
by a suitable transformation of the form (A). Hence the largest 
subgroup each element of which leaves fixed is of order 
pip — 1). It must therefore coincide with the group {p, s} 
already determined, since the elements of this group correspond 
to transformations leaving unchanged. But {P, S} is doubly 
transitive on «o, ffi, • ■ «p-i, as we have already seen. Therefore, 

the named permutation group of order ip-\-l)Pip— 1) on the p-\-l 
symbols a„, ao, oi, • • •, is triply transitive on these symbols. 

If p is an odd prime, this triply transitive group of order 
(/>-|- i)^(p — 1) has a doubly transitive subgroup of index 2 
and degree p-\-l, consisting of even permutations alone, as one 
will readily verify by aid of the fact that this subgroup contains 
elements of order p. 

41. An Tipper Limit to the Degree of Transitivity. We shall 
now prove the following theorem ; 

VI. No group of degree n, other than the sym- 
metric and alternating groups of this degree, can be 
more than Z-ply transitive, where I is the greatest in- 
teger not exceeding ^ « -f- 1. 

Let G be a nonsymmetric ^-ply transitive group of degree n, 
where l<k<n. Then it is obvious that k< n—1. Let S be 
any permutation of G which displaces more than k and fewer 
than n symbols. Suppose that the notation is so chosen that we 
may write 

S = 

Let s denote the number of symbols displaced by S. If/ <k — l, 
take 
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where 4 is some other symbol displaced by S. lij = k — 1, take 

^ _ /^ 1 > ^2, • * *, (Ik-U \ 

CL2f ' * *> dk—ly Cjcf • • * / 

where is a s 3 mibol not displaced by S. In each case T is to be 
an element of G ; such an element T certainly exists in G since 
G is ^-ply transitive. Now in either case it may readily be shown 
that T~^ST • 5“^ is not the identity. Moreover, T~^ST • 
displaces at most 2 5 — 2 A + 2 s 3 anbols, since it leaves < 21 , < 22 , 

• * •, ak ^2 xmaltered in both cases and also leaves afc-i unaltered 
in the second case and since bk is in S. 

If 2s— 2^ + 2<5, or s < 2k-- 2, the group G contains a 
permutation displacing fewer than s symbols. By continuing 
the process we must then arrive finally at a permutation which 
displaces not more than k symbols. Let 2 be such a permuta- 
tion in G, where 

2 =: (q'iq; 2 * • * CKp) - • • (a<r • • • ar). 

Then G contains a permutation of the form 

^ _ Iaia2 ' • • ar^iar • * A 
\aia 2 • • • ar-l^r • • •/ 

where is different from ar. Then 

2-1 . p-iSP = (ar/Srac). 

Hence if G contains a permutation displacing fewer than 
2 k — 2 symbols, it contains a circular permutation of order 3. 
If G is triply transitive, it follows from this that G must contain 
every circular permutation of order 3 and hence (Theorem IV 
of § 2) it must contain the alternating group. 

'Now since ^ > 1, a k-ply transitive group of degree n contains 
permutations displacing just n — k + 1 symbols, since the sub- 
group leaving k — 1 symbols fixed is of degree n — k+1 and is 
transitive. Hence if G does not contain the alternating group on 
its n symbols, we must have ^ = 2 or n~~ k+1 ^2 k — 2, the 
latter condition implying that k ::t> -J- n + 1. From this con- 
clusion the theorem follows, since 4 is the lowest possible degree 
for a group which is neither alternating nor symmetric. 
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In the course of the proof of the preceding theorem we have 
also established the following result : 

VII. If G is a A-ply transitive group of degree n, 
not containing the alternating group of this degree, 
and if ife = 3, then every permutation of G except the 
identity displaces at least 2 k — 2 symbols. 

A much more effective limit to the degree of transitivity of a 
group of degree n than that contained in Theorem VI has been 
given by G. A. Miller {Bull. Amer. Math. Soc. (2) 22 (1915) : 
68-71). Miller’s theorem may be stated as follows : 

VIII. If n = kp -j- r, where ^ is a prime greater 
than the positive integer k and where r>k, then a 
group G of degree n, not containing the alternating 
group of degree n, cannot be more than r-fold tran- 
sitive unless k = l and r = 2. 

We shall not give a proof of this theorem or of the following 
corollary which Miller (loc. cit.) derives from it : 

CoR. When « > 12, a group of degree n, not con- 
taining the alternating group of degree n, cannot be 
s-fold transitive if s ^ 3 — 2. 

EXERCISES 

1. There is no transitive group of degree « whose degree of tran- 
sitivity is « — 1. 

2. Construct two transitive groups and one intransitive group of 
degree and order 4. 

3. An Abelian transitive group is regular. 

4. The subgroup ff of the group G in Theorem II of § 39 contains 
no self-conjugate subgroup of G of order greater than unity. 

5. A self-conjugate element (other than the identity) in a transi- 
tive group G is a regular permutation displacing every symbol in G. 



Permutation Groups 151 

ord6r of tlio central of o. trsnsitivc group is sl factor of its 

degree. 

7. In every transitive group on n symbols there are at least » - 1 
permutations each of which displaces all the « symbols. 

8. Show that the only group of degree 2 is the symmetric group, 
and that the only groups of degree 3 are the alternating and sym- 
metric groups. 

9. Show that there are just seven groups of degree 4 and that they 
are those in the following list: (1) the symmetric group; (2) the al- 
ternating group ; (3)theocticgroup (§4); (4) {{abed)} ; {5) {{ab){cd). 
(ac){bd)}; (6) {{ab), {cd)}; (7) {{ab)icd)}. 

10. Show that there are just three intransitive groups of degree 5 
— one of order 12 and two of order 6. Show also that there are just 
five transitive groups of degree 5, their orders being, respectively, 120, 
60, 20, 10, 5. Give generators for each of these eight groups of de- 
gree 5. What is the degree of transitivity of each of the transitive 
groups in the set ? 

11. Show that if a group of degree 12 is 5-fold transitive but not 
6-fold transitive, then its order is 12 ■ 11 • 10 • 9 • 8. (Use Theorem VII 
of § 41.) 

12. Let us write 

S = {X0X1X2 ■ ■ ■ xio), 

T = (X 4 XBX 3 X 9 ) (xioXrXsXe), 

U = (xoXa, ) (xixio) {x2Xs) (X3X7) (xtXs) (xeXa). 

Show that {S, T} is a 4-fold transitive group of degree 11 and order 
11 ■ 10 • 9 • 8. Show also that {S, T, U} is a 5-fold transitive group of 
degree 12 and order 12 • 11 • 10 • 9 ■ 8. (These are known as Mathieu 
groups.) 

13. Construct generators for the triply transitive group of degree 10 
and order 10 • 9 • 8 contained in the group {S, T) of Ex. 12. Show 
that the permutations 

(aiOi ■ • ■ flg), (flo<J:8<3:4) (^TiCg^^r) (flaCeOs), (aoOia3a2a4agasaea7as) 

generate a different triply transitive group of degree 10 and order 
10 ■ 9 • 8, and prove that this latter group contains a doubly transitive 
group of degree 10 and order 10 • 9 • 4. 
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14. Construct two doubly transitive groups of degree 9 and order 
9 • 8 and show that there is no other doubly transitive group of this 
degree and order. 

16. Construct three doubly transitive groups of degree 25 and order 
25 • 24 and show that there is no other doubly transitive group of this 
degree and order. 

16. Construct a triply transitive group of degree 6 and order 6 • 5 • 4 
and show that it has a doubly transitive subgroup of degree 6 and order 
6-5*2. Show that these are the only multiply transitive groups of 
degree 6 other than the alternating and symmetric groups. 

17. Let G he a transitive group of degree n and order nm each 
element of which (except the identity) displaces all or all but one of 
the symbols. Prove the following propositions : 

(1) There are just n — \ elements of G each of which displaces all 
the symbols. If these elements, together with the identity, form a 
group, then this group is self-conjugate in G. 

(2) If H is the subgroup of order m leaving one symbol fixed, then 
the elements of B. permute, in sets of m each, the elements which dis- 
place all the symbols. Therefore is a factor of — 1. The number 
of elements in a complete conjugate set of elements each of which 
displaces all the symbols is a multiple of m. 

(3) If (a > 0) is the highest power of a prime p which divides «, 
then the number of elements whose orders are multiples of p is of the 
form n — k^n/p^ and w is a factor of the positive number p^ — 

(4) If ^ Vn, then n\^ 2 i power of a prime. 

(5) If n is twice an odd number, then G is a regular group. 

(6) If m is even, then G contains a self-conjugate regular Abelian 
group of degree and order n. 

16. Show that the permutations 

{aiaz) {azGz) (ascir), {a^a^aza^a^a^^a^az), 

{(IqCIzCI^^ (aidzC?) (<3l3<26^5)» 

generate a triply transitive group of degree 10 and order 10 • 9 • 8 • 2 
containing the two triply transitive groups of Ex. 13. 

19. Construct a doubly transitive group of degree 25 and order 
25-24-2 containing two doubly transitive groups of degree 25 and 
order 25 ■ 24. 
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30. Construct a doubly transitive group of degree 49 and order 
49 • 48 ■ 2 containing two doubly transitive groups of index 2. 

42. Simplicity of the Alternating Group of Degree n 4. We 
shall prove the following theorem : 

IX. The alternating group of degree n is simple 
except when « = 4. 

When « = 3 the alternating group is of order 3 and is there- 
fore simple. When « = 2 it consists of the identity alone. Hence 
in the proof we may consider only the case when « ^ 4. 

Now the alternating group G of degree n is (n — 2)-ply transi- 
tive. If P is a permutation of G displacing fewer than n — 1 
symbols, then, as in § 41, we may construct a permutation 2 
such that 2“^P“i2 • P is a circular permutation of order 3. 
But 2~^P“^2 = (2~*P2)“^. Hence P and its conjugate per- 
mutations generate the group G. If S is a permutation of G dis- 
placing n — 1 sjnnbols, then, , as in § 41, we may construct a 
permutation T such that S~'^T~^ST displaces not more than 
2{n — 1) — 2{n — 2) -f- 2, or 4, symbols. If S is a permutation 
of G displacing n symbols, then T may be found so that S~^T~^ST 
displaces not more than 2 « — 2(?2 — 2) + 2, or 6, symbols. 

From these considerations it follows that the group G is 
certainly generated by any given permutation Q of G and its 
conjugates, except possibly in the case of a permutation dis- 
placing n — 1 symbols when n = 5 and in the case of a per- 
mutation displacing n symbols when n = 4, 5, or 6. 

When n = 5 and S is an even permutation on 4 symbols, we 
may write S= (12) (34). Then if we take T= (12) (35), we 
have S“’r~iSP= (354). Hence S and its conjugates generate G. 

When n = 6 and S is an even permutation on 6 symbols, 
we may take for S either (12) (3456) or (123) (456). If T is 
(12)(3645), we have for S~^T~^ST the permutation (356) or 
(14263) in the respective cases. In either case S and its con- 
jugates generate G. 

When n = 5 and S is an even permutation on 5 S3mbols, we 
may take S = (12345). Putting T = (345), we have S~^T 
= (134), so that again S and its conjugates generate G. 
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When n = 4 and S is an even permutation on 4 symbols, we 
may take S= (12) (34). The permutations conjugate to S in 
G are S and (13) (24) and (14) (23). These generate a group of 
order 4 which is self-conjugate in G. Hence G is not simple 
when « = 4. 

When « > 4, the group G is generated by any one of its 
elements (other than the identity) and the conjugates of that 
element. Hence, when « > 4, G contains no self-conjugate 
proper subgroup except that consisting of the identity alone; 
hence G is simple when « > 4, and therefore when 4. 

43. Self-conjugate Subgroups of Symmetric Groups. We shall 
prove the following theorem : 

X. The alternating group of degree n is the only 
self-conjugate proper subgroup (of order greater 
than unity) contained in the S3nnmetric group of 
degree n except when n = 4., 

When n = 4 the self-conjugate subgroup of order 4 in the 
alternating group is also self-conjugate in the symmetric group, 
as one may easily verify. When « = 2 or « = 3 the theorem is 
obvious. Hence we have left to consider the case when n> 4. 

As in the proof of the previous theorem, it may be shown 
that the conjugates of any even permutation (other than the 
identity) m the symmetric group of degree n (n> 4) generate 
the alternating group. It is obvious that a subgroup of order 2 
is not self-conjugate in the symmetric group of degree n(n> 4). 
Any other subgroup containing odd permutations also contains 
an even permutation besides the identity ; hence if it is self- 
conjugate it must contain the alternating group and therefore 
must coincide with the given symmetric group itself. 

Since a subgroup of index 2 in a group is self-conjugate in 
the group, we readily obtain the following corollary : 

Cor. The alternating group of degree n is the 
only subgroup of index 2 in the symmetric group of 
degree n. 
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44. Representation of a Group as a Transitive Group. We 
have seen (in § 12) that every finite group can be represented 
as simply isomorphic with a regular permutation group. It 
is often desirable to represent a given abstract group as a 
transitive group of lowest possible degree, in order to facilitate 
the study of the properties of the group. Therefore we shall 
now give some theorems concerning the representation of an 
abstract group as a transitive permutation group. 


XI. Let G be a group of finite order g which con- 
tains a subgroup H of index m. Then G has a (k, 1) 
isomorphism with a transitive group of degree m, 
where k is the order of some subgroup of H which is 
self-conjugate in G. The isomorphism is simple if 
H contains no self-conjugate subgroup of G of order 
greater than unity. 


Let G be separated into the partitions Hti (ti = 1), Ht2, • • •, 
HTm according to the second method of § 10 ; and denote 
these partitions in order by the symbols yi, 72, — , 7m- If a 
is any element of G, then every element in Hri ■ a belongs to 
the same partition, say y'i, as t,- - a. U b is any element of G, 
then every element in Hnab belongs to the same partition, say 
y"i, as Now if we write 


S = 
we have 


/71, 72, • • •, 7 m \ „ _ (y'l, Y2, ■ ■ ■, 7 'm\ 

\ 7 'i. y'2. ■ ■ ■, y'J’ y"2, • ■ y''J* 

72. 7m \ 

\7"i. 7"2, • ■ 7 "m/* 


From this it follows that if the permutations S and T on 
71, 72, ■ •, 7m correspond to a and b, respectively, then the 
product ST corresponds to ab. Hence all_the permutations 
such as S, T, • • ■ form a permutation groui^G on 71, 72, ■ • 7m 
which is isomorphic with G. This group G is transitive, since 
the element 71 is carried into the element 7,- by the permutation 
corresponding to the element Ti of G. 
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The identity in 6 is the only element in G corresponding to 
the identity in G. The totality o£ elements in G each of which 
corresponds to the identity in G forms a self-conjugate sub- 
group Hi of G, in accordance with Theorem I of § 16. Let k 
denote the order of Hu Then G is (k, 1) isomorphic with G. 
If hi is any element of Hi, then HTih is the same set of elements 
as HTi for each i of the set 1, 2, • • •, m. In particular, Hhi is 
the samp, set as H. Therefore h is in H. Therefore H contains 
the self-conjugate subgroup Hi of G. Hence when H contains 
no self-conjugate subgroup of G of order greater than unity, the 
isomorphism of G with G is simple. 

Cor. If a group G contains a complete set of m 
conjugate elements Si, S 2 , • • •, S„, or a complete set 
of m conjugate subgroups Hi, H 2 , ■ ■ ■, then G is 
isomorphic with a transitive permutation group of 
degree m. 

For G contains a subgroup of index m in accordance with 
Theorem VI, or Theorem VII, of § 11. 

If a group G of order g is a transitive group of degree n on 
the n letters Ci, 02 , ■■ ■, then, as we have seen, G contains 
subgroups Gi, G 2 , ■ • G„ of index n such that G,- consists of all 
those elements of G each of which leaves Si fixed. Moreover, Gi 
contains no self-conjugate subgroup of G of order greater than 
unity, as one may readily show. If Gi leaves a letters fixed, so 
that it is of degree n — a, then the groups Gi, G 2 , - • ■, G„ fall into 
sets of a each so that the a groups in each set are identical. In 
any case the distinct groups in the set Gi, G 2 , ■ ■ ■, G„ form a 
complete set of conjugate subgroups of G. If G is nonregular, 
the groups Gi, G 2 , • • G„ cannot all coincide, so that in this case 
there are at least two distinct groups in the set. Hence a group 
cannot be represented in the form of a nonregular transitive 
permutation group to which it is simply isomorphic unless it 
contains a non-self-conjugate subgroup H which itself contains 
no self-conjugate subgroup of the given group except that con- 
sisting of the identity alone. Combining this result with the 
preceding theorem, we have the following : 
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XII. A necessary and sufficient condition that an 
abstract group G of order g may be represented as 
simply isomorphic with a transitive permutation 
group of degree n (n< g) is that G shall contain a 
subgroup H of index n such that neither H nor any 
proper subgroup of H (other than that of order unity) 
is self-conjugate in G. 

Now let G be a transitive permutation group on the n letters 
di, o-i, ■■■, an which contains no subgroup of degree n and ind px 
n but does contain subgroups displacing just « — 1 letters. 
Then G contains distinct subgroups Gi, G2, • • •. G„ of index n 
such that Gi displaces all the letters except ai. These n sub- 
groups must correspond to these n subgroups in every isomor- 
phism of G with itself. An element of G which replaces Ui by 
transforms Gi to Gy ; therefore a permutation P in G trans- 
forms the subgroups Gi according to a permutation which trans- 
forms to P by the ptermutation 

/ Gi, G2, • • •, G„\ 

\ffi, 02, ■ - aj 

Hence, if each Gy corresponds to itself in an isomorphism of G 
with itself, then every element of G corresponds to itself in that 
isomorphism. Therefore the group of isomorphisms of G may 
be represented as a permutation group on Gi, G2, - • G„. 

Furthermore, G is simply isomorphic with its group of inner 
isomorphisms. Therefore the latter group may be represented 
as a transitive permutation group of degree n which contains G 
as a self-conjugate subgroup. Hence we have the following 
theorem : 

XIII. If G is a transitive permutation group which 
contains subgroups of index n displacing just n — \ 
letters, but no subgroup of index n displacing all the 
n letters, then G is simply isomorphic with its group 
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of inner isomorphisms, and the group of isomorphisms 
of G may be represented as a transitive permutation 
group of degree n which contains G as a self-conjugate 
subgroup. 

45. Intransitive Groups. Let G be an intransitive group. 
Let xi be any letter on which it operates, and let xi, xz, ■■ -yXrhe 
the letters into which xi may be changed by the elements of G. 
Then any permutation in G merely permutes these letters among 
themselves. Moreover any letter Xi may be displaced by any 
letter Xj by a permutation of G ; for if g displaces xi by Xi and 
h displaces Xi by xj, then g~^h displaces Xi by Xj. Hence the 
elements of G permute the letters Xi, X 2 , • ■ Xt transitively. 
These letters form what is called a transitive set of letters in G. 

Since G is intransitive it operates on some other letters than 
those contained in the transitive set Xi, x%, • • •, Xr. Let yi be 
such a letter, and let yi, y^, • • -, y, be the transitive set con- 
taining yi. If this does not exhaust the letters on which G 
operates, then there is another transitive setsi, z%, ■ ■ zt among 
the letters of G. This process may be continued until all the 
letters of G are exhausted, so that the letters on which G 
operates are thus separated into a certain number (two or more) 
of independent transitive sets. 

Let <r be the totality of letters in a certain number (not all) 
of the transitive sets of the letters on which G operates ; and 
let r denote the totality of the remaining letters in G. If gi and 
|2 are any elements in G which do not displace any of the letters 
in the set r, and if g is any element of G, then the letters in t are 
left fixed both by gig 2 and by g-^gig. Hence the totality of 
elements in G each of which leaves fixed the symbols r forms a 
self-conjugate subgroup Hi of G. Similarly, the elements which 
leave fixed the s 3 mbols <r form a self-conjugate subgroup H 2 of G. 

Now the totality of different permutations on the letters in tr 
alone, each of which is produced by an element of G, evidently 
forms a permutation group Gi on the letters in a. Let g and g' 
be ^y two elements of G, and let k and k' be the elements of Gi 
which permute the letters in <r in the same way as g and g' re- 



spectively. Then gg' and kk' permute the letters in o- in the same 
way. Hence G and Gi are isomorphic, the elements of Hz iaG 
corresponding to the identity in Gi. Therefore Gi is simply iso- 
morphic with G/Hz. It is evident that Gi contains Hi as a self- 
conjugate subgroup. 

Now the identity is the only element common to Hi and Hz. 
Moreover every element in one of these groups is permutable 
with every element in the other. Hence {ifi, Hz} is the direct 
product of Hi and Hz. Since Hi and Hz axe both self-conjugate 
in G, it follows that {Hi, H-^ is self-conjugate in G. Moreover 
G/{Hi, H^ and Gi/Hi are of the same order. 

The permutations effected on the letters in cr by {Hi, Hz} 
constitute the group Hi, while the permutations effected by G 
on the letters in c constitute the group Gi. Let h, kz, h be ele- 
ments of [Hi, Hz), and let gi, gz, gs be elements of G such that 
. kzgz = hgz. Let k'l, k'z, k'z, g'l, g's, g'a be the permutations 
effected on the letters in cr by the elements h, kz, ks, gi, gz, gs 
respectively. Then it is evident that k'lg'i ■ k'zg'z — k'zg'z. 
Hence the groups G/{iri, Hz] and Gi/Hi are isomorphic. But 
we have seen that they are of the same order and that Gi is 
simply isomorphic with G/Hz. Hence G/ {Hi, JT 2 } and Gi/Hi are 
simply isomorphic. 

If Gz is the permutation group effected on the letters in t by 
the group G, then it may be shown similarly that Gz/ Hz is simply 
isomorphic with G/ {Hi, H 2 }. Hence Gi/Hi and Gz/Hz are simply 
isomorphic. 

Now let G be an intransitive group of degree n having just k 
transitive constituents. That the average number of symbols 
displaced by the permutations of G is w — ■ ^ is readily seen from 
the fact that the average number of letters of each transitive set 
displaced by the permutations of G is one less than the number 
of symbols in that set (Theorem IV of § 39). 

46. Primitive and Imprimitive Groups. Let G be a transitive 
group on n symbols. Suppose that the n symbols may be di- 
vided into r sets cri, <T 2 , ■ ■ ■,(Tr (r> 1), each set containing 
s (s > 1) symbols (so that n = rs), such that any whatever 
given permutation of G either permutes the s symbols of o-j 
among themselves or replaces these symbols by the symbols 
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of another set aj, this holding for each i of the set 1 , 2 , ■ • r. 
Then G is called an imprimitive group and the sets cti, cr2, • • •, Cr 
are called imprimitive systems or systems of imprimitivity. If 
no such separation of the n symbols into systems is possible, 
then the transitive group G is called a primitive group. 

The group {(xyz) (abc), (xa) (yb) (zc)} has two sets of imprimi- 
tive systems, namely, x, y, z; a, b, c and x, a; y, b; z, c. 

An imprimitive group cannot be multiply transitive; for 
if it were as much as doubly transitive, it would contain a 
permutation displacing any two given symbols by any other 
two, and the first two could be selected from the same system 
of imprimitivity and the second two from different systems. 
Hence epzry multiply transitive group is a primitive group. There 
are also primitive groups which are only singly transitive ; in 
fact it is obvious that any transitive group of prime degree is 
primitive. 

Now let G be a nonregular transitive group on the n symbols 
Cl, 02, • • •, On, and let Gi be the group consisting of all those 
permutations in G each of which leaves oi fixed. Let a be the 
number of the letters Oi, 02, • - •, c„ left fixed by Gi and suppose 
that a > 1 . Let Gi, G2, • • •, G* be the conjugates of Gi in G. 
Then each of these subgroups leaves fixed a different set of 
O' letters, so that ka — n. The k sets of a letters each, left 
fixed by Gi, G2, • • •, G* respectively, form a set of systems of 
imprimitivity of G, since the subgroups Gi, G2, • • •, G* are trans- 
formed among themselves by any element of G. Hence a neces- 
sary condition in order that a nonregular transitive group shall 
be primitive is that the largest subgroup which leaves fixed one 
given symbol shall leave fixed only that one symbol ; but this con- 
dition is not sufficient, as one may see from the corollary to 
Theorem XIV below. 

XIV. Let 5 i, S2, • ■ -, S« be a complete set of 
conjugate elements or conjugate subgroups of a 
given abstract group G. A necessary and sufficient 
condition that the symbols Si, S2, ■ ■ -, S™ shall be 
transformed under G according to an imprimitive 
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permutation group is that the subgroup Hi of G 
which consists of the totality of elements of G trans- 
forming Si into itself shall be contained in a larger 
proper subgroup of G. 

In order to prove the condition sufficient, let us suppose 
that Hi is contained in a larger proper subgroup Ki of G. Now 
the number of conjugates of Si under Ki is the quotient A 
of the order of Ki by the order of Hi. Moreover Ki contains 
all the elements of G each of which transforms these X conju- 
gates among themselves. Therefore every element of G not in 
Ki transforms these X conjugates from the set Si, S2, • ■ -, 5 ^ 
into another set of X conjugates from the same set. In this 
way these S3nnbols are separated into sets of X each such that 
the sets remain intact as sets tmder transformation by the 
elements of G and are merely permuted among themselves. 
Hence they constitute a set of systems of imprimitivity of the 
transitive group on Si, S2, ■ ■ ■, Sm obtained on transforming by 
the elements of G in the way indicated. 

To prove the necessity of the condition, we notice that if 
the S3nnbols Si, S2, • • •, Sm are transformed by the elements of 
G according to an imprimitive group, then there is a proper 
subgroup K2 of G which contains Hi, this subgroup being formed 
of those elements of G each of which transforms among them- 
selves the symbols of the imprimitive system containing Si. 

This completes the proof of the theorem. 

Cor. Let G be a transitive group of degree n 
whose largest subgroup Gi leaving one symbol fixed 
is of degree n — I . Then a necessary and sufficient 
condition that G shall be imprimitive is that Gi shall 
be contained in a larger proper subgroup of G. 

This follows at once from the theorem and the fact that G 
transforms the conjugates of Gi in exactly the same way as it 
permutes the symbols ci, ^2, • • •, on which G operates. 
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EXERCISES 

1. Construct a transitive group of degree 6, an intransitive group 
of degree 6, and an intransitive group of degree 7, each of which is 
simply isomorphic with the symmetric group on 4 symbols. 

2. Let xi, X 2 , * • Xr; yu y 2 , • • zt; • • • be the 

transitive sets of letters in an intransitive group G. Prove the follow- 
ing propositions : 

(1) The group G is a subgroup of the direct product of the symmetric 
groups on the symbols [xu ^ 2 , • • *, Xr], lyu ^ 2 , • * •, yj, • • *. 

(2) The order of G is a factor of rl • s! • /! • • • and is a common 
multiple of r, s, • • •. 

(3) The permutations leaving xi fixed constitute a subgroup of 
index r. 

3. Construct a doubly transitive group of degree 10 which is 
simply isomorphic with the alternating group of degree 6. 

4. Construct a transitive group of degree 15 which is simply iso- 
morphic with (a) the alternating group of degree 6, (b) the symmetric 
group of degree 6. 

6. The alternating group of degree 5 is simple and is of order 60. 
Show that 60 is the lowest possible composite order of a simple group. 

6. The central of a primitive group consists of the identity alone. 

7. The group of inner isomorphisms of a primitive group G is 
simply isomorphic with G. 

8. If a transitive group contains an element of prime order p 
greater than the largest proper factor of its degree n, then G is a 
primitive group. 

9. Those permutations of an imprimitive group G which permute 
among themselves the letters in each of a given complete set of im- 
primitive systems of G constitute a self-conjugate subgroup of G. 

10. All the primitive groups of degrees 2 to 20 have been con- 
structed, and it has been found that their number for each degree is 
as follows : 

Degree 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Number 1225477 11 9 8 6 9 4 6 22 10 4 8 4 

Many of these can readily be found by the methods already described. 
For each of the degrees 2, 3, 4, 5, 6, 14, 18, 19, 20 construct as many 
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primitive groups as are indicated for that degree in the foregoing 
table, and for each of the degrees 2, 3, 4, 5, 6 show that these are all 
the primitive groups of these degrees. 

11. Show that the permutations (123) (456) and (17) (26) generate 
a doubly transitive group of degree 7 and order 168 and prove that 
this group is simple. 

12. Construct seven primitive groups of degree 7 and show that 
these are all the primitive groups of degree 7. (See Exs. 10 and 11.) 

13. A self-conjugate subgroup (of order greater than unity) in a 
primitive group G is transitive. Hence its order is a multiple of the 
degree of G, 

14. The symmetric group of degree n is the only primitive group of 
degree n one of whose elements is a transposition. 

16. The alternating and symmetric groups of degree n are the only 
primitive groups of degree n containing a circular permutation of 
order 3. 

16. A regular group of composite order is imprimitive. 

17. The (^-subgroup of a primitive group consists of the identity 
alone. 

18. Let (P be a prime-power Abelian group of order j?” and type 

(1, 1, • • 1), and let K be the holomorph of G expressed in the usual 

way as a permutation group of degree p^. Show that K is doubly 
transitive when ^ is an odd prime and that it is triply transitive 
when p = 2 . 

19. Show that the doubly transitive group of prime degree p and 
order p{J> — 1), constructed in § 40, is simply isomorphic with its 
group of isomorphisms. 

20. Assuming the theorem that the symmetric group of degree n 
contains no subgroup of degree n and index n when Q, prove that 
the symmetric group of degree w, when 2 and 7 i 9 ^ 6, is simply 
isomorphic with its group of isomorphisms. 

MISCELLANEOUS EXERCISES 

1. Let G\ and G 2 be two transitive groups of degree n such that 
the permutations in Gi which displace all the symbols are the same as 
the permutations in G 2 which displace all the symbols. Show that the 
two groups can differ only in the permutations which leave just one 
symbol unchanged. 
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2. Let G be a transitive group of degree n and order g. Let gr be 

the number of permutations in G each of which leaves just r symbols 
fixed. Show that « « 

y = g, y rgr = g. 
r=0 r=l 

If G is Jfe-fold transitive, show that 

g= (r-/+l)g,. {I = 1, 2. ■ ■ k) 

r=/ 

In particular, if G is triply transitive, show that 

n 

^ r®g, = 5 

r= 1 

3. Let G be a transitive group of order where ^ is a prime num- 
ber. Let H be the largest subgroup of G each element of which leaves 
fixed a given symbol of G. Then H leaves fixed p°- symbols of G, where 
a is a positive integer. 

4. If p is the index of a proper subgroup H of the symmetric 
group G of degree w, then p = 2 or p is at least as great as the largest 
prime number less than n. 

5. The group G of degree « (n > 4) which is generated by all the 
permutations of the form (12) (34) on a given set of n letters is the 
alternating group of degree w. 

6. By means of Theorem VIII of § 41 prove that, besides the 
alternating and symmetric groups, there are no groups of degree not 
greater than 100 which are as much as 8-fold transitive. 

7. The totality of circular permutations of order r on m symbols 
generates the symmetric or the alternating group on these m symbols 
according as r is even or odd. 

8. Write n in the form « = -f- + • • • + 

where fe, ^i, • • •, ka are positive integers less than the prime p. Then 
a Sylow subgroup of order p'^ in the S3nnmetric group of degree n has 
its central of order pi where / = ifeo -h + • • • + 

9. Let us write 

A = {xqXiX^Xz • • • Xzz), 

B= {X2XitX^XzXz){X^ZXl2XlzXxz){XiQXiiX22X7Xn')(^X2QXi&X\^XiQX2l), 

C = {X^^)iX\X%2) (X2 Xi-l) (XzXis) (,X4X17) (xzXq) (^e^io) (XrXiz) ixsXzo) 
(XioXio) iXi 2 X 2 l) (X 18 X 14 ). 
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Show that {Ay B} is a 4-fold transitive group of degree 23 and 
order 23 • 22 • 21 • 20 • 16 • 3. Show also that {A, By C} is a 5-fold 
transitive group of degree 24 and order 24 • 23 * 22 • 21 • 20 • 16 • 3. 
(These groups are known as Mathieu groups.) 

10. Construct all the permutation groups of degree 6. 

11. Construct all the permutation groups of degree 7. 

12. A transitive group of order is imprimitive if ^ is a prime 
and O' > 1. 

13. A primitive group of degree «, not containing the alternating 
group of degree n, does not contain two transitive subgroups which 
can be transformed into each other by a transposition. 

14. A doubly transitive group G does not contain an intransitive 
subgroup whose index in G is less than the degree of G. 

15. A self-conjugate subgroup of a ^-ply transitive group of degree 
n (2< k < n) is at least {k — l)-ply transitive except in the case of a 
triply transitive group of degree 2”*, in which case there may be a 
self-conjugate subgroup of order 2”*. 

16. Construct seven primitive groups of degree 8 as follows : 
(1) the symmetric group; (2) the alternating group; (3) a triply 
transitive group of order 8 • 7 • 6 • 4 whose existence is asserted in 
Ex. 18 on page 163 ; (4) the triply transitive group of degree 8 and order 
8 • 7 ■ 6 whose existence is shown at the end of § 40 ; (5) a doubly 
transitive subgroup of index 2 in the group described in (4) and hence 
of order 8 • 7 • 3 ; (6) another doubly transitive group of order 8 • 7 • 3 ; 
(7) a doubly transitive subgroup of the latter of order 8 • 7. Show 
that these are all the multiply transitive groups, and indeed all the 
primitive groups, of degree 8. (Compare Ex. 10 on page 162.) 

17. Show that the 5-fold transitive group of degree 12 defined 
in Ex. 12 on page 151 contains as a subgroup a 3-fold transitive group 
of degree 12 and order 7920. Then construct six multiply transitive 
groups of degree 12 and eight primitive groups of degree 11. (Compare 
Ex. 10 on page 162.) 

18. Construct nine primitive groups of degree 13. 

19. Construct six primitive groups of degree 15. 

20. Construct six multiply transitive groups of degree 16 contain- 
ing, respectively, the six groups of Ex. 19 as the largest subgroups 
leaving one letter fixed. 



CHAPTER VII 


Defining Relations for Abstract Groups 


47. Introduction. Two General Theorems. In § 9 we illus- 
trated by means of examples the notion of defining relations 
for abstract groups. A group may have several independent 
sets of generators ; but it is completely defined as an abstract 
group by means of any independent set of abstract generators 
and all the independent relations by which they are connected. 
The theory of defining relations for abstract groups, so far as 
it has been developed up to the present time, consists mainly 
of isolated theorems. In § 24 we obtained defining relations 
for prime-power Abelian groups; and it is obvious how one 
would pass from these to defining relations for abstract Abel- 
ian groups in general. In Chapter V, on prime-power groups, 
we have incidentally met a number of defining relations for 
particular classes of abstract groups. In this chapter we shall 
give a few additional results concerning defining relations. In 
the present section we prove two general theorems. 

I. Let G denote an abstract finite group whose 
generators k, fe, ■ ■ ■,tk are subject to the sole defin- 
ing relations 

where 4 ) denotes a product of powers 

of some or all of the elements 4 , 4 , • • •, 4 . Let T be 
an abstract group whose generators n, t 2 , •, xt are 

subject to the sole defining relations 

/«(xi, T2, • • •, Tk) = 1, (f = 1, 2, • • •, m) 

Fiiru t2, - - •, Tk) = 1, (i = 1, 2, • - 
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where Fiin, t 2 , • • •, t^) denotes a product of powers 
of some or all of the elements n, t 2 , • • n. Then the 
elements Fi(tu fe, • • 4) (* = 1, 2, • - fi) generate a 

self-conjugate subgroup H of G, and G/H is simply 
isomorphic with F. 

The groups G and F are exhibited as isomorphic by making 
4 and u correspond for each value i of the set 1, 2, ■ • To 
each element in G there corresponds only a single element in 
F ; but to the identity in F corresponds every element of G 
which is in H and no other element of G. Hence the isomorphism 
of G with F is multiple ; and the subgroup H of G which corre- 
sponds to identity in F is (§ 16) a self-conjugate subgroup of G, 
and G/H is (§ 20) simply isomorphic with F. 

II. If H denotes an abstract finite group whose 
generators s, 4, 4, ■ • 4 are subject to the sole de- 

fining conditions 


4j 4) ■ ■ 4) — 1» Ij 2, * “ 7 h ) 

where fi(s, h, 4, • • •, 4) denotes a product of powers 
of some or all of the elements s, 4, 4» • - > 4, and if v 
is any number prime to the order n of s, then the 
generators <t, 4, 4, • • •, 4 subject to the sole defining 
conditions 

4-ia-"4u" h, 4, • • 4) = 1, 

U = 1,2, i=\,2,---,m) 

generate an abstract group which is the direct prod- 
uct of H and the cyclic group of order v. 

Let h be the order of H, and let H be written as a regular 
permutation group on h S5mbols. Let S, Tj be the concrete 
forms of s, tj in this representation. Since v is prime to n, 
there exists a regular permutation Si on the same h symbols 
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such that Si’ = S. Define S by the relation S = Si • {bib2 ■ ■ ■ b,), 
where (6i 62 ■ • • b,) is a cyclic permutation on symbols distinct 
from the h symbols on which His represented as a permutation 
group. Then S’ = Si’ = S. Moreover S’^ is the wth power of 
{bib2 ■ • ■ by), so that S™ is permutable with each of the permu- 
tations Ti, T2, • ■ •, Tk. Hence the group {a, h, fe, • • •, 4 } has at 
least as many elements as the group {S, Ti, T2, ■ • •, Tk} and is 
(Theorem I) isomorphic with it. Moreover the group {c’, ty 4, 
• • 4} has at least as many elements as the group {S’, Ti, T2, 

■ ■ ■, Tk} and is isomorphic with it. Hence {o-’, h, 4 - • 4 } has 

at least as many elements as H and is isomorphic with it. But 
it cannot contain more elements than H, since o-’, 4, 4, • • •, 4 
satisfy all the conditions imposed on s, 4, 4, ■■ ytk in the defini- 
tion of H. Hence {0”, 4 , 4 , ■ • •, 4 } is simply isomorphic with H. 
It may therefore be denoted by H. 

Let us consider the v sets of elements 

H, H(t^, • • •, 

each element of which belongs to the group {<r, 4, 4, • ■ 4}. 

On multiplying on the right by any 4 these sets are unaltered 
as sets, since tr" is permutable with each 4 and H contains each 
4. The foregoing sets, except for order, are the same as the sets 

H, H<j, Ho- 2 , . . 

since the numbers n, 2 n,Zn, ■ ■ {v — l)n are in some order 
congruent modulo v to the numbers 1, 2, — 1 (owing to 

the fact that v and n are relatively prime), and since Her”’ = H. 
If the last sets are multiplied on the right by a- they are per- 
muted cyclically in the order written. The v sets are then per- 
muted but left intact as sets by multiplication on the right by 
any of the elements <r, 4 , 4 , ■ • 4 . Hence all the elements of 

(cr, 4 , 4 , • • ■, 4 } are contained in these sets. The latter have 
not more than vh distinct elements. Hence the order of {a, 4, 
4 , ■ • 4 } is not greater than vh. But this group is isomorphic 

with (S, Ti, T2, ■ ■ •, Tk} and contains at least as many elements 
as the latter. It is easy to see that the latter group is simply 
isomorphic with the direct product of H and the cyclic group of 
order v (and hence is of order vK), since it clearly contains the 
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subgroup {S', Ti, T 2 , • • Ti}, simply isomorphic with H, and 
the permutation {bih • ■ ■ b,) which is on letters not in this sub- 
group. Thence follows readily the conclusion of the theorem. 

It is clear that the theorem may be applied again to the 
generational relations in the conclusion so as to generalize one 
of the elements tj ; and that the process may be continued tmtil 
each of the elements has been replaced by a new one. In this 
way we obtain a formal extension of the theorem which will be 
of use in the next section. 

48. Symmetric and Alternating Groups. Several sets of ab- 
stract defining relations for the symmetric and alternating 
groups are known. We reproduce here in Theorems III and IV 
those which we consider the most pleasing. 

III. If n > 2 and if the n — 1 distinct elements 
Si, S 2 , • • •, Sn-i, Sn(= Si) satisfy the relations 

Si^ — (SiSx + i)® = = 1, Cl] 

where i and j range over the set 1, 2, • ■ n — 1, ex- 
cept that j is different from t and and if these 
elements satisfy no conditions except those implied 
by relations [1], then they generate a group which 
is simply isomorphic with the symmetric group of 
degree n. 

For the case re = 3 it is to be understood that these relations 
become sri = S 2 ^ = (S 1 S 2 )® = 1. From § 9 it is seen that these 
conditions define a group which is simply isomorphic with the 
symmetric group of degree 3. 

In general it is easy to state descriptively the conditions on 
the Si in [1]. Each element is of order 2 ; if any two consecu- 
tive elements of the set Si, sz, • • •, Sn-i, 5i are chosen, their 
product is of order 3 and the transform of the second one in the 
pair by the first is permutable with every element s,- not in 
the pair. 

The concrete instance Si = {i =1, 2, - • re — 1) 

shows that conditions [1] are consistent. These concrete ele- 
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ments generate the symmetric group on ai, 02, • ■ Hence 
the abstract group (si, S 2 , ■ ■ is isomorphic with the sym- 

metric group of degree n ; and it contains at least n! elements, 
since the s,- are subject to no conditions except those implied by 
[1]. To complete the proof of the theorem we must show that 
the named isomorphism is simple. It is clearly sufficient to this 
purpose to show further (compare Theorem I) that the order of 
the abstract group {si, S 2 , • • •, s„_i} is not greater than ni 
For the purpose of making this proof it is convenient to es- 
tablish the following lemma : 

Lemma. If n > 3 and the n — 1 distinct elements 
Si, S 2 , • ■ •, s„-i, s„(= Si) are subject to the conditions 

where f and j run over the set 1, 2, • ■ n — 1, except 
thaty is different from i and i + 1, then they are also 
subject to the larger set of similar conditions 

Si^ = = (St5fc5^5y)^ ~ 1, 

where the i, j, k are any three distinct numbers from 
the set 1, 2, 1. 

For 0<^<K — Iwe have 


” SiSi+k^i^k + lSi-i-kSi + k+lSi-\~k 
SiSi^kSi-^k^i+k + l 
— SiSi+k + 1- 

[We imderstand that subscripts greater than « — 1 are reduced 
modulo « — 1 to numbers of the set 1, 2, - • n — 1.] Hence 
SiSi+fc+i has the same order as SiSi+t; thence by induction it 
follows that SiSj has the same order as Sf5,+i, so that (SiSj)^ = 1 
for every two distinct subscripts i and j from the set 1, 2, ■ ■ 
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Transforming SiSi+iSiSj by Sf^iSk, where j is different from i 
and i + 1, and where k is different from i, i + 1, j, we have 

SkSiSk ■ SiSi+iSi • SkSiSk ■ SkSiSk • Sj ■ SkSiSk 

— SjfsSiSfcSf^S * SjsS%Sjg * Sj * SjcSiSjiQ 

— ‘ SjsSiSkSj * SkSiSk* 

Since the square of this element is the identity, we see readily 
that Sj is permutable with StSi+iS* if it is permutable with 
SkSiSk- Hence (SkSi+iSkSj)^ = 1 if (SkStSkSj)^ = 1. But (SkSk+iSkSj)^ 
= 1 if y is different from k and ^ + 1. Hence we see by induc- 
tion that (SkSk+aSkSj)^ = 1 if y is different from each of the 
numbers k, k + l,---,k-{-a.. That is, {siSiSiSj)^ =1 il i< k 
and y does not belong to the set f, f -f 1, - ■ •, k. Consider next 
the product SiSiSiSj, when i< k and j is a number of the set 
f + 1, f 4- 2, ■ • ^ — 1. It has the same order as SiSjSSk- Here 

we have i < j and k not of the set i, y -f 1, • ■ j. Therefore 
{SiSjSiSkY = 1, and hence (SiSt^iSj)^ = 1. Hence (SiSkSiSj)^ = 1 if 
i, j, k are distinct and i< k. li k< i and j is different from k 
and i, we have from the foregoing that {SkSiSkSjY = 1. But 

SiSkSiSjcSjSi SkSiSjSi Si ’ Sj * SjoSiSj * Sj* 

Hence (SiSkSiSjY = 1 in this case also. Hence we conclude 
finally that {SiSkSiSjY = 1 whenever i, j, k are distinct numbers 
of the set 1, 2, • • •, n — 1. 

This completes the proof of the lemma. 

Now let G„ denote the group {si, S 2 , • ■ •, s„_i} of the theo- 
rem. Then Gz is of order 6, as we have already seen. Let k 
be any ninnber such that G* is of order not greater than k\. 
We shall then prove that G^+i is of order not greater than 
{k -1- 1) !. Let H denote the group {s 2 , Ss, • • •, St}- Its order is 
not greater than k !, since its elements satisfy all the conditions 
on the elements of Gk- Form the sets of elements 

H, Hsi, HsiSz, HsiSs, • • -, HsiSk- 

If we multiply on the right by Si, the first two sets are inter- 
changed, and the others remain unaltered since by aid of the 
lemma it may be shown that HsiSaSi = HsiSiS^SiSa — HsiSa if 
O' > 1. If we multiply on the right by s<, (a > 1), the second 
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and the (a + l)th sets are interchanged ; the remaining sets 
are unaltered, since for a > 1, )3 > 1, a /3, we have Hsis^^ 
= HsiS^fiSafi0 = HSc^^Sc^iS? = HsiSfi, as may be shown by aid of 
the lemma. 

Now from the fact that the foregoing k + 1 sets are thus 
interchanged among themselves as sets by multiplication on 
the right by any one of the elements si, S 2 , • • •, Sk, it follows 
that the group G*+i contains not more than k + 1 times as 
many elements as H, and hence not more than (^ + 1) ! elements. 
Thence it follows by induction that contains not more than 
n! elements, since Gs contains just 3! elements. In view of the 
previous analysis this completes the proof of the theorem. 

IV. If « — 2 elements Si, S 2 , • • •, s „_2 in > 2) sat- 
isfy the relations 

5.-3 = 1, (f = l,2,---,«-2) [2] 

(SiSj-)2 = 1, (j = 1, 2, • • n — 3 : 

j = i+l,i + 2, - - n - 2) [3] 

and if these elements satisfy no conditions except 
those implied by these relations, then they generate 
a group which is simply isomorphic with the alter- 
nating group of degree n. 

The same theorem may be formulated in descriptive terms 
as follows : If k elements are subject to the sole defining conditions 
that each is of order 3 and the product of each pair of them is of 
order 2, then they generate a group which is simply isomorphic 
with the alternating group of degree k + 2. 

For w = 3 in the theorem there is but a single element s 
and conditions [3] are absent. The theorem is therefore obvious 
for w = 3. 

For « = 4 the given conditions reduce to the following : 
= S 2 ® = (siSa)^ = 1. In § 9 it has been shown that these are 
defining relations for the abstract alternating group. From 
this it follows that for the proof of the theorem in general it is 
sufficient to show that if the theorem is true iox n=k then it 
is also true ior n = k+\. 
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The concrete elements 

Si = (flifln-iCn) (i = 1, 2, • • •, n — 2) 
are generators of the alternating group on ai, a^, ■ • •, as 
one sees from the corollary to Theorem IV of § 2 ; and they 
satisfy the conditions on the corresponding abstract elements 
in the theorem. Hence the abstract group is isomorphic with 
the named alternating group, and it has at least ^(n !) elements, 
since the s, are subject to no conditions except those implied 
by the relations in the theorem. To complete the proof of the 
theorem it is sufficient to show that the order of the abstract 
group {si, S 2 , ■ • Sn_ 2 } is not greater than •§■(«!), on the hy- 

pothesis that S 2 , ss, • ■ •, s »_2 generate the abstract alternating 
group H of degree n — 1 when they satisfy the sole conditions 
stated in the theorem for these elements ^one. 

Form the sets of elements 

H, Hsi, HS 1 ^ HSiS 2 \ HSiS 3‘ ■,HSiSn- 2 ^. [4] 

Now for a > 1 we have 

HSlSa^Sl = HSlScSaSl = = 

Hence, under multiplication on the right by Si, the first three 
sets in [4] are left intact as sets and are permuted cyclically in 
the order H, Hsi, Hsi^, while the remaining sets are imchanged 
as sets. For a > 1 we have 

Hsa = H, = Hsu Hsis^ = HSa-^sr^ = Hsi^, 

HSl^Sa = HSl~^Sa~^Sa^ = HSaSlSa^ = HSlSa^ i 

and for a > 1 and a and (8 7 *^ 1 we have 
HsiS^Ha = HsiS^SpSa = — HSc^iSe^ = HsiS0^; 

whence it follows that under multiplication on the right by Sa, 
Q! > 1, the sets are left intact as sets and Hsi, Hsi^, HsisJ^ are 
permuted cyclically in the order written while the remaining 
sets are unchanged as sets. Hence the n sets of elements in [4] 
contain all the elements of {si, S 2 , ■ • s„_ 2 }, so that the number 

of them is not more than n times the number of those in H and 
hence is not greater than ■!■(»!). 

In view of the preceding analysis this completes the proof of 
the theorem. 
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V. From Theorems II and III we have readily an 
abstract definition of the group which is simply isomor- 
phic with the direct product of the symmetric group of 
degree n and n — 1 cyclic groups of any odd orders 
n, V 2 , • • •» f'n-i (equal to or greater than unity). 

VL From Theorems II and IV we have readily 
an abstract definition of the direct product of the al- 
ternating group of degree w by w — 2 cyclic groups 
of any orders prime to 3, including the order unity. 

It is sometimes desirable to know whether any of the condi- 
tions in the defining relations for a given abstract group are 
redimdant in the sense that one or more of them may be deduced 
from the remaining ones. To show that a particular one of the 
relations is not redundant it is sufficient to exhibit elements 
failing to satisfy that one but satisfying all the other conditions. 
It is evident that this problem may vary greatly in complexity 
with variation in the form of the several conditions so as to 
leave the total set of conditions equivalent to their first form. 
We shall illustrate this matter by examining the defining rela- 
tions already given for the symmetric group. 

If the set of conditions in Theorem III is replaced by the 
equivalent set of 2 n — 1 conditions 

(2) (SiSj+i)2 = 1, {i= 1, 2, •••,« — 1, Su = si) 

(3) the transform of each element in the sequence Si, S 2 , • • •, 
Sn-i, Si by the one which precedes it in that sequence is 
permutable with every element Si other than these two, 

then the nonredundancy of each of the several conditions is 
readily shown by means of the elements indicated as follows ; 

(1) i=k: Sk = (aia*+i)(ciC2C3), Sj = (oiaj+i) ; {j k) 

(2) i=k: Sj= (flifly+i). O' = 1. 2, • • k) 

Sj = (ci«i+i)(cicy+i) ; = 

(3) Sj = (ajOj+i) (; = 1, . . _ 2), s„_i = 
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Moreover, the example given under (2) shows that no one of the 
conditions (SiSi+i)^ = 1 is redundant even when the conditions 
are listed as in Theorem III itself, that is, when the defining 
equations are all taken separately and not partly combined as 
in condition (3) in this paragraph. 

EXERCISES 

1. If « > 2 and if two elements s and i are subject to the conditions* * 

^n-^i = { 2 = (^sty = (t • s-Hs)^ = (i ‘ s-Hs • t • = 1, 

(^ = 2, 3, ***,« — 3) 

and to no conditions except those implied by these relations, they 
generate a group which is simply isomorphic with the symmetric 
group of degree n. 

2. If n > 2 and if two elements s and t are subject to the conditions 

S^=i^= = (t • = (i • = 1, 

(^ = 2, 3, • • •, i(n — 1) or J n) 

and to no conditions except those implied by these relations, they 
generate a group which is simply isomorphic with the symmetric 
group of degree n. 

3. If the n — 1 elements cri, cr 2 , • • •, cTn-i are subject to the con- 
ditions 


<T? = 1, 

(*■ = 1, 2, • 

• 1) 

(<ricrj+i)3 = 1, 

(t = l, 2. ■ 

• 2) 

(o-icr,-)^ = 1, 

(i = 1. 2, • 

• — 3 ; y = t + 2. j + 3, • ■ M— 1) 


and to no conditions except those implied by these relations, they 
generate a group which is simply isomorphic with the symmetric 
group of degree n. 

4. The conditions on the elements (Tu (^ 2 . • • *, (Tv—x in Ex. 3 are 
equivalent to the following : 

(1) (7^2 = 1; (f = 1, 2, 1) 

(2) i)s = 1 ; (i = 1, 2, • . *, w - 2) 

(3) every two nonconsecutive elements in the sequence cri, <r 2 , • • •, 

cr„_i are permutable. 


* If w = 3 or 4 the relations involving k are absent. A convention similar 

to this is to be understood in several problems belonging to this set. 
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Show that when n>3 there is no redundant condition in the set of 
2 « — 2 conditions counted as follows : « — 1 conditions in (1) ; w — 2 
conditions in (2) ; one condition in (3). 

5. If $ and i are subject to the sole defining relations 

show that {s, 0 is simply isomorphic with the octic group. 

6. If s and i are subject to the sole defining relations 

56 = /S == (5^2)2 ^ s^st)^ = 1, 

show that {s, 0 of order 18 and discuss its properties. 

7. Prove that {5, t} is simply isomorphic with the alternating group 
of degree 4 if 5 and t are subject solely to either one of the following 
two sets of conditions : 

(1) = (s/)2 = 1, ( 2 ) 52 = ^3 = ( 5/)3 == 

8. Prove that {s, t} is simply isomorphic with the symmetric group 
of degree 4 if s and t are subject solely to any one of the following three 
sets of conditions : 

(1) s3 = = (s^)4 = 1, (2)53==^= (5^)2-!^ (3) = (st)^ = 1. 

9. If 5 and t are subject solely to any one of the three sets of de- 
fining conditions 

( 1 ) s2 = /3 = (5 j;)5 = ( 2 ) 52 = = (5^)3 ~ (3) 58 ^ 

they generate a group which is simply isomorphic with the alternating 
group of degree 5. 

10. If a finite group is generated by two elements 5 and i such that 
t is of period 2 and s is not in the group {5^, ts}, then {s^, /5} is a sub- 
group of {s, t) of index 2. 

11. Let n and r be relatively prime positive integers, and let k be 
the exponent to which r belongs modulo n. If s and t are subject to 
the sole defining relations 

5” = = 1, /-I5/ = s'', 

show that {s, /} is a group of order nk which is simply isomorphic 
with the group generated by the permutation {aQaia 2 • * • an-i) and 
the permutation which changes a, to {i = 0, 1, - • *, n — 1), the 
latter subscript being reduced modulo n. 
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12. If two clemonts s and t aro subjoct to the sole dcfiLniiig relations 

s^ = tf^=: = 1, (a = 1, 2, • • - 1) 

they generate a group of order kjjL^ which is simply isomorphic with 
the permutation group generated by 


and 

13. If two elements s and t are subject to the sole defining relations 

5^ = ^2 = =1, (f = 1, 2, . . - 1) or i k) 

they generate a group of order k • 2 ^ which is simply isomorphic with 
the permutation group generated by 

(aia 2 - ' ■ ah){akJri<^kJ ^2 • • • a 2 k) and {aiGh^t). 

14. Construct abstract defining relations for each of the permuta- 
tion groups of degrees 2, 3, 4, 5. (Compare Exs. 8, 9, and 10 on page 
151.) 

15. Construct abstract defining relations for each of the primitive 
groups of degree 6. (Compare Ex. 10 on page 162.) 

49. Finite Groups { 5 , t} such that 5 ® = f®. We shall now de- 
termine the finite groups {s, t} which are generated by two ele- 
ments 5 and t having a common square. We let m denote the 
order of Then we have 

52 = (5ri)^=l. 

Now we have = 52 ^ Hence 5 ^ is permut- 

able with every element in {$, t}. Again, we have 

5 /™^ = 5“ = s~H, is"^ = = (5^'“^)“^. 

From this it follows that st~^ is transformed into its inverse by 
both 5 and t. Hence the cyclic group { 5 ^“^} is self-conjugate in 
{s, /}. Moreover, it follows also that { 5 ^, 5 /“^} is an Abelian 
group H which is self-conjugate in {s, t). 

If we suppose that a and /3 are integers such that we have 
52 a = then 5 is permutable with ( 5 /“^)^. From the fact 

that s~~^(st~'^)s = it follows that 

But s~“^(st~'^ys = Hence ( 5 ^“^)^= whence we 

have {st~^y^ = 1. Now if ju is the exponent of the lowest pos- 
itive power of 5 ^"^ which is equal to a power of then the only 
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powers of st~'^ which are equal to powers of are those of the 
form (sr But = 1, as we have seen. Hence the cy- 

clic groups {s^} and {sf~*} have at most two elements in com- 
mon ; and they certainly have only one element in common if 
m is odd. Likewise it may be shown that they have only one 
element in common when is of odd order. Therefore the group 
If is of order mv or of order ^ mv, where u is the order of a rid 
the latter case cannot arise tmless m and p are both even. 

If s is of odd order 2 X -f 1, then we have 

S = s2X + 2 == + 

so that s is in the group generated by t. If i is of odd order, then 
likewise t is in the group generated by s. Hence if either of the 
elements s and i is of odd order, the group {s, t} coincides with 
the cyclic group generated by one of these elements. 

Then consider the case when both s and i are of even order. 
Let 2 « be the order of s. Since s® = it follows that t is also 
of order 2 n. 

Now consider the sets H and Hs of elements of {5, /}. Since s® 
is in H, it follows that the sets Hand Hs are interchanged on mul- 
tiplying on the right by s. That they are also interchanged on 
multipljdng on the right by t is shown by the following relations : 

Ht = Fsri ■t = Hs, Hst = ffsr 1 • = Hs^ = H. 

Hence all the elements of {s, t} are in the sets H and Hs. If 5 is 
in H these sets are identical ; then < is in H and {s, t} coincides 
with the Abelian group H. If s is not in H, then H and Hs are 
distinct sets such that no element in the one set is equal to an 
element in the other set ; and the order of {5, t) is then twice the 
order of H. We have to examine these two possibilities. 

In the first case the group {s, /} coincides with the Abelian 
group {s^, st~^}. In this case si~^ is of order I or 2, since 
= s^t~^ = 1. If si~^ = 1, then s = t and {s, /} coincides with the 
cyclic group {s}. If st~^ is of order 2 and the cyclic groups {s®} 
and {s/-*} have two elements in common, then t is a power of s 
and {s, /} coincides with {s}. If is of order 2 and the cyclic 
groups {s®} and have only one element in common, then 
H is of order 2 n and again {s, i} coincides with the cyclic group 
{s}. Therefore if {s, t} coincides with H, then {s, i} ~ {s}. 
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It remains to consider the case when {s, t} does not coincide 
with H. Then s is not in H. 

Suppose first that {s, i} is Abelian. Since s is not in {s^, si-'^} 
it follows that s is of even order; we denote its order by 2 n. 
Now = 1. Hence is of order 1 or 2 : in the 

former case s = i and {s, /} = {s} ; if, in the latter case, B is of 
order n, then {s, t} is of order 2 n and is identical with {s}, 
while if H is of order 2 n, the group {s, ;} is of order 4 n and is 
an Abelian group generated by s and si'i of orders 2 n and 2 
respectively. 

It remains to consider the case when s and t are not permut- 
able. Then s is of even order 2 n. Moreover st~^ is of order 
greater than 2, since if = 1 we have st-'^s = t, st~Hs = t, 

s~^ts = t. Hence in this case we have m> 2. In this case also 
{s, /} is of order twice the order of H and is therefore of order 
2 mn or mn, the latter case not arising unless both m and n 
are even. 

Except in the cases named in the last paragraph the group 
{s, /} is necessarily Abelian; it is evident that the named 
Abelian groups exist. 

It is next to be shown that non-Abelian groups actually 
exist satisfying the named conditions for every pair of positive 
integers m and n with m> 2. 

For the case when {s, i} is of order 2 mn {m > 2) we have 
the following generators : * 

m 

S = n 

,•=1 

m 

1 = 1 

where it is to be understood that the superscript m + 1 is to 
be replaced by 1. Then 

sr' = • • • 

(C2„-l'’"’a2„_i<— ■ ' ' a2n^”>). 


* If m were equal to 2, we should have here the case of an Abelian group 

{s, <}. 
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It is easy to see that ^ and that sr i is of order m, while s 
is of order 2 n. Hence this permutation group {s, t} belongs 
to the category of groups under investigation. Now the only 
power of S/-1 which is equal to a power of is that which is 
equal to the identity, as one sees by the way in which the sub- 
scripts on the c’s enter into the powers of st-'- and respec- 
tively. Hence the Abelian group {s% sf-^} is of order mn 
Moreover s is not in (s^, st-^}, since no element in the latter 
group displaces an a with an odd subscript by one with an 
even subscript. Therefore {s, t} is of order 2 mn. Moreover, 
{s, is non-Abelian, since we are taking m to be greater thati 2 
Let us next exhibit s and t such that {s, i} is non-Abelian 
and of order mn. In this case both m and n must be even, with 
m> 2; hence we write m = 2 m and « = 2 y, with > 1. Then 
for s and t we take the following generators i 

1 = 1 
t= 

M -1 

• • • a2/“&,W) • n 

Then we have 


p 

=n 

V 


Then s and f ^e of order 4 v and is of order 2 fji, while 

9 ~ ^ of order 

2 fiy and {5, t} IS of order A ixv = mn. Therefore the groups 

{s, /} are groups of the class whose existence was to be shown. 
The results obtained imply the following three theorems : 


VIL Let G be the finite group {s, t} generated by 
two distinct elements s and t such that 52 ^ ^2. if 
either s or / is of odd order, then G coincides with the 
cyclic group generated by the other one of these ele- 
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ments. If s and t are both of even order, then their 
orders are equal ; in this case we denote their com- 
mon order by 2 n. Let m be the order oist ~^ ; then 
m > 1, since s 9 ^ t. Then when s and i are both of 
even order, we have 

52^-2 = 52n = ( 5 ^- 1 )™ = 1. 

In this case the group H, H = {s^, is an Abel- 
ian self-conjugate subgroup of G of order mn or ^ mn, 
the latter case not arising unless m and n are both 
even. Moreover, if in this case G coincides with H, 
then G is either the cyclic group {s} or an Abelian 
group of order 4 n generated by s and of orders 
2 n and 2 respectively or a non-Abelian group of 
order mn or 2 mn, with m>2, the former of the two 
latter cases not arising unless both m and n are even. 
Moreover, in all cases named, groups actually exist 
having the stated properties. 

VIII. Let s and i be two elements which are sub- 
ject to the sole defining relations 

sH -^ = s2’* = (sf-i)” = 1 ; (m > 1) 
then {s, t} is completely defined as an abstract group 
of order 2 mn. 

IX. Let s and t be two elements which are subject 
to the sole defining relations 

then {s, is completely defined as an abstract group 
of order A txv. 

50. Dihedral and Dicyclic Groups. A dihedral group is a 
group which is generated by two elements of order 2 whose 
product is of order m(m>l). By taking « = 1 in Theorem VIII 
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of § 49, it follows from that theorem that such a group is of 
order 2 m and that there is one and just one dihedral group of 
each even order greater than 2. If ^ and t are the generators 
of order 2 and st is of order m (m>2), then the dihedral group 
{s, t} of order 2 mis non-Abelian, since both s and t transform 
st into its inverse ts. 

A dicyclic group is a group generated by an element s of 
order 2 w (w > 1) and an element t of order 4 such that is 
in {s} and t transforms s into its inverse. That such a group 
is of order 4 n and that there is one and just one dicyclic group 
of each order 4 n (w > 1), is seen at once from the following 
theorem, which we now prove. 

X. If s and t are subject to the sole defining re- 
lations S2n = _ f-lgl .5=1, 

then {s, t} is completely defined as a group of order 4 n. 

From the named conditions we have = so that i is 
of order 4 at most, since = 1. Moreover, we have t~'^st = s~^, 
so that t transforms s into its inverse. 

That the named conditions are consistent is seen at once 
from the following permutations satisfying them : 

S = (aiff2 • • • a2n)ibli2 ■ ■ • *2n), 
t = {aib 2 n<^n+lbn) (C2fefl_lffn+2^n-l) 

• iOsb2n-2Cln+zbn-2) • ‘ ' (oJ>n+l(i2nbl). 

From this and the fact that t in the abstract group {s, f} is of 
order not greater than 4, it follows that this t is of order 4. The 
given permutations generate a group of order 4 n. Hence the 
abstract group in the theorem is of order at least as great as 4 n. 
Moreover it is isomorphic with the permutation group { 5 , t}. 
To complete the proof of the theorem it is sufficient to show that 
the order of the abstract group is not greater than 4 n, whence 
it will follow that it is simply isomorphic with the permutation 
group {s, /}. Let H denote the abstract group {s}, and form the 
sets H and Ht of elements in the abstract group {s, t} . These sets 
are interchanged on multiplying them on the right by t, since 
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is in H. They are left unchanged on multiplying on the right 
by 5, since Hs^^H and His = Hs-H — Hi. Hence all the ele- 
ments of {5, /} are in the sets H and Ht ; therefore {5, t} is of 
order 4 w at most. This conclusion, as we have seen, completes 
the proof of the theorem. 

Unless n = 1 the abstract group {s, i} of Theorem X is non- 
Abelian. Hence every dicyclic group is non-Abelian. 

In Theorem IX put p=1. Then the group of that theorem 
is of order 4 /x, with ^ > 1. That it is the dicyclic group of order 
4 /X is seen by putting a = st~^ and t = s~-\ whence it follows 
that cr and r satisfy just the conditions imposed on 5 and / in 
Theorem X, with n replaced by ju. Hence the dicyclic as well 
as the dihedral groups belong to the category of groups treated 
in § 49. 

If in Theorem VIII we take n = 2 while m is odd, we have in 
{s, i} the element 5 of order 4 and the element ■ s^== 

= St of order 2 m, while is in {st}. Moreover s transforms st 
into its inverse. Hence we have the dicyclic groups of order 4 m, 
where m is odd. 


EXERCISES 

1. Show that no dicyclic group can be simply isomorphic with a 
dihedral group. 

2. Show that there are at least two abstract groups of every even 
order greater than two and that there are at least three abstract groups 
of every order which exceeds 4 and is divisible by 4. 

3. Show that the dihedral group of order 2 m may be defined as 
the group generated by a cyclic group H of order m and an element 
of order 2 which transforms each element of H into its inverse. 

4. Show that the dicyclic group of order 8 is identical with the 
quaternion group and that the dihedral group of order 8 is identical 
with the octic group. 

6. If a and b are subject to the sole defining relations 
a^=(ab)^ = b\ (n>l) 
show that {a, b} is the dicyclic group of order 4 n. 

6. For the group {s, /} of Theorem X of § 60 show that s” is the 
square of every element not in {s}. 
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7. A finite group generated by two elements having a common 
square can also be generated by two elements one of which transforms 
the other into its inverse, and vice versa. 

8. If a, b, c are subject to the sole defining relations 

flfS = — ^3 ^ b-iab = c~'^ac = be = cb, 

show that they generate a unique abstract group and that this group 
is conformal with the Abelian group of order 3^ and type (2, 1, 1). 

9. Groups {a, b] and {c, d) are determined by the following sole 
defining conditions respectively : 

( 1 ) = 1 , b-^^ab = a\ ( 2 ) 4^= 1 , d-^cd = cK 

Show that {a, &} and {c, d} have a (43, 7) isomorphism, {c} in {a, b} 
corresponding to the identity in {c, d}, and {c} in {c, d} corresponding 
to the identity in {«, b}. 

10. Let 5 and t be two elements which are subject to the sole 

conditions «« fp-^i = i = s* 

where p is an odd prime and ^ is a primitive root modulo p. Show 
that {5, t} is completely defined as an abstract group and is a group 
of order pip’-l). (Such a group is called a metacyclic group.) Prove 
the following propositions : 

(1) A metacyclic group contains a dihedral subgroup. 

(2) The Sylow subgroups of a metacyclic group are cyclic. 

(3) A metacyclic group is a complete group. 

(4) A metacyclic group of order p(d> - 1) may be represented as 
simply isomorphic with a doubly transitive group of degree p, 

11. Determine the order of the group {si, ^ 2 , 53 } whose sole defining 
relations are 

Si^ = 52^ = 53 ^ = (5iS2)^ = (S253)^ = (S25iS3)^ = 1 

and represent it as simply isomorphic with a permutation group of 
lowest possible degree. 

12. Let $ and i be elements which are subject to the sole defining 
relations 

Show that {s, is a group of order 96. Show how to adjoin other 
conditions to those already given so that the group {s, as thus 
further restricted shall be simply isomorphic with (a) the alternating 
group G of degree 4, (b) the direct product of G and the cyclic group 
of order 2, (c) the direct product of G and the cyclic group of order 4. 



Defining Relations for Abstract Groups 185 

Show that no other non- Abelian groups can be obtained by this process 
of adjoining conditions to those initially given. 

13. Show that there are just four non- Abelian groups { 5 , /} such that 

(sty = 1 , 

and determine their defining relations and their orders. 

14. Show that there are just six non-Abelian groups {s, t} such that 
52 = fz and si is of order 4, their orders being 24, 48, 96, 120, 240, 480, 
and determine their defining relations. 

15. Determine the non-Abelian groups {s, i} such that 

= 

and construct defining relations for each of them. 

MISCELLANEOUS EXERCISES 

1. If for « > 3 two elements s and i are subject for odd n to the 
conditions 

( 1 ) 

(2) (s0" = l, 

(3) it • s-Hs^)^ =1, (^ = 1, 2, • • *, i(n - 3)) 
and for even n to the conditions 

( 1 ) = h 

( 2 ) istr-^ = l, 

( 3 ) = 1 , (^ = 1 , 2 , . • •, ^ 2 )) 

and to no conditions except those implied by these, then these ele- 
ments generate a group which is simply isomorphic with the alter- 
nating group of degree n. 

2. Construct abstract defining relations for each of the primitive 
groups of degree 7. (Compare Ex. 12 on page 163.) 

3. Construct abstract defining relations for each of the primitive 
groups of degree 8. (Compare Ex. 16 on page 165.) 

4. Let s and t be two noncommutative elements each of prime 

order p and suppose that the elements s~Hs, • - *, 

are commutative. If s and i satisfy no conditions except those im- 
plied by these, show that {5, t} is of order and is simply iso- 
morphic with a Sylow subgroup of order in the symmetric group 
of degree p^. 
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6. Construct abstract defining relations for a Sylow subgroup of 
order in the symmetric group of degree where ^ is a prime 

number. 

6. If ^ is a positive integer less than the prime p, show that there is 
one and but one abstract group of or6.tr p^"^^ which can be represented 
as simply isomorphic with a permutation group of degree p^+ {k — V)p, 
Show that it is non- Abelian and construct its defining relations. 

7. If ^ is a positive integer less than the prime p, show' that there 
is one and but one abstract group of order pp^+p+^ which can be rep- 
resented as simply isomorphic with a permutation group of degree 
p^ + (k — l)p. Show that it is non-Abelian and construct its defining 
relations. 

8. Generalize the results in Exs. 4-7. 

9. If 5 and t are subject to the sole defining relations 

« 5l + 2m^ 

show that {5, /} is a group Gm. of order 8 w, that every subgroup of 

is either Abelian or of the type G*, and that the group of isomor- 
phisms of Gm with itself is of order 2 ^(4 m) or 4 0(4 m) according as 
m is odd or even. 

10. If 5 and t are subject to the sole defining relations 

— 1, tst = 

show that {s, t} is a group of order 8 m and that its group of isomor- 
phisms with itself is of order 2 w0(4 m). 

11. Show that the permutations 

s = I][ • • • a2v^^b2J'^), 

M-1 

•n 

1 = 1 

^ being greater than 1, generate a group of order 4 and construct 
defining relations for the abstract group which is simply isomorphic 
with Is. t\. .minw that the groups {s, t} include the dicyclic groups. 

12. A group G whose Sylow subgroups are cyclic is a group {a, b} 
such that b transforms a into a power of a. Find a group of the latter 
class whose Sylow subgroups are not cyclic. 
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13. Let a and b be elements of orders X and /i, respectively, such that 

b~^ab = ; let be the lowest positive power of a which is equal to 

a power of b and write a°^ = b^; and let b^ be the lowest positive power 
of b which is equal to a power of a and write b^ = a^. Show that {c, b} 
is of order X/3 and discuss the general properties of {a, b}. 

14. Obtain abstract defining relations for the symmetric group of 
degree n as generated by three elements, each of order 2. 

15. If for n ^3, v any number prime to n, and /x any odd integer, 
two elements a and r are subject to the sole defining relations 

= = 1, (^ = 2, 3, • • •, §•(« — 1) or J «), 

show that they generate a group of order fxv ■ n\ which is simply 
isomorphic with the direct product of the symmetric group of degree n 
and the cyclic groups of orders ju and v, 

16. Construct defining relations for the abstract group which is 
simply isomorphic with the direct product of the symmetric group of 
degree n and cyclic groups of orders pt and v, where v is odd and ^ is 
prime ton — 1. 

17. Construct defining relations for the abstract group which is 
simply isomorphic with the direct product of the symmetric group 
and the cyclic groups of orders and v, where /x and v are any positive 
integers prime to n and w ~ 1 respectively. 

18. If two abstract elements s and t are subject (for m> 1 and 
k> 1) to the sole defining relations 

^ (Of = 1, 2, ■ * ^ ~ 1) 

they generate a group of order k ■ ’ which is simply isomorphic with 

the permutation group 

{(< 31^2 • • • CLmh), 

19. Determine all the non-Abelian groups {s, /} such that = 
(5/) 3 = 1, and construct defining relations for each of them. 

20. Show that there are just six non-Abelian groups {5, /} such that 

s2 = (5^)5 _ construct defining relations for each of them. 

21. If two elements are of order 4 and their product is of order 2, 
while the square of one element is permutable with the other element, 
show that they generate a group of order 16, and represent this group 
as a regular group. 
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51. Properties of Linear Substitutions. The system of n linear 
homogeneous equations 


yi='%aijXj, (i = 1 , 2 , • • n) [ 1 ] 

y=i 

in which the coefficients Cij are given (real or complex) 
numbers of ordinary algebra, uniquely determines the n com- 
plex variables y in terms of the n complex variables x. Such a 
system of equations is called a linear homogeneous stibstitution ; 
it is said to be performed on the x's to produce the new variables 
y. (If to the second member of the 2 th equation we add the 
constant bi, for 2 == 1, 2, • • *, w, we obtain a linear nonhomogene- 
ous substitution on the x*^.) 

In case the determinant 1 Uij | of system [1], namely, 


0 ^ 11^12 • * • ain 
a2lU22 • • • a2n 


[2] 


anlUn2 • • * ann 


is different from zero, that system can be solved uniquely 
for the :r's in terms of the ys. Then we call [1] a linear ho- 
mogeneous transformation on the x's into the y's. (In the 
corresponding case (namely, when | aij \ 9 ^ 0) the linear non- 
homogeneous substitution is called a linear nonhomogeneous 
transformation.) 

The array of elements in the determinant | Oij |, as written 
out in [2], will be called the matrix of the substitution and will 
be denoted by 1 1 Oij 1 1 . It is clear that the character of the sub- 
stitution is determined by the matrix of its coefficients and is 

188 
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independent of the variables used in the transformation. Con- 
sequently we shall call two transformations identical if they 
have the same matrix of coefficients even if they are written on 
different sets of variables. 

If A a is the cofactor of Uji in the determinant | Oij | and if we 
write oLij = Aijf \ Oij |, then we may solve for the x’s in terms of 
the y’s in the transformation A, namely, 

n 

yi = X (f = 1. 2. • • • , n) [3] 

y=i 

and so obtain the transformation A', namely, 

n 

A': Xi='^aiiyj. (i = 1, 2, • ■ w) 

y=i 

Then A' is called the transformation inverse to A. It is then 
easy to see that A is also the inverse of A'. 

If in addition to A we have a second transformation B, 
which we may write in the form 

n 

B: Zi='X (Z = 1, 2, - ■ • , ») [4] 

k=l 

and if we eliminate from [3] and [4] the variables y, we have a 
new transformation C, namely, 

n 

24 = ^ Ct,x„ (f = 1, 2, • • •, n) 

5=1 n 

Cts 

k=l 

We call C the product * of -4 and B, and we write AB = C. This 
process of combination of transformations is called multiplica- 
tion, From the usual rule for the multiplication of determinants 
we have | | = 1 | • | | ; that is, the determinant of the 

product of two transformations A and B is equal to the product 
of the determinants of A and B, 


C: 

where 


* If a, p, 7 are the matrices of the transformations A, B, C, respectively, 
then we call 7 the product of a and P and write qj /3 = 7, The same law of 
multiplication is used even if one or more of the corresponding substitutions 
have zero determinants. 
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The transformation A A we denote by ; more generally, we 
write AA’^~^ = and we call the transformation A^ the nth 
power of A. The inverse of A we denote by A~^ and its «th 
power we denote by A~”'. Then we have A>^A’' = for all 
integers m and v, provided we use for the identical transforma- 
tion I, namely. 


I: yi = Xi. (f = 1, 2, • • •, «) 

The product of a transformation and its inverse is the identical 
transformation. 

If A and B are two transformations whose product AB is 
denoted by' D, and if the product BC of B and C is denoted by 
E, we have {AB)C = DC and A{BC) = AE. By a direct com- 
putation it may readily be shown that DC = AE. Hence we 
have {AB)C = A{BC) that is, the associative law holds for 
the multiplication of transformations. (Similarly, it may be 
shown to hold for substitutions even when the determinants are 
allowed to have the value zero.) 

From the various properties of transformations thus set 
forth and from the definition of group in § 3, it follows that 
transformations with the indicated rule of multiplication are 
suitable to serve as the elements of groups. We may therefore 
take over at once (without further definition) the terminology 
which we have already introduced in dealing with elements of 
the most general kind belonging to abstract groups. As an 
example, if S and T are two transformations, then S“'TS is 
called the transform of S by T. We may also take over for 
transformations the theorems already established for general 
elements belonging to groups. 

If A and B are defined as in [3] and [4], then the transform 
A~^BA is the transformation 

n n n 

A~^BA\ = '^aijbjkauXi, (f = 1, 2, • - n) 

j=i k=i 1=1 

as one shows by a direct computation. The properties of trans- 
forms in general may evidently be carried over to transforms 
of this type. 
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The two linear transformations 

n n 

yi = (^' ~ 2, • • w) 

are said to be each the transposed of the other. If A, At', 
B, Bti C, Ct are three pairs of transposed transformations, 
and if AB = C, it is readily shown by direct computation that 
Ct = BiAt and hence that Ar^Br'^ = Cr^ Hence if the linear 
homogeneous transformations I, A, B, C, ■■ ■ form a group G, 
then the transposed transformations I, At, Bt, Ct, - ■ ■ form a 
group Gt simply isomorphic with G, each transformation in G 
corresponding to the inverse of its transposed in the simple 
isomorphism thus indicated. Each of these groups G and Gt is 
called the transposed of the other. When we speak of the iso- 
morphism of G and Gt, we shall always mean the one here indi- 
cated xmless the contrary is expressly stated. 

Using a to denote the conjugate imaginary of a, we call each 
of the transformations 

n n 

yi OLijXj, y i OLijXj^ (/ = 1 , 2 , • • •, 

y=i 

the conjugate imaginary of the other. If the linear homoge- 
neous transformations /, A, jB, C, • • * form a ^oup G, then 
the conjugate-imaginary transformations S, C, • • • form 

a group G which is simply isomorphic with G, with the corre- 
spondences A ^ A, B ^ B, • • since the relation AB = C 
implies that AB = C, as one may readily verify. Each of 
the groups G and G is called the conjugate imaginary of the 
other. When we speak of the isomorphism of G and G, we shall 
always mean the one here indicated unless the contrary is ex- 
pressly stated. 

Let kiXi + k2X2 + • ‘ • + knXn bc a linear homogeneous fxmc- 
tion of the :c's which is changed into a multiple of itself by a 
transformation A, so that we have the identity 

n _ n 

kiaijXj == X kjXjy 
i,j = l 7=1 
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where X is the multiplier of the linear function under the named 
transformation ; then we have 

n 

~ Xfej. {j Ij 2j * ' *j w) 

»=i 

Hence X must satisfy the characteristic equation of the trans- 
formation, namely, the equation 

fflll — X a-jS • • • Oln 

021 022 — X • • ■ Chn = 0. 

Onl OrtZ - . . flinn X 

The determinant in this equation is called the characteristic 
determinant of A. The roots X of this equation are the only 
multipliers possible for a linear homogeneous function of the 
x’s under the transformation A ; and for each root of this equa- 
tion there is evidently at least one linear homogeneous function 
of the jc’s having this root as such a multiplier. 

We shall now prove the following theorem ; 

I. A transformation has the same characteristic 
equation as any transformation into which it can be 
transformed by another transformation on the same 
number of variables. 

Let B be the given transformation and let A be the trans- 
forming transformation. The characteristic determinant D of 
A~^BA may be put in the form 

n n 

OijbjkCXkl Xt7 , 

(=1 fc=r 

the element written being that in the ith row and the Zth col- 
umn and \u denoting X or zero according as 1= i or 1 9 ^ i. 
By means of the usual rule for the multiplication of determi- 
nants, and by aid of the relations existing among the quantities 
Oij and aki in view of the definition of the latter in terms of 
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the former, it is easy to show that 

I 1 = 1 I • I bjk — I cxki 


= D. 

Hence the characteristic equation for B is the same as that 
for A-^BA. 

The sum of the roots of the characteristic equation of B is 
^11 + &2 + ■ • • + bnn ; that is, it is equal to the sum of the main 
diagonal elements in the matrix H^ijH of the transformation. 
This is called the characteristic of the transformation. From the 
foregoing theorem it follows that the characteristic is unaltered 
when the transformation is transformed into a new one by means 
of any transformation A on the same number of variables. 
Therefore, in a group of linear homogeneous transformations any 
two conjugate elements have the same characteristic. They also 
have the same characteristic equation. 

A transformation of the form 

yi = OiXu y2 = 02X2, ■ ■ ■, yn = a„Xn 

is called a multiplication. The coefficients Ci, a 2 , • • •, a^ are 
called the multipliers of the transformation. Any two multipli- 
cations are permutable and their product is a multiplication. 
If in the foregoing multiplication all the coefficients a, are equal, 
then the transformation is called a similarity transformation. A 
transformation of the form 


: = OiXa, y2= Jn = 

where a, 13, ■■■, ix are the symbols 1, 2, • • -, « in some order, is 
called a monomial transformation. If the coefficients in a mono- 
mial transformation are all equal to tmity, then the transforma- 
tion is called a permutation and represents merely a permutation 
of the given symbols. Thus linear transformations afford a 
generalization of ordinary permutations. 



194 


Groups of Finite Order 


52. Finite Groups of Linear Transformations. Thus far we 
have said nothing explicitly which would restrict our transfor- 
mations to belong to finite groups or indeed to be transforma- 
tions of finite order. The transformation x' x, y' — x + y is 
obviously not of finite order. In using linear transformations 
for the study of finite groups we shall need to know (among other 
things) conditions on a transformation which will ensure its being 
of finite order. Accordingly we now prove the following theorem : 

II. A necessary condition in order that a linear 
homogeneous transformation A, namely, 

n 

A : yi ='^aijXj, {i = 1, 2, • ■ n) 

shall be of finite order N is that a transformation S 
shall exist such that S~^AS shall be of the form 
yi " (i = 1, 2, • • *, w) 

where wi, co 2 , are Afth roots of unity. 

For every S the transformations A and are of the same 
order, if either is of finite order. Hence, whenever S exists such 
that S~^AS is a multiplication whose multipliers are roots of 
unity, it follows that A is of finite order. 

In order to prove the theorem let us suppose that A is of 
finite order N. Let h be a linear function of the x’s which is not 
identically zero, let t 2 be the function into which it is changed 
by A, let h be the function into which fe is changed by A, and 
so on ; and suppose that in each case the variables yi, y 2 , • • •, yn 
are replaced by xi, X 2 , ■ ■ -, respectively, after the transforma- 
tion, so that each U is a function of xu X 2 , ■■ ■, Then, since 
A is of finite order, there exists a number v such that ti, fe, • • L 
are all the distinct functions thus obtained from h. Then the 
sequence ii, h, ■ • -yt, is changed in cyclical order by A, U going 
into h. Let us now consider the linear functions rjo, r?i, • • -, 
defined by the following equations, where w is a primitive j-th 
root of unity : 
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Now by hypothesis h is not identically zero ; hence not all the 
77’s are identically zero, since the determinant of the coefficients 
in the foregoing set of equations is different from zero. Let m 
be the number of the 17’s each of which is not identically zero. 
If 77 i is one of them, then rji is replaced by w'lyi when the variables 
are changed by A. Therefore the m ij’s which are different from 
zero are linearly independent. We retain just these m ri’s. 

If m is less than n, then there exists a linear function Si of the 
x’s which is linearly independent of the retained i?’s. We may 
treat Si as we treated h and so arrive at a new set ^'0, T'l, • * •> 
f 'p_i of linear functions of the a:’s which are linearly independent. 
These caimot all be linearly dependent on the 17’s, since this 
would imply that Si is linearly dependent on them, contrary to 
hypothesis. Retaining those which are linearly independent of 
the retained r]’s we have an enlarged set of linearly independent 
linear functions of the x’s each of which is changed into a mul- 
tiple of itself by A, the multiplier being a root of mity. 

If we do not yet have n linearly independent linear functions 
of the a;’s, we may continue the process. Finally we must obtain 
n linearly independent fimctions of the at’s each of which is 
changed by A into a product of itself by a root of unity. The 
existence of this set of ftmctions may be employed in showing 
the existence of an S such that S“MS is a multiplication with 
multipliers equal to roots of unity. For if these functions are 
denoted by the symbols ui, M2, • • •, ««. where 


•, n) 


and if we write 


{i = 1, 2, • • •, n) 


we have 


: — 

j=l 4=1 


{i = 1, 2, • • n) 


V-i — WiMi, 1, 2, ' ■ *, 

where the «,■ are roots of unity ; whence it follows that 
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Hence if S is the transformation whose matrix is II Sij II and we 
denote the matrix of the inverse of S by II cry II, then for S~MS 
we have 

S-US: yi=Xi 

k= 

It is obvious that the oo^ must be iVth roots of unity, since 
is of order N. Hence S is the required transforming transforma- 
tion. 

Cor. The characteristic of any element in a finite 
group of linear homogeneous transformations on n 
variables is a sum of n roots of unity. 

In order to obtain a standard form to which any finite group 
of linear homogeneous transformations may be brought, it is 
convenient to introduce certain auxiliary considerations. 

A bilinear form in the n variables xi, X 2 , * • *, and their 
conjugates, namely, 

CiyXiXjf 

is called a Hermitian form if the coefficients Ciy satisfy the 


relations 


2 , 


A Hermitian form is obviously real- valued for every set of (real 
or complex) values of the variables. We shall say that a Her- 
mitian form is definite if it cannot take a negative value, what- 
ever values axe given to the variables. 

It is easy to verify directly that any Hermitian form is 
changed into a Hermitian form when the variables in it are sub- 
jected to any linear homogeneous transformation. 

We shall now reduce a definite Hermitian form to a certain 
standard type by means of a linear homogeneous transforma- 
tion on its variables. Let H be the definite Hermitian form 

n 

i.j=l 

If Ckh is negative, then H has a negative value if x* = 1 and the 
other x's are all zero. Hence c** ^0 {k = l,2, ■ ■ ■, n). If = 0, 
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then we must have = 0 for 2 = 1, 2, • ■ w ; for if we take 
each Xi equal to zero except Xk and Xi, where 1 9 ^ k, and if = 0, 
then the v^ue of H reduces to the value of cuxai + CkiXjjci 
+ cikXiXic ; if Cii 5 ^ 0, put Xi = cti and x* = — cu, whence H is 

negative in value unless c*, = 0 ; if = 0, put x* = - 1 and 

Xi — Ckit whence H is negative in value unless Cki — 0. Therefore 

Cki = 0 if Ckk — 0. 

From this it follows, in particular, that at least one of the 
coefficients Cn , C22, • • Cn„ is different from zero unless all the 
coefficients in H are zero (a case which we shall eyolnde from 
consideration). By a suitable change of subscripts (equivalent 
to a linear homogeneous transformation) it may be brought 
about that cnr^ 0; and we suppose this transformation to be 
already carried out. Now we put 

ii = CnXi + C 21 X 2 + • • • + c„iz„, 

VciT h = CnXi + C 12 X 2 + • • • + CinX„. 

Then the given Hermitian form H is changed to a new Her- 
mitian form 

n 

ixtx d" dfijXiXj* 
i,j=2 


If the coefficients di,- are not all zero, we may repeat the process 
as applied to the form indicated by the summation in the fore- 
going expression and obtain a form 


kh + fcfe + % eijXiXj. 


=3 


It is clear that the process may be continued until we change H 
to the form , r 1 w . _l. / r 

till + 62 t 2 -f- • • • -f- tstsi 


where s^n. It is evident that the linear forms k,t 2 ,---,k of 
xi, X 2 ,---,Xn are linearly independent, since each of them con- 
tains a variable x which is not in those that follow it. This form 
in t is equal to zero when and only when h = (2 — ■ ■ ■ — h = 0 . 
When s = n, and only in this case, this implies the conclusion 
that H has a zero value only when = X 2 = • • • = = 0. We 

shall follow the terminology of W. Burnside {Theory of Groups, 



198 


Groups of Finite Order 

2d ed., p. 254) and call H a nonzero definite Hermitian form when 
s — n. When s < w we shall call the form zero definite. It may 
readily be shown that the determinant ] Ca \ is equal to zero when 
s< n and is different from zero when s = n. 

Now let G and G be two conjugate-imaginary finite groups of 
linear homogeneous transformations, and denote corresponding 
elements in G and G by the respective symbols 

n n 

Vi " cli-iXi, y i clijXy (i If 2, “ * ri) 
j=i y=i 

It is obviously legitimate to use the conjugate variables y and 
X in the second transformation. 

By means of these transformations the form XiXi + X 2 X 2 -|- 
f- XnXn is changed into 

n n n 

OijO{kXjX]f, 

y=i A=3i 

The new form has a positive value for all values of the yt’s except 
the simultaneous set zi == xra = • • • = z:„ = 0, since this is a prop- 
erty of the form from which it was obtained (or the fact may 
be readily verified directly). Now construct such a transform 
of xixi -1- ■ ■ • -f XnXn foT each pair of corresponding elements in 
G and 5 and take the srmi of the resulting expressions. Since 
each of the summands is positive except for simultaneous zero 
values of the variables, it follows that the same is true for this 
sum and hence that the sum is a nonzero definite Hermitian 
form. But this sum is obviously invariant when the variables 
X and X undergo corresponding transformations in G and G. 

Hence we have the following theorem ; 

III. If G and ^ are any two conjugate-imaginary 
finite groups of linear homogeneous transformations, 
then there exists a nonzero definite Hermitian form 
which is invariant when its two sets ;c and x of vari- 
ables are subjected to corresponding transformations 
of G and 5. 
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Let H be the Hermitian form whose existence is asserted by 
this theorem, and let the conjugate-imaginary transformations 
S and S, namely, 

~ h = hjXj, (2 z= 2, - • -, «) 

J=1 j=l 

be transformations by which H is changed into the standard 
form iJi + fefe H h tJn- Then this latter form is left in- 

variant when its variables are subjected to corresponding 
tran^ormations of the conjugate-imaginary groups S~i 
and S~^GS. 

This fact will enable us to prove the following theorem: 

IV. Any group G of finite order, whose elements 
are linear homogeneous transformations, may be 
transformed by means of a suitable linear homo- 
geneous transformation 5 into a group S-^GS such 
that the coefficients Cij in any element 

n 

(i = i, 2, •••,«) 


oi S~^GS satisfy the conditions 


n 

(^kiCkj “ 

ife=l 


.0 if i ^ 7*. 


Let S be a^transformation (already proved existent) such 
that xiXi + X 2 X 2 + • • • + XnXn is unaltered when its variables 
are subjected to corresponding transformations of S~'^GS and 
Then we have the identity 


CkiCkjX iXj, 

k=i k=i i=i y=i 

Equating coefficients of like terms on the two sides of this 
identity, we have the relations asserted in the conclusion of 
the theorem. 
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Cor. The conjugate imaginary of an element C 
in S"iGS is the inverse of the transposed C* of C; 
and hence the conjugate-imaginary group and the 
transposed group are identical. 


For if II 
uct CCt is 


is the matrix of C, then the matrix of the prod- 

n 

CjciCkj f 

k=l 


and this is the matrix of the identical transformation in view 
of the relations in the theorem. 

63. Reducible and Irreducible Groups. Let G be a group of 
linear homogeneous transformations in the n variables xi, X 2 , 
• • •, Xn~ If for some s (0 < s < «) there exist s linear functions 
h, t 2 , ■ ■ ■, U of the %’s such that these s functions are trans- 
formed among themselves by each element of G according to 
a linear homogeneous transformation on the f s, then G is said 
to be reduciile. Otherwise G is said to be irreducible. If for u 
greater than imity there exist v sets of linear fimctions of the 
%’s such that these sets together form n linearly independent 
functions of the %’s and such that the functions in each set 
are transformed among themselves by each element of G while 
the group of linear transformations in each set is by itself 
irreducible, then G is said to be completely reducible, and these 
V sets are called completely reduced sets for G. 

It may be shown that the only homogeneous substitutions S 
on %i, % 2 , ■ • %n which are permutable with every transformation 
of an irreducible group G of linear homogeneous transformations 
on the same variables are those in which S has the form xf = «%,• 
O' = 1, 2, ■ • n). For T~'^ST is then permutable with T~^GT, 

where T is any transformation on the same variables. If X is 
a root of the characteristic equation of S, then T may be chosen 
so that T~'^ST replaces each of a certain number of the vari- 
ables by X times itself. Then a transformation permutable 
with T~^ST transforms these variables among themselves; 
hence this must be true of all the transformations in T~''^GT. 
Since the latter is an irreducible group, it follows that 
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replaces each of the n variables by X times itself. Therefore 
S itself also has this property, as was to be proved. 

V. If G and G are two conjugate-imaginary groups 
of linear homogeneous transformations such that 
there exists a zero definite Hermitian form which is 
invariant when its variables are subjected to corre- 
sponding transformations of G and G, then G is a 
reducible group. 

By the process employed in the foregoing section, ex- 
press the zero definite invariant Hermitian form in the form 
kk + hh -\ — • + Ws, where s<n,n being the number of vari- 
ables on which G operates. Let k, h, • • •, L, 4+i, • • in be a 
set of n linearly independent linear functions of the original 
variables on which G operates. Transform G into a group H 
on these new variables by means of a transformation S so that 
H=S~^GS. Let H be the conjugate imaginary of H so that 
H = S~'^GS. Then the foregoing standard form is invariant 
for H and H. But if 

n n ^ 

Si ~ ~ (^* 1, 2, • • *, w) 

7=1 i=l 

are corresp)onding elements of H and H, then from the invari- 
ance of kk d h kk it follows that 

s s n n 

^ iiii — Gfijdihijtk- 

S r=l7=l*==l 

This identity implies that 

^ aijdij = 0 if y = s + s + 2, • • 

Hence a^j = 0 if z = 1, 2, - • *, s and 7 = s + 1, s + 2, • • •, n. 
Therefore H transforms the variables /i, ^2, • • •, ts among them- 
selves and hence is reducible. Therefore G itself is reducible. 
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VI. If a group G of linear homogeneous transfor- 
mations is of finite order, then G is either irreducible 
or completely reducible. 

If G is reducible, let it be transformed to a set of variables 

Xlf X2f * ' *» Xrf Xr + lf Xr~f-2f * * ’» Xr-f-Sf [1] 

such that the last s variables are transformed among them- 
selves by the elements of the transformed group H. Let I be 
a nonzero definite Hermitian form which is invariant for H 
and H. Reduce I to the standard form by the step-by-step 
process of § 52, taking the variables in the order given in [1] ; 
and let the new variables be h, fe, • • -, U+s- The last s of these 
are functions of the last s Vs in [1] ; hence they are trans- 
formed among themselves by H. Transform H to the new 
variables t and denote the group in this form by K and its 
conjugate imaginary by K. Then ^^1 + • • • + U+Jr+s is in- 
variant for K and K, while the last sfs and the last s ?s are 
transformed among themselves by K and K respectively. Now 
(§ 52, Theorem IV, corollary) K is identical with the trans- 
formed Kt of K. Hence the last s t’s are transformed among 
themselves by Kt ■ therefore the first r t’s are transformed 
among themselves by K. Hence K transforms among them- 
selves the variables in each of the two sets 

txi ^ 2 , * * ", and tr^\ 

If the group in either of these sets is reducible, the process 
may be repeated for that set. By continuing the process we 
arrive finally at a separation of variables which implies the 
theorem as stated. 

VII. Let G be a finite group of linear homogene- 
ous transformations on the variables xi, X 2 ,- ■ r„, 

and let i/ be a simply isomorphic group of linear ho- 
mogeneous transformations on the variables yi, y 2 , 

■ ■ -tym.- Let / be a function of the form 

/= ViFi -hX,r 2 + - . . -f-X.n, {Q<k<n) 
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where Xi, X2, • ■ X^ are linearly independent linear 
homogeneous functions of xi, X2, ■ ■ ■, x„ and Yi, Ys, 

• ■ ; Yk are such functions of yi, ys, ■ ■ ■, If / is 
left unaltered when the ;i£:’s are changed by any 
(every) element of G, and the y’s by the correspond- 
ing element of II, then G is a reducible group. 

We suppose that G and H are so transformed that / is the 
function xiyi + X2y2 -F ■ ■ • -f x^yk. Since this function has the 
stated property of invariance, it follows that Xi, X2, ■ • ■,Xk must 
be transformed into linear homogeneous functions of them- 
selves by every .element in G. Since 0 < yfe < w, it follows that 
G is reducible. 

Cor. If two linearly independent functions of the 
form .A ^ - 

dijX%Xj 

are left unchanged by every element of G, then G is 
reducible. 

Let G, the conjugate imaginary of G, be the group H of the 
theorem, and suppose that the variables are so chosen (§ 52 ) 
that one of the forms in the corollary is /, where 

/ = XiXi + X2X2 H h XnXn. 

Let F be the other form. Then F may be written 
F = ^1X1 + ^2X2 + • • • + f n^n, 

where |i, $2, * * *, are linear homogeneous functions of Xi, X2, 
• • •, Xn. If X is any constant, then F+ XI is also left unchanged 
by all the elements of G. But X may be so chosen that ^1 + Xxi, 
$2 + Xx2, • ' *, + Xxn are linearly dependent. We may then 

suppose that the notation is so chosen that Jn + Xx^ is a linear 
function of the form 

+ XXn = ^ 1(^1 + Xxi) + . • • + <3n-l(Sn-l + XXn-l)- 

Then 

F + X/ = (5i -h Xxi)(xi + ^PiXn) + • • • ^ 

“[“ C^n — 1 “f” XXn — \)iXri — 1 “h" — iXn)* 
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This process of reducing the number of terms may be continued 
until we have a function possessing the properties demanded 
in the theorem. Then if we apply the theorem, the corollary 
follows at once. 

54. Composition of Isomorphic Groups. Let G and G' be two 
simply isomorphic groups of finite order, their elements being 
linear homogeneous transformations, the first on n variables 
and the second on m variables; and let A and A', namely, 

A: — 2, • • •, n) 

A' : : = 1, 2, • • •, w) 

be corresponding elements in a given simple isomorphism of G 
and G'. From these two systems of equations we may form 
the new system 

n m 

=2: 

defining a linear homogeneous transformation a. on the mn vari- 
ables XjUi. If B and B' constitute another pair of correspond- 
ing elements from G and G' respectively, we may similarly form 
a transformation jS on the mn variables XjUi. If now AB — C 
and A’ B' = C and we similarly form y on the xflii correspond- 
ing to C and C, it may easily be shown by a direct computation 
that a/8 = y. Hence the transformations a, /3, y, ■ ■ ■ form a 
group which is simply isomorphic with G and with G'. 

Tliis process of forming this third group from the two groups 
G and G' and a given simple isomorphism of them is called a 
composition of the two groups with respect to the given simple 
isomorphism, and the resulting third group is called the ccm- 
pound of the two given groups with respect to this isomorphism. 

If A and A' are written as multiplications, in accordance 
with Theorem II of § 52, then a is a multiplication in which 
the mn multipliers are the mn products formed with factors one 
of which is a multiplier of A, while the other is a multiplier of 
A'. Hence ike characteristic of cc is the product of the character- 
istics of A and A', 
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Now suppose that a finite group G is written as a set of 
transformations changing x’s into j/’s and also as a set of trans- 
formations changing u’s into »’s, and exhibit the two forms of 
G as simply isomorphic by making each transformation in the 
one form correspond to that transformation in the other form 
which has with it the same matrix of coefficients. Now carry 
out the process of composition on the two forms of G. If G 
itself is written on n variables, we obtain in this way a new 
group on variables which is simply isomorphic with G and 
we have the correspondences which imply this isomorphism. 
We shall call it the first compound of G with itself. By m panR 
of this isomorphism of G with its first compound, form the 
second compound of G with itself, namely, the group resulting 
from carrying out the process of composition of G with its first 
compoxmd with respect to the named simple isomorphism of 
the two groups. It is evident that this process may be continued 
indefinitely and that we shall thus have a third compoimd, a 
fourth compoimd, and so on, of G with itself. 

Now let A be any element of G and write the group on such 
variables as will reduce yl to a multiplication with multipliers 
coi, 0)2, ■ - a)„, in accordance with Theorem II of § 62 . Then 

the multipliers of the element corresponding to A in the first 
compound of G with itself will evidently be the products 
Wjcoy. In fact it is easy to see that the multipliers of the element 
corresponding to A in the (a — l)th compound of G with itself 
are the notationally distinct products of a factors each, each 
factor being a number of the set m, 0)2, • ■ •, 

When G and G' are two groups of linear homogeneous trans- 
formations between which exists a general isomorphism of the 
sort described in § 16 , then we may apply to them a process of 
composition similar to that applied to simply isomorphic groups 
at the beginning of the present section. We suppose that to 
every element of G there correspond p elements of G', while to 
every element of G' there correspond q elements of G. Let 2 i, 
22, • • ■ be the elements of an abstract group which is simply 
isomorphic with G, and let 2 'i, S'2, • • • be the elements of an 
abstract group which is simply isomorphic with G', and such 
that each 2 i is permutable with every 2 '/. Let 2 • * “f 
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S'ip be the/) elements of the second group, each of which corre- 
sponds to Si in the first in accordance with the named isomor- 
phism. Let K of order k be the group whose elements are 

SiS'ii, SiS'i2, • • SiS'ip 

where Si varies over the elements of G ; this group K is multiply 
isomorphic with both G and G', the isomorphism with G and G' 
being, respectively, (p, 1) and (p, 1). 

Denote by (a = 1, 2, - • •, k) the elements of K, and let 

n 

j=l 
m 

~ ^ sta^U 

t=l 

be the transformations of G and G', respectively, which corre^ 
spond to See in the indicated isomorphisms. With this notation, 
each of the elements of G appears p times and each of the ele- 
ments of G' appears q times. By the method employed in the 
preceding case it may be shown that the k transformations on 
the mn products of and w's, namely, the transformations 

n m 

yiV, = 2 ^ '^Oijaa'stctXjUt (i=l, 2, ■ ■ n; s = l, 2, ■ ■ ■, m; 

/-I <=1 ^ ^ . 

O' = 1, 2, • • •, A) 

constitute a group which is simply isomorphic with K, the ele- 
ment written being that corresponding to in this isomorphism. 
The group which thus results by composition of G and G' is 
called the compound of G and G' with respect to the named 
general isomorphism between G and G\ 

55. Representation of a Finite Group as a Group of Linear 
Homogeneous Transformations. Let G be an abstract group of 
order g whose elements are Si = 1, S 2 , S 3 , • • S^. Let F be a 

group of linear homogeneous transformations to which G is 
(/z, 1) isomorphic, where ju ^ 1. Let the correspondences be 
given by which a given (/x, 1) isomorphism of G with F may be 
exhibited. Then, with respect to this explicit isomorphism, F 
is said to afford a representation of G as a group of linear homo- 


(? — 1, 2, • * *, ft) 

(5 = 1, 2, • • •, m ) 
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geneous transformations. If T is a permutation group, then we 
have a representation of G as a permutation group. 

Let r and F', each on a given number n of variables, be two 
representations of a given group G. Let Si and s'i be the elements 
in r and T', respectively, which correspond to Si in G in the 
given isomorphisms. If there exists a linear homogeneous trans- 
formation 7 on w variables such that T-'^s'iT = Si for i= 1, 2, 
then r and L' are said to be equivalent representations of 
G ; if no such T exists, then the representations are said to be 
nonequivalent. 

The terms equivalent and nonequivalent are similarly used 
for any groups V and T' without reference to the group G. 

The two groups T and F' may be identical and yet give non- 
equivalent representations of the group G. Thus the Abelian 
group G of order and type (1, 1), where j!? is a prime, may be 
represented by the transformation group y = co^x (f = 0, 1, • • •, 
p — l)f where co is a primitive ^?th root of imity, by making two 
independent generators 5 and t of G correspond to the transfor- 
mations y = coix and y = o) 2 X, respectively, where coi and co 2 are 
^th roots of unity, one of them at least being different from 
xmity. Thus we have — I representations of the group G by 
one and the same transformation group ; and it is easy to see 
that these p^ — 1 representations are such that no two are 
equivalent, for no two of the relevant — 1 pairs of elements 
y = ooix and y = o) 2 X have, respectively, the same characteristics. 

If a finite group G is represented as a reducible group F of 
linear homogeneous transformations, and if F is written in such 
a way as to exhibit the sets of variables in each of which the 
variables are changed according to an irreducible group, then the 
transformations on each of these sets afford an irreducible rep- 
resentation of G, that is, a representation of G as an irreducible 
group. The most important representations of G are the irre- 
ducible representations. 

Among the irreducible representations of a finite group G 
occurs always that afforded by the group consisting of the 
single element y = x. It is known as the identical representation ; 
we denote it by Fi. Let us use the symbols 

Fi, r2, Fs, • • • 
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to denote the totality of nonequivalent irreducible representa- 
tions of G. Let r be any representation of G, and let T be written 
in completely reduced form, that is, in such a form as to exhibit 
the sets of variables in each of which the variables are changed 
according to an irreducible group. If the number of times which 
Ti occurs in this form of F is d, then T may be represented by 
the symbol ScT- 

The r,- which actually occur here, that is, those for each of 
which the coefficient Ci is different from zero, will be called the 
irreducible components of F. 

EXERCISES 

1. Show that a similarity transformation is permutable with any 
linear homogeneous transformation on the same variables. 

2. Construct a group of linear homogeneous transformations on k 
variables which shall be simply isomorphic with the prime-power 
Abelian group of order and type {mu 

3- A similarity transformation contained in a group G of linear 
homogeneous transformations belongs to the central of G. 

4. In a group G of order n of linear homogeneous transformations 
the determinant of every element is equal to an nth root of unity. 

6. Let G be a finite group of linear homogeneous transformations 
some of the elements of which have their determinants different from 
unity. Show that the transformations whose determinants are unity 
constitute a self-conjugate subgroup H of G and that the quotient 
group G/H is cyclic. 

6. Let G be a finite group of linear homogeneous transformations 
containing an element whose determinant is a primitive (/?“)th root 
of unity, where ^ is a prime number and a is a positive integer, but not 
containing an element whose determinant is a primitive (/?“+i)th root 
of unity. Let K be the totality of elements in G such that the determi- 
nant of each is a primitive vth root of unity where v is not divisible 
by but otherwise assumes every value possible for elements in G. 
Then show that iC is a self-conjugate subgroup of G of index p. 

7. Determine all the linear homogeneous transformations of order 2 
on (1) one variable, (2) two variables, (3) three variables. 
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8. The characteristic of a transformation of order 2 is an integer. 

9. A representation of a finite group G as a group F of linear homo- 
geneous transformations is simply isomorphic with a factor-group of G. 

10. A representation of a factor-group of G is a representation of G. 

11. A permutation group is always reducible. 

12. The group F obtained by the composition of a group G with 
its conjugate-imaginary group G is reducible, the isomorphism em- 
ployed being the usual one for G and G. 

13. Show that the elements 

:r' = y' = 1/, — x, v' = --y; x' = y, y' u' = v, v' = — u; 

= ix, y' = — iy, w' = — iu, v' = w, where = — 1, 
generate a group of order 16 which is reducible. 

14. Show that the elements 

x' — u, y' = V, = — a:, v' = —y; x' =y, y' = — a:, «' = v, t/' = — w ; 

x' = oa, y' = a^^y, v' = where = — 1, 

generate a group of order 32 which is irreducible. 

15. Using dij to denote 1 or 0 according as j = i or j ^ i show that 
the relations 

n 

CkiCkj — J ” 2, * * *, W) 

k=l 

imply and are implied by the relations 

n 

Chilli ~ I “ Ij 2, * • *, fl) 

* =1 

16. Let G be a finite group of linear homogeneous transformations 
on xi, X 2 f ‘ Xn such that the coefficients in each transformation are 
real numbers. Show that there exists a quadratic function of xi, X2, 
• • Xn which is invariant for ail the elements of G and which vanishes 
for real values of the variables only when ;ci = X2 = * • • = Xn = 0. 

17. Let G be the abstract group {$, t} of order 21 whose sole de- 
fining relations are ^-15^ = 52^ 

Construct two nonequivalent representations F and F' of G, each on 
three variables such that G is simply isomorphic both with F and with 
F' and such indeed that F and F' are the same transformation group 
related in two ways to G. 
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56. Group Characteristics. Let G be a group of linear homo- 
geneous transformations of order g in the n variables xu X2, 
■ ■ ■,Xn, the variables into which these are changed by the ele- 
ments of G being now represented by x\, x'z, • • x\. Denote 

the elements of G by Si = 1, S2, S3, • ■ Sg. The characteristic 
of Si we denote by xC^j); we have seen (§ 52, Theorem II, 
corollary) that x(.St) is a sum of n roots of unity. Since the 
conjugate imaginary of a root of unity is its reciprocal, and 
since the multipliers of St~^ (when written as a multiplication) 
are the reciprocals of those of St, it follows that x(Si) and 
x(Si~i) are conjugate imaginaries. Hence if we denote by 
a the conjugate imaginary of a, we have x(Si) = x(Si“^) and 

It is obvious (from Theorem I of § 51) that the elements of 
a complete set of conjugate elements in G all have the same 
characteristic. Let r be the ntomber of complete sets of conju- 
gate elements in G, and let hi (= 1), fe, hs, ■■■, K he the num- 
bers of elements in the respective conjugate sets, hi being the 
number of elements conjugate to the identity. Then G has at 
most T distinct characteristics, the frh conjugate set having 
just hi elements, all with the same characteristic. We call this 
the characteristic of the corresponding conjugate set. 

VIII. If I is the number of linearly independent 
linear homogeneous functions of xi, X2, ■ ■ ■, Xn each 
of which is changed into itself by (is invariant for) 
every element of G, then we have 


Let Li be an arbitrary linear homogeneous function of xi, 
X2,---,Xn‘, and let £, be the fimction into which Li is changed 
by Si. Then the fimction L, L = Li L2 Lg, ]s changed 
into itself by every element of G. If L does not vanish identi- 
cally, it is one such invariant as is described in the theorem. 
If Li — aiXi + a2X2 -f- • ■ • then the sum of the coeffi- 
cients of aixi, a2X2, ■ ■ •, anXn in Li is as one may read- 
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ily verify by direct computation. Hence L cannot be identically 
zero for all coefficients a. unless xC^i) + x(S 2 ) + • • - + x(Sc) = 0. 
Therefore I ^ 0 when this equation is not satisfied. 

If now we suppose that / 0, we may transform G to new 

variables h, t 2 , ■ • -.in such that h, ■ ■ -.ti are left tmaltered 
by all the elements of the transformed group H. Let Ti be the 
element into which S* is thus transformed, and let T’i be the 
corresponding transformation on <z+i, ii^ 2 , • ■ ■, in- Then x(Si) 
— xi.l' i) = I xiT' i) ■ Now Sx(T'i) = 0, since otherwise we 
would have an additional linear invariant, so that the number 
would not be precisely 1. Therefore Sx(Si) = Ig, as was to 
be proved. Since this relation also holds when 1 = 0, the proof 
of the theorem is completed. 

In the case of an irreducible group it is evident that 1 = 0. 
Hence we have the following corollary : 

Cor. L If G is an irreducible group, we have 

i;x(so=o. 

»=i 

Applying the theorem to the {m — l)th compound of G with 
itself (§54), we readily have the following corollary: 

Cor. II. If Im is the number of linearly independ- 
ent homogeneous functions of xi, X 2 , ■ ■ Xn of degree 
m (m> 1) each of which is changed into itself by 
every element of G, then 

X x(S/”'^) = Lg, 

t=l 

where x(5/’”^) denotes the sum of all the n” nota- 
tionally distinct homogeneous products of degree m 
in the n multipliers of Si. 

IX. If X is the conjugate imaginary of x and if 
G is irreducible, then we have 

ix(Si)x(Si)=g. 

« = 1 
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Let G be the conji^ate imaginary of G, and let K be the 
compound of G and G formed by means of the usual simple 
isomorphism between G and G. If S' is the element in K cor- 
responding to the elements S and S of G and G respectively, 
then x(S') = x(S)x(S) = x(S)x(-S) (§54). Hence (Theorem 
VIII) Sx(Si)x(Si) = Ig, where I is the number of linearly in- 
dependent linear functions of the variables x x, each of which 
is left unchanged by each element of K. From the corollary 
to Theorem VII in § 53 and Theorem III in § 52, it follows that 
/ = 1. Hence we have the required conclusion. 

X. Let H, with elements Ti = 1, Tz, T 3 , • ■ T^, 

be a group of linear homogeneous transformations 
on the m variables yi, y 2 ,---,ym such that H is ex- 
hibited as simply isomorphic with G by means of the 
correspondences Si ~ T*- (i = 1, 2, • • • g) ; and let G it- 
self be irreducible. Then if Ti is the conjugate imagi- 
nary of Ti, we have 


where Hs a non-negative integer. If Z = 1, then H 
is equivalent to G. If Z > 1, then H is reducible, and 
just Z of its completely reduced sets are transformed 
according to Z groups each of which is equivalent to G. 

Let K be the compound of G and H formed by means of the 
isomorphism between G and H gotten from the isomorphism 
in the theorem and the usual isomorphism between the con- 
jugate-imaginary groups H and H. Applying Theorem VIII 
to K and employing the result in § 54 relative to the charac- 
teristics of K, we have the required equation of the theorem 
where I is the niimber of linearly independent invariants of K 
of the form UnXiyi h 

For the other required results we have 1 = 1 . We sup- 
pose that the variables of G are so chosen (§ 52) that the 
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form xiXi + X 2 x :2 + • • • + XnXn is left unaltered by each of the 
elements of G. We then suppose that /i" is so transformed 
thatjone of the ^linear invariants for K has the form xiyi 
+ X 2 y 2 + ■ • • + Xnyn, this being certainly possible since G is 
hreducible (as one sees by aid of Theorem VII of § 53). Then 
H transforms the variables yi, ya. • ■ y™. according to a group 

which is equivalent to G, as one may easily verify. Therefore 
H transforms the variables yi, y 2 , • • •, y^ according to a group 
which is equivalent to G. Hence II is reducible if m> n and 
is irreducible if m = n. Furthermore, when m = n must 
have / = 1, to avoid a contradiction with the corollary to 
Theorem VII of § 53 — since G is irreducible by hypothesis. 
When m> n there is at least one additional invariant of K 
besides xiyi -!-••• + x^n, whence / > 1 in this case. There- 
fore H is equivalent to G when 1=1 and H is reducible when 
/> 1 . 

If f > 1 we may treat each of the named I invariants of K 
after the manner employed in the preceding paragraph and thus 
show that H has I completely reduced sets each of which is 
transformed according to a group which is equivalent to G. 
Moreover, H has no additional such set whose elements are so 
transformed among themselves ; for, if so, this would give rise 
to an additional invariant of K, and hence there would be more 
than I of them. 

Cor. I. When G and H are equivalent, we have 

=g. 

X=1 

This follows at once from Theorems IX and X and the fact 
that S^i and T,- have the same characteristic (owing to the 
equivalence of G and H). 

Cor. II. When G and H are nonequivalent and 
are both irreducible, we have 

ix(Si)x(Td = 0 . 
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For in this case the number I in the theorem is necessarily 
equal to zero, since G and H are equivalent when 1=1 and H is 
reducible when I > 1. 

From Corollary II and the meaning assigned to I in the 
proof of the theorem we have the following result : 

Cor. hi. When G and H are nonequivalent and 
are both irreducible, they have no (nonidentically 
vanishing) invariant of the form 

+ ai2Xiy2 H 1- (^nmXnyin* 

Again, from Corollaries I and II we have the following : 

Cor. IV. In order that G and If (both assumed to 
be irreducible) shall be equivalent it is necessary and 
sufficient that they shall have the same character- 
istics. 


XI. Let r be an irreducible representation of a 
group G which contains r complete conjugate sets of 
elements having, respectively, h (= 1), hi, ■ ■ ■, K ele- 
ments of G, and let Xi denote the characteristic of 
the elements of F corresponding to the fth set of G. 
Then 




(s, f = 1, 2, ■ • t) 


where the coefficients Cjh are non-negative integers 
and where m is the number of variables on which F 
operates. 


Let Mi denote the matrix which is equal to the sum of the 
matrices of the elements corresponding to the fth complete set 
of conjugate elements, the number in the Ath row and fth 
column of Mi being the sum of the numbers which stand in the 
Mh row and /th column of the several matrices of these elements 
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of r. Since any element T of F transforms among themselves 
these conjugate elements, it follows that the corresponding ma- 
trix T transforms M, into itself so that we have T~'^MiT = Mi. 
The relations thus obtained by varying T over the elements of 
r imply that the matrix Af, has the form of the matrix of a 
similarity transformation, as one sees from the result in the 
second paragraph of § 53. To find the value of the multiplying 
factor O',- in the main diagonal of Mi we observe that moti is equal 
to the sum of the characteristics of the elements corresponding 
to the zth conjugate set of elements in G ; hence mai = hiXi, or 

<Xi = hiXilm. 

Now consider the product MMu We shall show that we have 
a relation of the form 

MsMt = CstlMi -J- CatzM^ + •••-!“ CstrMr, 

where the Cau are non-negative integers. For Ma and Mt are 
sums of matrices of elements of F, and hence their product may 
be written as such a sum ; since the latter sum is transformed 
into itself by every element T in F (for T~WsMtT = T~WaT 
■ T~'^MtT = MaMt), it follows that these summands enter in sets, 
each set corresponding to a complete conjugate set in G. From 
the foregoing relation we see that 

OiaOit = CatlOCl -1“ Cat20i2 -|- ' ' ' "H CsItCCt- 

In view of the relations o:,- = hiXi/m, this implies the relations 
to be established. 

Cor. I. The quantity at, or htxt/m, is an algebraic 
integer and is the sum of a finite number of roots of 
unity. 

The equations 

aaat = CsilU!! -|- Cat^a^ -|- • • • -|“ CatrOCr, (S = 1, 2, • • •, t) 

for fixed t, imply that at is an algebraic integer, that is, a root 
of an equation of the form x" -1- aix''~^ + ■ ■ ■ + 0^ = 0, where 
oi, 02 , • • •, c, are ordinary integers; this is readily proved by 
eliminating from the foregoing equations all the a’s except at- 
But mat is a sum of roots of unity, since it is a sum of character 
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istics of r. The truth of the corollary is now a consequence of 
the following lemma ; 

Lemma. If a is an algebraic integer and /xa is a 
sum of roots of unity, ju being an integer, then a is 
itself a sum of roots of unity. 

This lemma from the theory of numbers is a consequence of 
the lemma employed in § 58. 

Cor. II. If G is an irreducible group of linear ho- 
mogeneous transformations, the number n of vari- 
ables transformed by G is a factor of the order g of G. 

With the present notation the equation of Theorem IX may 
be written in the form 

g = *1X1X1 + *2x2X2 H b hrXr % ; 

or ^ 

Since products and sums of algebraic integers are themselves 
algebraic integers, it follows that g/n is an algebraic integer. 
But g/n is a rational number ; therefore it must be an ordinary 
integer. 

XI L If the completely reduced form of G is de- 
noted by the symbol ScJ*, in accordance with § 55, 
then the conjugate-imaginary groups G and G have 
just linearly independent invariants (functions 
left unchanged by each element of G) of the form 

By aid of Corollary III to Theorem X it may be shown that 
no one of these invariants has a term of the form ast, where s is 
a variable in one Ti and t is a variable in another and hence 
nonequivalent one. Therefore the number of these invariants 
is equal to the sum of the numbers of the invariants for the 
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separate Pi. It is therefore sufficient to prove that the number 
for a particular Pi is c,-®. We may suppose that the c.- sets of 
variables in these Ci equivalent representations are 

* * *1 Xts r {i * • ■, Ci) 

and we may assume that the variables have been so transformed 
that for each element in G these c,- sets all undergo the same 
transformation and that the corresponding (unique) invariants 
for these separate sets are 

XtlXtl + Xt2Xt2 4- • • • + XtaXts. (t = 1, 2, • • C,-) 


Let hakpigXhpXiq be one of the invariants in consideration; 
and let 


(/> = 1, 2, • s) 


be a typical transformation on the j:’s. Then we have 

^kulv CtkplqOtpujdgvj' 

P.4 

These relations imply that the form : „ is invariant for 

the group whose transformations are 


iiXa< * — L 2, * ' *, S) 

Since x{xi + x ^2 4- • • • + x^t is the only invariant for this 
group, we have 

^kpiq ~ 0 if ^ ^ Qj (^kpip (^kqiq ~ ^ki (say). 

Then the most general invariant of the required form in the 
named c»s variables and their conjugates may be written 

2 . 

k,i,p 

and this is invariant for arbitrary values of the Ci^ coefficients 
bki- Hence we have just cp linearly independent invariants of 
the specified form on these ds variables. We have already seen 
that this result implies the theorem to be established. 

67. Regular Permutation Groups. Let 17 be a regular permuta- 
tion group of order g whose elements are Ti = 1 , T 2 , T 3 , ■ • Tq. 
The permutation P,- defines a linear homogeneous transforma- 
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tion Si on the g S 5 nnbols on which H operates. Thus we have 
a group r whose elements Si = 1, S2, S3, • • •, Sj, are linear 
homogeneous transformations on g variables. Since Ti is the 
only element of H which leaves a symbol fixed, it follows that 
the matrix of S,- (f > 1) has only zeros in its principal diagonal. 
Therefore x(Si) =0 if i> 1. It is obvious that x(Si)=g. 
That the group T is reducible follows from the fact that the 
sum of the variables on which it operates is left omchanged by 
every element in F. 

Let JS: be a subgroup of F of index a and let g! a = a. The 
characteristic of the identity in iT is g and that of every other 
element is zero. Then if we apply Theorem VIII of § 56, we 
see that a is the number of linearly independent linear homo- 
geneous functions of the variables of F each of which is left 
unchanged by every element in K. It is easy to construct a 
set of a such linear invariants. Let xi, X 2 , • • •, x, be the vari- 
ables of F and suppose that the notation is chosen so that the 
transitive sets in K are the following : 


Then the following are a linearly independent invariants of the 
type in consideration : 

» Xa + l -1- ■ . -f- • 

Consider ne^ the compound of the conjugate-imaginary 
groups F and F. The characteristic of the identity is g^ and 
that of every other element is zero. The g^ variables of the 
group are the symbols x^j. Then from Theorem VIII of § 56 
it follows that g is the nmnber of linearly independent linear 
homogeneous functions of the g^ variables x^j each of which 
is left invariant _by every element of this compovmd group. 
Therefore F and F have just g linearly independent invariants of 
the form ’ScijXiXj. 

Now if the completely reduced form of F is denoted by the 
symbol 2c,Fi, in accordance with § 56, we see from Theo- 
rem XII of § 56 and the result in the preceding paragraph that 
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But if is the number of variables on which Fi operates, then, 
since the number of variables in F is equal to the order g of F, 
it is obvious that 


Now let G, with the elements si = 1, ss, • • •, Sj, be an irre- 
ducible group of linear homogeneous transformations on n 
variables, and suppose that G is simply isomorphic with F, with 
the correspondences s, ~ S,- (j = 1, 2, - • g). Then by aid of 

the foregoing values of x(2>) we find that 


From this relation and Theorem X of § 56 we see that just 
n of the completely reduced sets of F are transformed, each accord- 
ing to a group which is equivalent to G. 

More generally, let G be any irreducible group of linear ho- 
mogeneous transformations which affords a representation of F 
(§ 55), and let n be the number of symbols on which G operates. 
Then F is (fx, 1) isomorphic with G, where Let A be 

the self-conjugate subgroup of F which consists of those ele- 
ments of F (yii in number) each of which corresponds to the 
identity in this isomorphism of F with G ; and with respect to 
A separate F into the partitions 

tiA, t2A, tsA, • • -, t\A, (ti = 1) 

by the method of § 10. On mxiltiplying these sets on the left 
by any element of F, the sets are permuted among themselves 
(compare § 20). If this operation is performed for every ele- 
ment in F, a permutation group K on the \ sets is induced. 
The group K is obviously transitive, since such multiplication 
by ti replaces the first set by the fth set. Now if s is any ele- 
ment of A, we have stiA — t, ■ ti~'^sii • A = tiA, since ii~^sU is in 
A ; therefore each of the X sets is left unaltered as a set when 
the named operation is performed with an element of A. There- 
fore the order of K is not greater than X. Since K is transitive 
on X symbols, it follows that the order of K is precisely X. 



Hence if is a regular group on its sjnnbols. It is clear that K 
is simply isomorphic with the quotient group V/ A, and thence 
that K and G are simply isomorphic. Hence G affords an irre- 
ducible representation of K by means of a simply isomorphic 
group. From the result in the preceding paragraph it follows 
then that just n of the completely reduced sets of K are trans- 
formed, each according to a group which is equivalent to G. 

We have seen that the notation may be chosen so that each 
of the X functions 

XiA' ' I -^lu ."/i+i "T • • • T • • •» ^ (x-i)/i+i + • • • -l-a:xjii 

is left invariant by each element of A. Since the variables in 
any one of the functions constitute a transitive set for A, it 
follows that the notation may be further restricted so that U 
replaces by Xi ,, ; and we suppose that this restriction is made. 
Then these X linear functions are obviously permuted by F in 
the same way as F permutes the sets hA, t^A, ■ ■ ■, t\A in accord- 
ance with the method of the preceding paragraph. Therefore 
if F is written in the completely reduced form denoted by the 
symbol SciFj, there must be a F,- which is equivalent to G, and 
the number of such F; equivalent to G is at least as large as the 
htunber of symbols on which Fi operates, as one sees from the 
result attained in the preceding paragraph. Hence Ci s w j, where 
trii is the number of variables on which Fi operates. But we 
have seen that ScjWJi = Then it follows readily that c,- = JWj. 
Therefore the coefficient Cj in the symbol ScjF, is equal to the 
number of variables on which F^ operates. The order of the 
group Fs is a factor of g, since F is multiply isomorphic with 
Fjj the order of Fj is (§ 56, Theorem XI, Corollary II) a mul- 
tiple of Cj ; hence Cs is a factor of g. 

We are to show next that the number k of nonequivalent F< 
in the symbol SciF,- for F is equal to the number r of complete 
conjugate sets of elements in F. For this purpose we employ the 
symbols Mi, M 2 , ■■■, Mr with the meanings given to them in 
the proof of Theorem XI of § 56, except that they now refer to 
the group F in its completely reduced form ; and we use without 
further reference the properties of them deduced in the course 
of that proof. We denote by hi(_— 1), h 2 , hs, • ■ the numbers 
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of elements in the respective conjugate sets, the first set con- 
sisting of the identity alone. 

Let us consider the matrix M defined by the equation 

■iW — ^2^2 “f" ' * ■ “h 

where u\, « 2 , • • •, «r are independent parameters. Then M has 
the form of the matrix of a multiplication transformation, as 
we shall now show. Let X 2 j, • • •. Xn be the characteristics 
of sets of elements in r, corresponding to the various conjugate 
sets in F. Then, so far as the c,- variables of Fy are concerned, M 
has the form of the matrix of a similarity transformation whose 
multiplier j8y is 


A" = (fllUlXlj-h ^2^2X2/ 4- • • • + hrUrXri)!Cj- 

Since «i, U 2 , ■ ■ ■, Ur are independent parameters, it follows (by 
aid of Corollary IV to Theorem X in § 66) that two ft- formed 
for different Fy are distinct. Therefore we have just k different 
/3y, where k is the number of the groups Fy. A like result is true 
not only for M but for any transform of M by a linear homo- 
geneous transformation. Hence the ft cannot ftumish more 
than k linearly independent linear homogeneous fimctions of 
Ml, Ms, • - Ut. But M contains just r such functions, namely. 
Ml, Ms, • • •, Ur. Hence A s r and just r of the ft- are linearly in- 
dependent. We suppose the notation so chosen that these are 
ft, ft, • • ft. 

If ife > T and we replace Mi, Ms, • ■ •, m, by the conjugate imagi- 
naries of the characteristics xi, X2, • • •, Xr of the elements in 
Fr+i corresponding to the r conjugate sets of F, we have (by 
Corollary II to Theorem X in § 56) the relations ^i = ^2 = ■ 

= ft = 0. But xi, X 2 , • • •, Xr are not all zero, since one of them 
(that corresponding to the identity) denotes the number of 
variables on which Fr+i operates. This contradicts the fact that 
the ft, /Ss, • • -, /3, are linearly independent. Hence k is not 
greater than r. Therefore we conclude finally that fe = r, so that 
the number of the F,- in the symbol 2c, -F,- is precisely r. 

Among the results which we have now obtained are all of 
those included in the following theorem : 
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XIII. Let H be the representation of a given finite 
group of order g as a simply isomorphic regular per- 
mutation group, and let r be the number of complete 
conjugate sets of elements in H. Let F be the group 
of linear homogeneous transformations of order g 
on g variables defined by H; and let SciFi represent 
the completely reduced form of F. Then the number 
of symbols operated upon by F^ is Ci, so that we have 

g = ci^ + C2^+- ■ ■+Cr^; 

and each Ci is a factor of g. Moreover, every inredu- 
dble representation of H occurs among the groups 
Fi, T2, • • •. F,. 

Cor. The relations 

T 

l-> 

»=1 

where Ci, 02, • • •, Cr are constants, imply that 

ai = 02 = • ■ ■ = Or = 0. 

For these relations imply that 


as a function of Ui, U2, ■ • •, Mr, whereas the c, are all different 
from zero and the functions /3i, /Ss, • • are linearly independ- 
ent ; whence it follows that Oi = 02 = ■ ■ ■ = Or = 0. 

Let us now suppose that in the symbol SciFj for F at least 
two of the F, operate each on a single symbol, say that Fi and 
r2 are two such groups. Then for Fi we have the form yi = xi, 
but for r2 we have the form y2 = 0x2, where a is different from 
unity, since we have seen (by aid of Theorem VIII in § 56) that 
r leaves invariant just one linear homogeneous form. If F is 
simply isomorphic with F2, then F itself is a cyclic group ; if F 
is multiply isomorphic with r2, then F has a self-conjugate sub- 
group different from itself and from unity. Hence F is a com- 
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posite group unless its order is a prime number. Hence we have 
the following theorem : 

XIV. If r is a group of composite order, and if 
in the symbol SciTj for F there are two nonequivalent 
groups Fj each of which operates on a single symbol, 
then F is a composite group. 

Using = 1, ^ 2 , • • -, /ir as before to denote the numbers of 
elements in the respective complete conjugate sets of F, we 
have for the order g of F the relations 


where each Ci and each hi is a factor of g. The group is com- 
posite if two c’s or two A’s are each equal to unity. It is simple 
if no partial sum of the form Ai -f /is H — •, containing h 
and at least one other h, is a factor of g, since such a sum must 
arise from a self-conjugate proper subgroup of F of order 
greater than unity. For a given g the foregoing equations im- 
ply great restrictions on the possible values of r. If r is pre- 
assigned, the possible values of g are restricted. 

Let us return to the group F of Theorem XIII, whose com- 
pletely reduced form is F = Sc.-F,-. As before, denote by 
hi {=!), h 2 , ■ • hr the numbers of elements in the r complete 
conjugate sets of elements in F. Let xu, X2» ■ • •. Xh be the 
characteristics of the sets of elements in F, corresponding to 
the various conjugate sets in F. The set of quantities xi«. 
X 2 i, ■ ■ ■, Xri is called a set of group characteristics. If 2i (= 1), 
S 2 , • - Sff denote the elements of F, we have seen that 
x(Si) = 0 if f > 1 and that x(2i) = g. Hence 

. = g and [A] 

1=1 

Since xi; is the number of symbols on which F. operates, it 
follows from Theorem XI of § 56 that we have the relations 

ishsXshi ( 2 , y, h 1, 2, * * *, t) 


where the coefficients Cut are non-negative integers. 
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To each element of P there corresponds a single element of 
Pi and a single element of P, in the usual isomorphism of P 
•with these groups. By means of this fact a general isomorphism 
is established between Pi and Py, an element of the one corre- 
sponding to an element of the other when and only when these 
two elements correspond to one and the same element in P. 
With respect to this isomorphism form the compound of Pi 
and Py according to the method of § 54 and denote this com- 
pound group by PJy or PyPi. This compound affords a repre- 
sentation of P ; and its completely reduced form may be denoted 
by the equation 

S 

S=1 

where the coefficients are non-negative integers. 

The condition giji 9 ^ 0 indicates the existence of one or more 
invariants of the form auXiyi + ai 2 Xiy 2 + * • • for the groups 
Ti and Fj. By aid of Corollary III to Theorem X in § 66, it 
may then be shown that giji = 0 when F^ and Fy are non- 
equivalent, while from Theorem X itself it follows that gij-i = 1 
when Ti and Fy are equivalent. 

The characteristic of any transformation in rjy is the prod- 
uct of the characteristics of the corresponding transformations 
in Ti and Fy. Then from the foregoing completely reduced form 
of F^Fy it follows that 

7 

SiSsTika- (^ = 1, 2, • • •, t) [C] 

Multiplying by hk and summing with respect to k, we have 


k=i 

as one sees by aid of [^]. Then, from the already determined 
value of g.yi, we have 

r = g or 0 

*='i 

according as P i and Py are or are not equivalent representations 
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of r. If P/ is the representation which is equivalent to Pi, 
then we have 

iS kk'Xki'Xkj — ’ 

* = 1 

These results will afford a ready proof of the following 
theorem : 

XV. In order that two representations of a group 
of finite order as groups of linear homogeneous trans- 
formations shall be equivalent it is necessary and 
sufficient that the characteristic of each conjugate 
set shall be the same in the two. 

We show first that no two distinct irreducible representa- 
tions P,- and Pj have the same set of characteristics. For if 
they have the same set of characteristics, then we have 
Xki = Xkj for k=l, 2^- • •, r. Jf P/ and Py' are the representa- 
tions equivalent to P,- and Py respectively, then Xki' = x*/. 
and we have ^ , 

X ^kXkiXkj' = X ^kXkiXki' = i 

i=l k=l 

whereas 

T 

Xkj' = 0 when /' i'. 


Hence P,- and Py have not the same set of characteristics. 

Now let rpi, 4'2,---,'Pr be the characteristics of any represen- 
tation of P, and let 'SjiTi be the completely reduced form of 
this representation. Then we have 

1> 2, ' * *, t) 

But from the corollary to Theorem XIII it follows that the 
determinant | Xsi I is different from zero. Hence the coefficients 
7 i are completely determined by the foregoing system of equa- 
tions. They are therefore the same for any two representations 
of P which have the same set of characteristics. They are ob- 
viously different for any two representations which have differ- 
ent sets of characteristics. 
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From these considerations the truth of the theorem follows. 
It is desirable to obtain here two other important relations 
among the characteristics x&i- For this purpose we observe first 
that the characteristic of the identity in F is ^ while that of 
every other element is zero. Then, since T = ScJi and c» = xii, 

it follows that , , , , . 

gwhen*=l, 


Hence if we sum with respect to A in [5] we have 


7 


k=l 


[F] 


From the definition of the coefficients Cijs in the proof of 
Theorem XI in § 56 it follows that Ciji = hi when an element in 
the 2 th conjugate set is conjugate to the inverse of an element 
in theyth conjugate set, whereas c^i otherwise is equal to zero. 
Then from the fact that xfe) = it follows that Cu'i — h 

and that Cijx — 0 when j ^ i\ Hence from [F] we have the 

• r*Auy=.', 


58. Certain Composite Groups. We shall now prove the 
following theorem : 

XVI. If in the symbol SciFi for the complete re-^ 
duction of the regular permutation group F the 
number c,- of variables in some F* different from the 
identical representation of F is prime to the number 
of elements in some complete conjugate set of F; 
different from that consisting of the identity alone 
(say to the number hj of elements in the yth set), 
then either (1) the characteristic of the yth set is 
zero or (2) the multipliers of any given element in 
that set are all the same. In the latter case the group 
F is necessarily composite unless it is of prime order. 
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Let m be the order of the elements in the /th conjugate set of 
Fi, and let 5 be one of the elements in that set. Then if p. is 
prime to m, the element is an element of a conjugate set con- 
taining hj elements; and the characteristic of which we 
denote by xy(A*)» is obtained from the characteristic xy oi S by 
replacing each of the multipliers of S by its /ith power and 
taking the sum of the resulting elements. Then consider the 


where the product is taken for ju running over the 4){m) positive 
integers less than m and prime to m. Each factor in this product 
is an tdgebraic integer (§56, Theorem XI, Corollary I), and 
hence the product itself is an algebraic integer. But P is a ra- 
tional nmnber, since the product is a symmetric fimction of the 
(j>(m} primitive mth roots of unity. Since P is an algebraic 
integer and is a rational number, it follows that P is an ordinary 
integer. But ^ ^ _ tt i i 

n Yivui — n lxi(rtl 


where | a | denotes the absolute value of a. We may therefore 
write P in the form 

p=(|) 

Now if Ci is prime to hj it follows that 11 \xjw\ must be divisi- 
ble by But|xy(M)IAi is either zero or a real positive 

number less than unity unless the Ci mth roots of unity whose 
sum makes up XjCm) all the same. Therefore xy(M)> ^.nd 
hence xy itself, is zero or else the Ci mth roots whose sum 
constitutes xy all the same, provided that Ci is prime to hj. 
In the latter case the multipliers of S are all the same. 

It remains to prove the proposition in the last sentence of 
the theorem. If = 1 this proposition follows from Theorem 
XIV of § 57. In any case F^ contains a self-conjugate element, 
namely, this element whose multipliers are all equal. Hence F^ 
is comxx)site unless it is of prime order ; therefore F (when not 
of prime order) is composite if it is simply isomorphic with Fi, 
and it is evidently composite if it is multiply isomorphic with Fi- 
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Cor. I. If the number of elements in some conju- 
gate set of a group is a prime power (« > 0), then 
the group is composite. 

Represent the group as a simply isomorphic regular permu- 
tation group r of order g, and let SciPj be the symbol for the 
complete reduction of F. We assume that F is simple and show 
that the hypothesis in the corollary then leads us to a contradic- 
tion. Since g is divisible by and g = ci^ + C 2 ^ + - ■ ■ + Cr\ and 
since ci = 1, it follows that there is at least one representation 
Fi, other than the identical one, in which the number c< of 
variables is prime to p. Since F is assumed to be simple, it 
follows from the theorem that the characteristics of elements 
other than the identity in such a representation are equal to 
zero. Now if xii. X 2 i, • • Xr«- denote the characteristics of the 
elements in F, corresponding to the complete conjugate sets of 
F, then, since the characteristic of an element of F other than 
the identity is zero, we have 

2) — 0. {i 5^ 1) 

But we have just seen that xa is zero when Ck is prime to p and 
k> Therefore, since Ci = 1 and xa = 1> and since every xa 
is a sum of roots of unity, the preceding equation implies the 
relation 

where N is a sum of a finite number of roots of imity. That this 
equation is impossible and hence that the corollary is established 
is implied by the following lemma : 

Lemma. If ai a ;2 -t- • ■ • -l- as = 0 and ai, a. 2 , ■ • •, 
a, are s roots of unity, then these s roots fall into 
sets, each containing a prime number of roots such 
that the sum in such a set is zero and such that if q 
is the number of roots in any one of these sets and 
a is a primitive ?th root of unity, then these q roots 
are e, ea, ea^, • • •, ecc®"!, where e is some root of unity. 
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For results implying this lemma from the theory of numbers 
see Kronecker, Journ. de Math. (1) 19 (1854) : 177-192. 

Cor. II. A group whose order contains only two 
distinct prime factors is soluble. 

Represent the group as a simply isomorphic regular i)ermu- 
tation group T of order g = p“^, where p and q are distinct 
primes, and let Scj-Pj be the symbol for the completely reduced 
form of r. Then 

^ V =1 + C2^ + C3^ + ---+ Cr^ 

where r is the number of complete conjugate sets of elements in 
r. Then some c, {i > 1) is prime to ^ ; if such a Ci is equal to 
unity, the group is composite (Theorem XIV of § 57) ; if such 
a Ci is greater than unity, then it is of the form p’', where w > 0 ; 
then from the preceding corollary it follows that F is composite. 
Therefore, in any case, F is composite. Then let 77 be a proper 
self-conjugate subgroup of F of order greater than unity. Then 
GJH and H (when not of prime order) are both composite, as 
we see from what we have already proved and the fact that a 
prime-power group is composite if its order is not a prime. Then 
from Theorem XI of § 21 we readily conclude that F is soluble, 
since it is now easy to show by induction that its composition- 
factors are primes. 

59. Transitive Groups in Which Only the Identify Leaves Two 
Symbols Fixed. As another important application of the theory 
of group characteristics we have that involved in the proof of 
the following theorem : 

XVII. If (? is a transitive permutation group in 
which the identity is the only element leaving two 
symbols fixed, then the identity and the w — 1 ele- 
ments each of which permutes all the symbols of G 
constitute a self-conjugate subgroup. 

That there are indeed just n-1 elements each of which 
permutes all the symbols of G follows readily from Theorem IV 
of § 39. 
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Represent G as a simply isomorphic regular permutation 
group r, and let SciFi be the symbol for the completely reduced 
form of r. Let g be the order of G. Let iT be a subgroup of G, 
of order 7 (7 = g/n), each element of which leaves fixed a given 
symbol ; represent iiC as a simply isomorphic regular permuta- 
tion group H, and let 'L'yiHi be the symbol for the completely 
reduced form of H. Then we have 

g = Ci^ -f C2® -i- • • ■ + Cr^, 7 = g/« = 7i^ + 72 ^ + h 7 p^. [1] 

where r is the number of complete conjugate sets of elements in 
r and p is the number of complete conjugate sets of elements 
mH. 

If Pi is any one of the irreducible representations of G, and 
if we fix attention on the usual multiple isomorphism of G with 
r,-, then in this isomorphism the subgroup KatG corresponds 
to a subgroup Li of Pi, while Li affords a representation of K 
whose irreducible components are contained among the groups 
Hj. If Hj occurs <:„• times among these irreducible components, 
then we may represent the reduced form of Li by means of the 
equation 

Li = CaHi -f Ci 2 H 2 -f h Ci,H,. [2] 

Since Li — Hi, it follows that Cn = 1, C12 = 0, C13 = 0, • • •, Ci^ = 0. 

Now let xh, X2». • • -j Xri be the characteristics of the ele- 
ments of Li corresponding, respectively, to the elements Pi (= 1), 
72 , 7^ in H, and let 9 yj be the corresponding 

characteristics of Hj. Then we have xn ~ 6 ij = 7j. We 

also have 0*1 = 1. Then from [2] we have the relation 

Xki = Cil -p Cadkz -j- Cizdkz -!-••• + Cipdkp. [3] 

Now consider the sum 

S = XsiXii0u4- XsiX2i^2«+ • • • -j- XsiXyiQyt 
+ Xs2Xl2^U + Xs 2X2202< -fr • • • -f- X^^Xyidyt 

- M 

+ XsrXn^U -|- X«rX2r^2( -f" • • ■ -b XsrXyr^yt, 

where 1 < s = 7. We shall write S in two forms, one obtained 
on summing by columns and the other on summing by rows. 
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On summing by columns we have 

r T r 

S = XsiXli + XsiX2i + * * * + 

*=1 x=l 

This may be simplified by means of equation [G] at the end of 
§ 57 and the fact that Xsi = Xs’t- Thus we have 

S = 

since if h' is the number of elements of K in the conjugate set 
containing Ts we have h'g/y conjugates of in G. 

Now in [4] substitute for the xu their values obtained from 
[3], sum by lines and simplify by aid of Corollaries I and II to 
Theorem X in § 66 and equation [Z>] of § 57 ; thus we have 

S =% CiaQjcL 

*=1 y=i fts=i 

r ^ _ 

js=i a=i y=i 

r 

“ T Xsi^it 
x=:l 

T 

“ 'Y “4" ^s2Ci2Cit -f- • * • -{- OspCipCit) • 

i=l 

Equating the two values of S and omitting the common factor 
7, we obtain the equation 

Ai + A 26 s 2 “}-•*•+ Ap$sp = 0, (1 < s = 7) [5] 

r r 

where = — 1 +2) A,, = V CiaCn when cx?^ s. 

This will enable us to establish the relations 

(Ai — q) + (A2 — qy 2 ) 9 s 2 + • • - + (Ap — qyp)dsp = 0, 

(1 = s = 7) [6] 

where q = yt{g — y)/y^. 

When s > 1, equations [6] are implied by [5] since the charac- 
teristic of Ts in H is zero and is also 1 + y^ds-i -t- • • ■ -f Tp^sp, as 



232 


Groups of Finite Order 

one sees from the completely reduced form of H. In order to 
verify [6] when s = 1, we observe that the left member of [6] 
may then be put in the form 

(^1 - ?) + 72(^2 - 572) H h 7 p(^p - Qy ,) 

= -Ai + 72^2 H h ypA^ — «■(! + 72^ + • • • + 7 (.^) 

r 

=^CitCi — ytg/y, 

as one sees by inserting the values of q and the ^'s, employing 
the second relation in [1] and the equation 

Cil + 72Ci2 + • • • + 7pCt> = Cl 

obtained from [2] by considering the characteristic of the iden- 
tity. In order to establish [6] for s = 1, it is therefore necessary 
and sufficient to show that 

r 

^Ci„Ci-= 7tg/7. [7] 

Now consider the subgroup Z. of F which corresponds to the 
subgroup iT of G in the simple isomorphism between G and F. 
In L the group K appears g/y (= n) times, once for each sub- 
group of G of order y which leaves fixed a single letter. Hence 
Ht occurs just ytg/y times in the completely reduced form of 
L. But Et occurs here just 'LcuCi times, as one sees by aid of 
[2] and the fact that F^ occurs just Ci times in the completely 
reduced form of F. Therefore the last equation is established. 
This completes the verification of equation [6] for all values of s. 
From the corollary to Theorem XIII in § 57 it follows that 


[6] implies the relations 

Ai - qyi = 0. (/ = 1, 2, - • •, p) [8] 

By taking f = 1, 2 and ^ = 1, 2 we obtain the relations 

C2l^ + Cri^ = (^ — . y)/ [9i] 

C21C22 + C31C32 + * • ■ + CrlCr2 = 72 (g “ T)/ 7 ^> 

C22^ + C32^ + h ““ y)/y^ -f 1. [Qs] 

Thence we have 


{ C 22 — 72^21)^ + (C32 — 72^31)^ “ 72 Cr-l)^ = !• 
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This equation can be satisfied only when one of the terms in 
the first member is unity and the others are all zero (since each 
term is obviously a non-negative integer). We may suppose 
the notation so chosen that the first term is imity ; then we 
have , - 

C22 — 72C21 ± 1 , C32 = T2C3I, ■ • •, Cr2 = 72 Crl- 

By substituting these values in [02] and combining the result- 
ing equation with [9i], we find that C 21 = 0. 

From this result and equation [3] we see that 

Xk2 = C22dk2 + C230A;3 + •••-}- C2pdkp‘ [10] 

Now let O’ denote the sum of the n characteristics of elements 
in r2 corresponding to the identity and the w — 1 elements of 
G each of which displaces all the n symbols on which G oper- 
ates. Now no two different subgroups of G of order 7, each 
omitting one of the letters of G, can have any element in com- 
mon except the identity. Then, by aid of Corollary I to Theo- 
rem VIII in § 66, we have 

0 = <r+/zy,XA :2 = o- + n(— C2 + X Xk 2 ) 

;fe =2 

= CT + (— C2 + C22 ^ 6k2 + * * * + C2p 2 6kp) (by [ 10 ]) 

= CT nC2, 

since the sums denoted by 2 in the second preceding line are 
all zero, owing to the fact that H is a regular permutation 
group. Therefore cr = nc 2 , while at the same time cr is a sum 
of n characteristics each of which is itself a sum of C2 roots of 
unity. Hence each of these roots of unity must be unity itself 
and therefore each of the named characteristics is C2. 

From this it follows that the corresponding transformations 
of r2 must be the identity in each case, as one may see by aid 
of Theorem II in § 52. Hence, in the multiple isomorphism of 
G with r2, every element of G which does not belong to K or 
its conjugates corresponds to the identity in r2. Therefore 
the n — I elements each of which permutes all the symbols of 
G generate a self-conjugate subgroup Gi of G whose order is 
less than g since C 21 =0. If the order of this group Gi is not 
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n, apply the foregoing process to Gi itself and thus obtain a 
self-conjugate proper subgroup Gz of Gi. Continuing this proc- 
ess we must finally come to a group of order n which contains 
the n — 1 elements of G, each of which displaces all the symbols 
of G. It is then obvious that this subgroup is self-conjugate. 
Thence we conclude to the theorem as stated. 

60. Simply Transitive Groups of Prime Degree. We shall now 
prove the following theorem of Burnside, using a method due 
to I. Schur * : 

XVni. A simply transitive group of prime de- 
gree p is contained as a proper subgroup in the doubly 
transitive group of degree p and order p{p — 1), 
namely, in the group 

{^(ZqCIx ' * • " * *)}■ , 

where i is a primitive root modulo p and the sub- 
scripts in the second generator are to be reduced 
modulo p to numbers of the set 0, 1, • • ^ — 1. 

(Compare § 40.) 

From this theorem it follows at once that a group of prime 
degree p containing more than one Sylow subgroup of order p 
is necessarily multiply transitive. 

The proof is divided into four parts. 

1. Let r be a permutation group on the n symbols 0, 1, • • •, 
n—1. The bilinear form 

K-l 

F “ dijXiPj 

i, 7=0 

is said to be invariant under F if every permutation /I in F 
transforms F into itself in case the subscripts on the ;r’s and the 
y’s imdergo simultaneously the iDermutation A. If A replaces 
the subscripts i, j by i', f, then F is invariant xmder A if and 
only if Gij = Ui’j' for every pair i, j of subscripts. From this it 


* Jahresler. d. DeuL Math.-Ver. 17 ( 1908 ) ; 171 - 176 . 
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follows readily that a necessary and sufficient condition that F 
shall be invariant under a doubly transitive group F is that 

CL\x = = • * ■ = d-nny 

(2X2 — <3^13 = • • • = din = «21 = <323 = - * • = dn-U n 

and these conditions are equivalent to the condition that F shall 
be the form aE + bj, where d and b are constants and 

n— 1 n—1 

E = ^ XiVi, / = Xiyj. 
i = 0 f, y=0 

On the other hand, a simply transitive group F admits other 
invariants F, since the ordered pairs of subscripts are not per- 
muted transitively by it. 

If the two forms 

n—1 n—1 

F = 2) G = 2) h-Xiy/ 

*, y=0 i,j=sO 

are invariant xmder F, so is the form K, 

n—1 n—1 

^ =: CijXiyjf (Cij = dikbjcj) 

i, i=0 fe=0 

as one may readily verify. We denote K by the symbolic prod- 
uct FG. The product of X factors each equal to F is denoted by 
FK We also write F° for E. If 

<f>{x) = ao + ciix + + h cwF', 

we denote by 4>{F) the form 

4>{F) = OoFO -f fliF + OiF^ H h Urr^F”'. 

2. Now let n be the prime number p and let F be a transitive 
group. We assume, as we may without loss of generality, that 
F contains the permutation P, where 

P = (0, 1, - 1). 

If F is to be invariant under F, then it must be invariant under 
P. A necessary and sufficient condition that F shall be invariant 
under P is that it shall have the form 

F=ao^Xiyi+ai^ Xiyt +i-^a2^Xiyi+2^ h Cp- 1 X + p- i , 

<■=0 i=0 i = 0 1=0 
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the subscripts being reduced modulo p to numbers of the set 0, 
I, • ■ p — 1. If we denote the second stmmiation in this equa- 
tion by R, then the (X -f l)th summation is K^, while = E, 
as one may easily verify. Then the bilinear invariant F may 
be written in the form 

F = <PiR) = OoE diR -f- OzR^ -h ■ ■ ■ "h (lp—\R^~^. 

The condition that F shall be invariant under the remaining 
permutations of F may be expressed by means of the fact that 
certain of the coefficients Oi are equal. One may therefore limit 
attention to those invariants F in which the coefficients Cj are 
rational numbers ; and this we do. 

3. Let us now suppose that the transitive group F is not 
doubly transitive. Then F admits at least one invariant ^{R) 
which is not of the form aE -|- hj. In this invariant the coeffi- 
cients a-i, 02 , ■ ■ Op-1 are not all equal, as one sees from the 
fact that J may be written in the form 


From this it follows that if p is a primitive /?th root of unity, 
then the algebraic number ^(p) is not a rational number. Then 
this number <^(p) must satisfy an irreducible equation of degree 
e ie> 1), where e is a factor of p — 1. We write p—l = ef. 
Then from the theory of roots of unity (see Weber’s Algebra, 
Vol. I, 2d ed., § 175) it follows that a polynomial \}/{x) exists 

'A[<^(p)] = P + + P'>' -I h p^''^ , 


where 7 belongs modulo p to the exponent/. This is equivalent 
to the equation 


where x(^) is a suitable polynomial in x. Replacing x by the 
bilinear form R, we have still a true equation. Hence, since 
= J (as is readily verified), we have 


where c is the sum of the coefficients of 
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Since 4'L4>{R)] = and both 4>(R) and cj are invariants 
of r, it follows that H is an invariant of F, where 

// = i? + 4- + ■ • • + = i/'CF) + c/. 

4. We next investigate what permutations A, 

^_,0 1 ... ^,-n 

\q;o Oil • • • / 

can leave the bilinear form H invariant. Now H may be written 
in the form 

H ^ Xi(yi+i + yi^y + yi+^ ^ yi^yf-i) 

.=0 

=^Xa,(yai+i + + yai^y^ + h 

1=0 

Under the permutation A the form H is to be transformed into 
itself. Applying this permutation to the first form of H and 
comparing the result with the second form, we see that for each 
value of i the numbers 

01x4-1, Ox'4-Y, ‘ Ox*-l-.y^ 

taken modulo p, must be in some order the numbers 
cXi + 1 , a< + 7, ai + 7^ ■ • -, a,- + 

Now let g{x), 

g{x) = Co + Cl* H !- C/cX’^, 

be a polynomial in x with integral coefficients and of degree 
k {k< p) such that the congruences 

g{i) = OLi mod p (i = 0, 1, -••,/) — 1) 
are satisfied ; such a fimction, for instance, is 



Then from the named properties of the numbers on it follows 
that for each exponent r we have 

5 {g(0 + {g(i + T'*)}’' mod p. 

/a=0 


[ 1 ] 
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Since 7^^ = 1 mod p, it follows that 

— 'y)(x — y2)...(x— 7/-1) mod p. 
Then if 5, = 1 + yx + + . . . ^(/-dx 

it follows that Sx is congruent to / or 0 modulo p according as X 
is or is not divisible by /. Therefore if 0 < r < /, we have 

{g(2) + 7 '‘y = ^ ^0sx{g(*)}’'"^ =/ • {g(0}’' mod p. [2] 
Writing h{x) for {g(a:)}'' and employing Taylor’s formula 
h(x + y) = h(x) +y + 


(the functions ¥>''>{x)/\\ being polynomials with integral coeffi- 
cients), we have 


+ r) =/xw + Si ^ ^ + • ■ ■ 
=/-W.) + ^+^ + -- 

Then from [1] and [2] we have 


} modp. 


/! ( 2 /)! 


= 0 mod p. 


(f = 0, 1, ...,p-l) 


Then the ftmction 


I ¥^^Hx) I 
/! ^ ( 2 /)! ^ 


is divisible modulo p by x^ — x. li kr < p and if this function 
does not vanish identically, then its degree is kr—f. Hence a 
number kr—f, where r belongs to the set 1, 2, ••-,/ — 1, is 
either negative or greater than p — l—f; in particular, if /> 1 
it follows that ^ — / is negative, since k< p. 

We shall now show that k = l. If /= 1 , we have ai+i 
= O',- + 1 modulo p, whence oci = ao + z mod p ; therefore 
A = 1. Then suppose / > 1 . Let s be the least integer such 
that ks = f. Then, if ^ > 1 , we have s <f, while fe > p — 1 
and k <f by a result at the end of the preceding paragraph. 
Then ^(s — l)>p— 1 — ^>p — 1 — /. But p—l = ef and 
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e> 1. Hence p-1^2J, whence = Therefore 

^(s — 1) > /, contrary to the hypiothesis on 5 . Since this con- 
tradiction is reached on supposing k> I, \t follows that k = l. 

Then g{x) is of degree 1. Hence A is induced by a linear sub- 
stitution modulo p. Therefore T is contained in the metacyclic 
group. This result implies the theorem as stated. 

EXERCISES 

1. Construct the p irreducible nonequivalent representations of a 
group of prime order p. 

2. Construct the irreducible nonequivalent representations of 
an Abelian group of prime-power order p^ and type (2, 1). 

3. By means of the theory of group characteristics prove that a 
group of order p^, where is a prime, is an Abelian group. 

4. Show that an irreducible representation of a group of order 
or where is a prime, involves one variable or p variables. 

5. By means of the theory of group characteristics prove that a 
group of prime-power order p^ {m> 1) is composite. 

6. Determine all possible groups G each of which has just two or 
three or four complete conjugate sets of elements. 

7. Determine all possible groups G each of which has just five 
complete conjugate sets of elements. 

8. Prove that the order of a transitive group of odd prime degree p 
is of the form {kp -f where + 1 is the number of Sylow sub- 
groups of order p and /x is some factor of /? — 1 ; prove that k is zero 
or an odd number. 

9. Show that the number of Sylow subgroups of order in a 
transitive group G of odd prime degree p is completely determined 
by the order g of G. 

10. Show that there is no group of degree 31 which is 3-foid but 
not 4-fold transitive. 

11. If G is a transitive group of degree 13 or 61 not containing the 
alternating group of its degree, show that G is not triply transitive- 

12. If G is a finite Abelian group of linear homogeneous transforma- 
tions, show that a linear homogeneous transformation S exists such 
that the elements of S”^GS are all multiplications. 
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13. Let C? be a group of finite order and let the commutator sub- 
group of G he of index a ; show that there are just a nonequivalent 
representations of G each in a single variable. 

, 14. Let be a self-conjugate subgroup of a finite group G, and let 
p be the number of complete conjugate sets of elements in G/H, Show 
that there are at least p nonequivalent irreducible representations of 
G in each of which the identity corresponds to every element in H, 

15. Prove that the group {s, t} whose sole defining conditions are 
59 = F = = 1 

has just 15 complete conjugate sets of elements and that its irreducible 
representations consist of 9 on a single variable and 6 on 3 variables. 

MISCELLANEOUS EXERCISES 

1. The number of abstract finite groups each having just a given 
number r of complete conjugate sets of elements is finite. 

2. Let p and q be different primes such that p is not a factor of 
— 1. Let s and t be elements subject to the sole defining relations 

Show that {s, i} is a group of order pq^ having just q^ representations 
in a single variable. lfp< q^, show that the other irreducible represen- 
tations are ^ — 1 in number and that each of them is on q variables. 
Show that the number of complete conjugate sets of elements* is 

3. The only substitution of zero determinant which is permutable 
with every element of an irreducible group of linear homogeneous 
transformations on the same variables is the substitution which re- 
places each variable by zero. 

4. Let Xi, X 2 , ' • 'f Xn be the variables operated on by an irreducible 
group G of linear homogeneous transformations. Show that kxu kx% 

• • •, kxn, where k is an arbitrary constant different from zero, are the 
only linear functions of the x’s which, for every element of G, undergo 
the same linear transformation as the x"% undergo in that element. 

5. Show how to form the most general group of linear homogeneous 
transformations on a given set of variables each of whose elements is 
permutable with every element of a given finite group G of linear 
homogeneous transformations on the same variables. 
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6. Let Vi have the meaning assigned to it in Theorem XI 11 of 
§ 67. Show that V i and V i are equivalent representations of T when 
and only when each group characteristic for F,- is real. 

7. Employing the notation of the latter part of § 57, show that 

^iik = S,ijk = it'kj — g/W = ii'/k' — ^ik'f ~ 

Show also that r 

^iik^kst 

k=l 

is unaltered by any permutation of the symbols f, /, s. 

8. Employing the notation of the latter part of § 57, show that 

* > jfk P ^ 

9. Let 5 be an element of order W 2 in a group G, and let Xs be the 
characteristic of s in an irreducible representation of G. Then x» 

be written in the form 

+ • • - + oj'"' 

where co is a primitive mth root of unity and the are integers. The 
characteristic of 5^ in the same representation is then 

X,n = -f 4- ... 4- 

If s and sf^ are conjugate under G, then these characteristics must be 
equal, so that in each irreducible representation of G it is true that Xs 
is unchanged when is put for co. Show, conversely, that if this last 
condition is satisfied, then s and si^ are conjugate elements of G. 

10. In a group of odd order no element other than the identity is 
conjugate to its inverse. 

11. In a group of odd order some of the characteristics of every 
conjugate set must be imaginary. 

12. In a group of odd order the number of conjugate sets of elements 
is odd. 

13. For a group of odd order no irreducible representation, other 
than the identical one, is equivalent to its conjugate imaginary. 

14. A group of linear homogeneous transformations of odd order 
with real coefficients is necessarily reducible. 

15. If G is a group of odd order g, and r is the number of complete 
sets of conjugate elements in G, then g = r mod 16. 



CHAPTER IX 

Galois Fields 


61. Introductioa. There exist certain remarkable doubly 
transitive groups of prime-power degree by means of whose 
properties many interesting results in the theory of finite 
groups may be obtained. They are contained as subgroups in 
the holomorph of the Abelian group of order p'^ and type 
(1, 1, * - *, 1). Instead of undertaking a direct proof of their 
existence, based on this fact, it seems more convenient to de- 
velop first the auxiliary theory of finite fields (defined in the 
next section) and then to employ the tool afforded by this 
theory as a means of facilitating the proof of the existence of 
these groups and of deriving their properties. Consequently 
this chapter is devoted to the theory of these finite fields and 
to some of its immediate applications to the theory of finite 
groups. 

62. Finite Fields. Let uo, Ui, W 2 , • • •, Ws-i be a set ois {s> 1) 
distinct s 3 nnbols or marks or elements which may be combined 
by addition in accordance with the formal laws 

Ui + + Uh> 

Let the sum of any two of these marks be a mark of the set. 
Let the set be such that for every pair Ui and Uk of the marks 
there exists a single mark Uj such that Ui + Uj = uu ; then Uj is 
said to be determined by subtraction, and we write Uj ==Uk — Ui. 
We call Uj the difference of Uh and Uj. The set then contains 
every difference Ui — Ui ; such a difference has the additive 
property of zero, since Uj + == Uj, From the last equa- 

tion we have Ui — Ui = Uj — %. Hence all the differences 
Ui ~ Ui are equal ; we shall suppose that the notation is so 
chosen that Ui — Ui = uq ; then uo is the (unique) mark hav- 
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ing the additive property of zero, since the relation Ui + u' = Ui 
requires that u' = m,- — Ui = uq. Two marks are said to be 
equal if their difference is uo ; otherwise they are said to be 
distinct. It is obvious that the s marks form an Abelian group 
of order s, the law of combination in the group being that of 
addition as here defined. The identity in this group is mo. 
This group is called the additive group of the field (presently 
to be defined). 

Let us next suppose that the marks uo, Wi, ■ - may be 

combined by multiplication in accordance with the formal laws 

Ui{Ufllk) = {U4ij)Uk, Ui{Uj ± Uk) — WiM; ± MiWfc. 

Let the product of any two marks of the set be itself a mark of 
the set. From the relations 

= MiMo = Ui{Uj — Uj) = — UiUj = Mo 

it follows that mq has the multiplicative properties of zero. 
Let us suppose that the marks u have the further property 
that if any two marks Ui and Uk are given such that m; mq, 
then there exists one and just one mark m,- of the set such that 
UiUj = Uk- We say that Uj is determined by division, Uj = Uk/Ui ; 
and we call Uj the quotient of Uk by m;. The set contains every 
quotient Ui/U{ where Ui^ Mo ; such a quotient has the multi- 
plicative properties of unity, since UjUilUi — uj. From this 
equation we see also that m./m,- = uj/uj if m,- 9^ uo and uj 9^ uq. 
If eui = Ui or MiC = m, and m,- 9^ uo, we have e = Ui/Ui, so that 
there is only one mark in the set having the multiplicative 
properties of unity. We suppose that the notation is chosen 
so that this mark is ui. It is evident that the s — 1 marks 
Ml, M2, • • Ms_i form an Abelian group in which the law of 
combination is that of multiplication as here defined. The 
identity in this group is mi. This group is called the multiplica- 
tive group of the field (presently to be defined). 

A set of s distinct marks mo, Mi, M2, • ■ •, Ms_i satisfying the 
conditions named in the two preceding paragraphs is said to 
form a finite field of order s. A finite field is characterized by 
the property that the rational operations of algebra may be 
performed upon the marks in the field and that they lead in 
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every case to marks of the field. We may therefore take over, 
without further definition, many terms of algebra and the cor- 
responding notations and employ them for finite fields. 

We may observe that the conditions named imply that a 
product of two factors is «o when and only when one of the 
factors is mq. For m,mo = uq, as we have seen ; moreover, if 
Mo, and UiUk = uo, then we have 

= MjMy Mo = UiUj- UiUk = M,(My + ; 

so that UiUj gives rise to two distinct quotients, uj and u, + «*, 
when divided by m,, contrary to the hypothesis that division by 
a nonzero element is unique. 

We exhibit an example of a finite field. Let p he a prime 
nxrmber and let us write mq = 0, mi = 1, M 2 = 2, • • -, 

= p — l. Let addition and multiplication of these marks be 
the ordinary addition and multiplication of the numbers to 
which they are equal followed by a reduction modulo p to a 
number of the set. It is easy to see that the marks so defined 
constitute a finite field of order p. We may easily verify the 
property of division, the divisor being different from mo, by 
observing that the congruence 

ax = b mod p (a^O mod p) 

has always a imique solution x when a and b are given. 

In the general case the marks uq and ui have the properties 
of zero and unity, respiectively, as we have already seen. Every 
sum of the form mi + mi -h • • ■ -f Mi is a mark of the field. The 
marks defined in this way are called the integral marks of the 
field. Consider the infinite sequence of symbols 

= Ml, M(2) = Ml -h Ml, M(3) = Ml Ml -f Ml, • ■ ■. 

Since there is only a finite number of marks in the field, two of 
these symbols must be equal, say M(,) = u^s) {r > s). Then 
Mo = M(,) — M(8) = u^r-s)- Hence the named sequence contains 
the zero mark mo. Let p be the least integer such that M(p) = uq. 
Then M(0) (=mo), M(1), M(2), • • •, M(p_i) are all distinct, while 
M(a) = M(g) if a = jS mod p. Hence there are just p integral marks 
in the field. We suppose that the notation is so chosen that 
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Ui = M(t) (« = 0, 1, •••,/> — 1), SO that the integral marks of the 
field are mo, • • •, «p-i. When there is no danger of ambiguity, 
we shall write 0, 1, • • ^ — 1 for these marks in the order given. 

These integral marks obviously combine by ordinary addition 
and multiplication with a reduction modulo p. Moreover, if p 
is a prime, they form a field of order p, as we have already seen. 

I. The number p of integral marks in the field is 
a prime number. 

For if p — pip2 (P> Pi), we have Up^ uq, while MpM(pp 
= “(PiPa) = = “o ; whence it follows that M(p^) =tio so that 

p2 must be a multiple of p, and hence equal to p since p2 ^ p. 
Hence pi = 1. Therefore the only factors of p are 1 and p. 

II. The number s of marks in the field is a power 
of the prime p, say s = 

Let vi be any mark of the field different from uq. Then 

Yi»i (Yi = 0, 1, 2, • • •, P - 1) 

give p distinct marks of the field. If s > p there is a mark in 
the field and not in the foregoing set. Then 

Yl»l + Y2»2 (yu Y2 = 0, 1, • • • , P — 1) 

give p2 distinct marks of the field. If s > p^ there is a mark »3 
in the field and not in the last-named set. Then 

yiVl -f Y2»2 + Y3«'3 (Y1. Y2, Y3 = 0, 1, • ■ P — 1) 

give p3 distinct marks of the field. We may continue similarly 
till all the marks are exhibited in the form 

Yi»i + Y2»2-| hlrPn, (Yi = 0, l,2,---,p— 1; f = «) 

and these give p” marks, so that s = p”. 

In § 64 we shall show that a finite field exists of every order 
p" where p is a prime and « is a positive integer. 

III. The additive group of a field of order p" is 
an Abelian group of type (1, 1, • • •, 1). 
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We have seen that this group is Abelian. Its order s is p" by 
Theorem II. It remains to be observed that each element 
(besides the identity) in the group is of order p ; and this is 
obvious, since «,• + Mi + • • • + Mi = UiUi + UiUi -+-•••+ UiUi 
= Mi(Mi + Ml + ■ • • + «i) and this is tta when the number of 
terms in the parenthesis is p. 

A rational integral function in any number of variables xi, X 2 , 
• • is said to belong to the field if its coefficients are marks of 
the field. It is irreducible in the field if it is not identically the 
product of two functions belonging to the field, each involving 
one or more of the variables Xi. An equation between functions 
which belong to the field is itself said to belong to the field. Let 
M be any mark of the field and form the m + 1 marks 

mo, m^, M". 

These, as we have seen, may be expressed in the form 
M» = Cafix + Ci2V2 -i h CinVn, (i = 0, 1, •••,«) 

where vi, V 2 , ■ • Vn are the marks denoted by these symbols in 

the proof of Theorem II and where the Ci^ are integral marks of 

the field. Hence integral marks po, Pi,---, Pn, not all zero, exist 

such that . , 1 , , , , „ 

Pomo 4- piM^ + paM® d 1- PnU^ = 0, 

as one sees by eliminating vi, V 2 , ■ ■ •,Vn from the foregoing « + 1 
equations. Therefore we have the following theorem : 

IV. Any mark m of a finite field of order sat- 
isfies an equation of degree ksn, 

CkX^ 4- Ck-ix^~^ 4- . . . 4_ 4“ Co = 0, (pk ^ 0) 

where co,Cu---,Ck are integral marks of the field. 

If k is taken to be the lowest possible degree for such an equa- 
tion satisfied by a given mark m, then the equation is evidently 
irreducible in the sense that the first member cannot be 
separated into factors of positive degrees and with coefficients 
which are integral marks of the field. The term irreducible 
equation, when used without_qualification, will have the mean- 
ing here assigned to it. 
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As we have already seen, the marks Ui, U 2 , ■ ■ ■, form an 
Abelian group if the law of combination of symbols is that of 
multiplication of the marks of the field. The order of this group 
is s — 1 = /)’*— 1. The order of an element u of this group is 
therefore a factor oip^-l-, this order is called the order of the 
mark u in the field. Every mark u of the field, different from 
Mo, satisfies the equation 

x^"-i = 1 , 

as one sees from the properties of the multiplicative group of 
the field. Hence, 

V. Every mark of a field of order satisfies the 

equation x’’” — x = 0; 

p”-i 

and we have ~ x = n (^ - Ui)- 

i-O 

As in algebra, one may prove the following theorem : 

VI. If an equation of degree k (and not an iden- 
tity) belongs to the field it has at most k roots in 
the field. 

VII. If i is a divisor of — 1, the equation 

has exactly d roots in a field of order 
For we have an identity of the form 


where jj, = (p”- — 1) / d ■, the last factor is zero for at most 
{fx — V)d marks of the field while the first member is zero for 
every nonzero mark of the field ; whence it follows that x!^—l 
is zero for d marks of the field. 

Let us write pn_i — 

where pup 2 , • • -.Ph are the distinct prime factors of p" — 1. 
Then the equations 

— 1 = 0 and — 1 = 0 
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have pi^ and as roots respectively. Hence there are 

or p, 

marks of the field having the order Let w, be a mark 
having the order />,•“» (2 = 1, 2, k). Then coim - ■ ■ Wk has 

for its order • • ■ Pk°‘K or />" — 1. A mark of the field 

having />" — 1 for its order is called a primitive mark of the field. 
If w is a primitive mark of the field, then the marks 

CO, CO^, CO®, - • ■, co®’’*~^ 

are all distinct. They are therefore in some order the marks 

UU U2, • • •, Ms-l- 

VIII. All the marks of the field except the mark 
uo are powers of any given primitive mark of the 
field. Hence the multiplicative group of the field 
is cyclic. 

Let CO be any primitive mark in a field of order p”-. Then 
(Theorem IV) it satisfies an equation of the form 

CkX'^ + Ck-ix^~'^ -i 1- Ci;i: + Co = 0, {k= n; Cky^O) 

where co, Ci, • ■ Ck are integral marks of the field. Then co*', 
and hence every power of co, c:an be expressed in the form 
7fc_iCo*’~i . 4. + 70, 

where 70, 71 , • • •, 7*-i are integral marks of the field not all 
equal to zero, as one sees readily by repeated multiplication 
by CO and reduction of the degree by means of the relation of 
degree k satisfied by co. The number of expressions of the 
named form is p*’ — 1 and the number of distinct powers of 
CO is p" — 1 ; hence, since ^ = «, we see that k — n. From this 
result and the remark following Theorem IV we have the 
following theorem : 

IX. A primitive mark of a finite field of order p”- 
satisfies an irreducible equation of the form 

X” + Cix”'~ ^ + • — h = 0, 

where ci, C 2 , •••,€« are integral marks of the field. 
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Cor. I. A primitive mark satisfies no equation of 
degree less than n the coefficients of which are inte- 
gral marks of the field. 

Cor. II. The quotient 

X'^ + + ■ • • + 

can be expressed as a polynomial in x with coefficients 
which are integral marks of the field. 

In order to establish this corollary let us apply to the func- 
tions in the numerator and the denominator of the fraction 
Euclid’s process for finding the greatest common divisor. Every 
quotient and every remainder obtained by this process will 
be a polynomial in x with coefficients which are integral marks 
of the field. Hence the greatest common divisor is either a 
constant or a polynomial with integral coefficients. But it can- 
not be a constant, since the two given functions have the com- 
mon factor X — CO. Since it is a polynomial with integral coeffi- 
cients, it must be the denominator poljmomial itself, owing 
to the fact that that polynomial is irreducible. The named 
quotient can then be expressed in the form described in the 
theorem. 

Cor. III. The equation in the theorem has n dis- 
tinct roots in the field. 

This follows at once from Corollary II and the fact that the 
equation — x = 0 has p”- distinct roots in the field. 

Let p be any root of the equation in Theorem IX. Then 
every power of p can be expressed in the form 

7„_ip”~^ -!-•■■ + YiP + 7oi 

where 70, 7i, ■ • •, 7n-i are integral marks of the field, the 
method being that employed in the proof of Theorem IX. 
Likewise every power of cj can similarly be expressed in the form 

7„_iw" -h ■ ■ ■ 7iw +■ 70- 
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The ordered set of coefficients in the expression for p' is the 
same as that in the expression for a*, as is evident from the 
way in which the expressions are formed. But the — 1 
ordered sets of coefficients 7 corresponding to the powers w, 
co^ • • •, are distinct, since w is a primitive mark. Hence 
the — 1 ordered sets of coefficients 7 corresponding to the 
powers p, p®, • ■ ■, are distinct. Therefore if any two of 
these powers of p are equal, the mark p satisfies an equation 
(not an identity) of degree at most as great as « — 1 and with 
integral coefficients. But this is impossible, since p satisfies an 
irreducible equation of degree n with integral coefficients and 
therefore satisfies no such equation of degree lower than n, as 
may be shown by means of Euclid’s algorithm for finding the 
greatest common divisor. Hence the powers p, p^, • ■ pJ’”~i 
are all distinct. Therefore p is a primitive mark of the field. 
Hence, 

X. Every root of the equation in Theorem IX is 
a primitive mark of the field. 

We are now in a position to prove the following fundamental 
theorem : 

XI. Any two finite fields of the same order are 
abstractly identical. 

Let Ffp”] and Ffp”] be any two finite fields of order p”-. 
Each of them has the integral marks 0, 1 , 2, ■ ■ ■,p — 1. We 
make each of these marks in one of the fields correspond to the 
same mark in the other field. Their laws of combination in 
the two fields are evidently the same. Let w be a primitive 
mark of Ff/;"]. Then (Theorem IX) co satisfies an irreducible 
equation of the form 

W^{x) = a" 4- cix:"-! 4 h = 0, 

where ci, C2, • • •, are integral marks of the field. The function 
Wn{x) (Theorem IX, Corollary II) is a factor of x^” — x, the 
complementary factor having integral coefficients. The only 
marks of the field F[p"] which are employed in effecting the 
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division of by Wn(x) are the integral marks. Hence 

the s^e division may be effected, and in the same way, in the 
field since that field has the same integral marks as 

/■[/>"] with the san^ laws of combination. Hence Wnix) is a 
factor of a:*’’' — x\n F[>"]. From Theorem V it follows then that 
the equation Wnix) = 0 has n distinct roots in the field 
Let c5 be any one of these roots. Then we establish a corre- 
spondence between the two fields F[/>”] and FO"] by making 
each power of w correspond to the like power of w and by making 
the zero element in one field correspond to the zero element in 
the other. We have to show, among other things, that this is 
consistent with the correspondence of integral marks already 
set up. If a given power of co is expressed in the form 

..j 1_ _[. y^^ 

and the like power of S in the form 

^ f. 

as in the proofs of Theorems IX and X, then it is evident that 
yi= = 1, — 1). From this it follows that the 

integral marks correspond in the way already described. As in 
the proof of Theorem X, it may now be shown that w is a primi- 
tive mark of FL/?"]. Moreover, since the integral marks in the 
two fields have the same laws of addition, it follows firom the fore- 
going expressions for the powers of co and co that all the corre- 
sponding marks have the same laws of addition in such a way 
that the indicated correspondence exhibits the additive groups 
of the two fields as simply isomorphic. This correspondence 
evidently exhibits the multiplicative groups of the two fields as 
simply isomorphic. Since these two simple isomorphisms are 
exhibited by one and the same correspondence of marks in the 
two fields, the two fields are said to be abstractly identical ; and 
the theorem is proved. 

From this theorem it follows that a particular finite field, so 
far as its abstract properties are concerned, is completely 
specified by its order. 

63. Galois Fields. In order to prove the existence of finite 
fields we develop, in this section and the next, the properties of 
a particular form of finite fields known as Galois fields. 



252 


Groups of Finite Order 


Let P{x) be a given polynomial in ^ of degree n with integral 
coefficients not all divisible by the given integer p. Let F{x) be 
any polynomial in x with integral coefficients. On dividing 
F{x) by P{x) we obtain a quotient Qix) and a remainder of 
degree w — 1 at most, which remainder may be written in the 
form /(a:) -^-pqix), where 

jix) = Co + dix + a 2 X^ + ■ • • + an~ix'^~^. 


each of the coefficients belonging to the set 0, 1, 2, • • 
and where q{x) is a polynomial with integral coefficients, 
we have ^ p . p{x) 


P~l, 

Then 


We call /(a:) the residue of Fix) modulis^? and Pix) and we write 


Fix) =fix) [modd p, Pix)'\. 

This is said to be a congruence with a double modulus. The 
totality of functions F(a;) which can be obtained by holding 
' fix) fixed and varying qix) and Qix) in all possible ways subject 
to maintaining the named properties of qix) and Qix) constitutes 
a class of residues which is completely determined by fix) and 
the given p and Pix). Two polynomials in x with integral 
coefficients will be called congruent modulis p and P(x) when 
and only when they belong to the same class of residues modulis 
p and Pix). The number of distinct classes of residues modulis 
p and Pix) is equal to the number of functions of the form/(x) 
with the stated restrictions, and hence this number is p”', since 
each of the n independent coefficients <7, may have any one of 
p values. If each is zero, we shall denote the corresponding 
class by Co ; Co is said to be the zero class. 

If we have 


Piix) =fiix) +p ■ qiix) + Pix) ■ Qiix), ii = 1, 2) 

then it is obvious that the class to which any one of the func- 
tions Fiix)+F 2 ix), Fiix) — F 2 ix), Fiix)F 2 ix) belongs is com- 
pletely determined by the corresponding ftmction/i(x) +f 2 ix), 
fi (^) —hix), fiix)f 2 ix). Hence classes of residues modulis p and 
Pix) combine uniquely under addition, subtraction, and multi- 
plication. In order that the division of an arbitrary class by any 
class C different from the zero class Co shall lead uniquely to a 
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third class, it is necessary that the equation CiC = Co shall imply 
that Ci — Co. In order that the equation C.C = Co shall always 
imply that C, = Co, it is necessary that p shall be a prime num- 
ber, as one may see readily from a consideration of those classes 
for which the coefficients ai, a^, ■ • On-i of the corresponding 
f(x) are all zero (compare the proof of Theorem I in § 62). It is 
also necessary that P{x) shall be irreducible modulo p, that is, 
shall be incapable of verifying an equation of the form 

P{x) = Pi(r)P2(r) -l-pPafr) 

where the Pi{x) are polynomials in x with integral coefficients, 
the degrees of Pi{x) and P2{x) being positive and less than the 
degree of P(x) ; for, if P{x) is reducible modulo p, so that we 
have an equation of the foregoing form, then the classes corre- 
sponding to Pi{x) and P2{x) are both different from Co while 
their product is Co. Hence if the classes of residues are to con- 
stitute a finite field it is necessary that p be a prime and that P(x) 
be irreducible modulo p. We shall show that this condition is 
also sufficient. 

It is convenient first to introduce a definition and demon- 
strate a theorem needed in the proof. 

If Fix) is a polynomial in x with integral coefficients, and if 
polynomials Giix), G 2 (r), Gzix) in r with integral coefficients ex- 
ist such that _ Gi(x)G 2 (x) -|- pGzix), 

then Fix) is said to have modulo p the factors or divisors Gi(r) 
and Gzix) and we write Fix) = Giix)G2ix) mod p. 

XII. If Fix) and Gix) are two polynomials in r 
with integral coefficients, and if they have modulo a 
prime p no common factor containing x, then poly- 
nomials Fiix) and Gi(r) in x with integral coefficients 
exist such that 

Fiix)Fix) - Giix)Gix) = 1 modp. 

For every integer a prime to p there exists an integer /3 
such that a/3 = 1 mod p. Hence we have congruences of the 
form pijxf = aAix), Gix) = bBix) mod p 
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where the coefficient of the highest power of x in A(x) and in 
B{x) is unity and where the remaining coefficients are integers. 
For definiteness, suppose that the degree of A{x) is not less 
than that of B{x). Now apply to A(x) and B(x) the usual 
process for finding the greatest common divisor, modified by 
a reduction modulo p, writing each remainder in the form 
tR{x), where r is an integer and the leading coefficient of R{x) 
is unity. Then we have modulo p a set of congruences of the 
form ^ , 

B = RiQ2 + r22?2, 

Ri = R 2 Q 3 + ' 

Rlt-2 = Rk-lQk + TkRk- (Rk = 1 ) 

From these congruences we derive readily congruences mod- 
ulo p of the following form : 

= AiA-. 

> = A2A — , 

• • TjeRk = AkA — BkB, 

where the Ai and Bi are polynomials in x having integral 
coefficients. 

Now Ti, T 2 , ■ • rj, are all prime to p, since otherwise A{x) 
and B{x) would have modulo p a common divisor containing x, 
contrary to hypothesis. Hence an integer r exists such that 
r ■ abnr 2 ■ • • n = 1 mod p. Then we have 

1 = Tabr\r 2 ■ ■ ■ rk = rabAkA — rabBkB mod p ; 
or rbAkF — raBkG = 1 mod p. 

This result implies the theorem stated. 

Cor. If is a prime and P{x) is irreducible modulo 
p and if F{x) ^0 [modd^, P(x)], then a polynomial 
F\{x) with integral coefficients exists such that 
Fi(x)F(x) = 1 [modd^, P(x)]. 

Let us now return to the classes of residues modulis p and 
Fix), where ^ is a prime and P{x) is irreducible modulo p. 
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Let C denote any one of these classes different from the zero 
class Co. Then from the preceding corollary it follows that a 
class r exists such that CT is the class 1, that is, the class of 
polynomials congruent to 1 modulis p and Fix). Hence if C is 
any one of the classes, we have 


Since ST belongs to the class of residues, it follows that the quo- 
tient class CJC always easts when C is different from the zero 
class Co. If C = CQi and C = CQ 2 , then Co = C — C = C(Qi — Q 2 ), 
whence it follows that Qi — Q2 = TCo = Co ; therefore division 
of these classes is unique, the divisor being different from Co- 

We have thus proved the following theorem : 

XIII. The classes of residues modulis p and P{x) 
form a finite field of order when and only when 
p is a prime and P(x) is a polynomial with integral 
coefficients which is irreducible and of degree n 
modulo p. 

The finite field formed by these />" classes of residues is 
called a Galois field of order It is denoted by the symbol 
CFO"]. 

It is evident that the GF[^"], when existent, contains the 
marks 0, 1, 2, p — 1 and that these constitute the GF[p] 
formed by taking x for P{x). 

The absence of the symbol Pix) from the symbol GF[p"] 
for the field is justified by the following fact, a consequence of 
Theorem XI : If a second polynomial P{x), irreducible and of 
degree n modulo p with integral coefficients, is used in the 
formation of a Galois field of order p”, that field is abstractly 
identical with the field formed by means of the given poly- 
nomial P(x) ; whence it follows that a particular Galois field, 
so far as its abstract properties are concerned, is completely 
determined by its order. Moreover, it is abstractly identical 
with any finite field of the same order. 
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64. Existence of Galois Fields. It remains to establish the ex- 
istence of Galois fields of every order by proving the follow- 
ing theorem : 

XIV. A Galois field of order exists for every 
prime p and positive integer n. 

For the proof of this theorem it is sufficient, in view of 
Theorem XIII, to demonstrate the following theorem : 

XV. For every prime p and positive integer n 
there exists a polynomial P{x) with integral coeffi- 
cients which is irreducible and of degree n modulo p. 

When « = 1, we may take x+1 for P{x). Hence the GF[p] 
exists. We may therefore employ this field in the proof. 
Theorem XV will be proved by aid of a sequence of theorems 
which will be given next. 

XVI. If F{x) and G(x) are polynomials belong- 
ing to the GF^pl and if they have no common divisor 
containing a: and belonging to the GF\p] and if G{x) 
is a factor of E{x)F{x), then G{x) is a factor of E{x). 

From the hypothesis we have an equation of the form 
E{x) ■ F{x) — G{x) ■ S(x). 

But from Theorem XII we have in the GF[/>] the equation 


From these two equations we have 

E(,x) = G(,x) [S(x)Fi(x) - Eix)Gi(x)l 
whence the conclusion of the theorem follows. 

XVI I . A polynomial F{x) in x belonging to the 
GF[p] can be separated into factors belonging to and 
irreducible in the GF1>] in just one way. 
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It is evident that there exists a factorization of the sort 
described ; for a reducible polynomial may be separated into 
factors, and a reducible factor may again be so separated, and 
so on. If we have 

F{x) = FxF2---F^=fih---U 

and the Fiix) and/, (a:) are irreducible in the GF[/)], then Fi must 
(by Theorem XVI) be equivalent to one of the say /i. Then 
we have F 2 • • • Fx equivalent to /2 ■ ■ • Thence we find F 2 
equivalent to /2 in a similar way, and so on. It is now obvious 
that X = ju. 

XVIII. If Fix) is a polynomial in x of degree n 
which belongs to and is irreducible in the GF\p\, then 
Fix) is a factor of x^'^ — x, and the complementary 
. factor belongs to the GF[p\. 

Since Fix), by hypothesis, has integral coefficients, is of degree 
n, and is irreducible modulo p, it may be employed in the forma- 
tion of the GF[/?'‘]. Let u be any mark of this GFlp") different 
from the zero mark. Then (Theorem V) 

Mf" — M = 0 ; 

that is, — « = 0 mod Fix), 

the congruence being taken in the GFip). Taking x for u, we have 
the result stated in the theorem, since actual division obviously 
leads to a complementary factor of the form stated. 

XIX. Let/(x) be a polynomial in x belonging to 
the GF{p\ and let t be any positive integer ; then in 
the GF\p] we have 

six^*) ={fix)y. 

If we write fix) = co + ciix -}-••• -f cikx’‘, then we have 

Uix)Y = ao^ + ai^x^ H h Ok^x^^ 

— Oof- a\x^ + • • • + OkX^’^ =fix^). 

Raising to the ptYi power successively for t times, we have 

lfix)y =ao + aix^' H -h =/(x^‘). 
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XX. If F{x) is a polynomial of degree m belong- 
ing to and irreducible in the GF{p\, and if F{x) is a 
factor of x^*' — X in the GF\J>\, then ^ is a multiple 
of m. 

If we write t = sm-\-r {0= r < m) and employ Theorem 
XVIII, we have in the GFD&] 

0 = — x = — x = x'^'' — X mod 

Then if f{x) is any mark of the GF[^’"] formed with F{x), 
•W& have, by aid of Theorem XIX and the congruence 
mod F(_x), the relation 

mx)y=f(xn mod nx). 

Hence every mark of the GFlp™2 satisfies the congruence 
«?’■ — « = 0 mod F(x). 

Now this congruence is satisfied by p”^ distinct marks, while 
/>’■ < p”'. Hence (Theorem VI) the congruence must be an 
identical congruence. Therefore r = 0, and hence t is a multiple 
of m. 

From the foregoing theorem we have readily the following : 

XXI. A factor of a;*’" — x which belongs to and is 
irreducible in the GFlpI will be of degree n if and 
only if it is a factor of no function of the form 

a ;*’' — X, 

where is a proper divisor of n. 

We next prove the following theorem : 

XXII. The function a;^* — x contains no repeated 
factor belonging to and irreducible in the GF{p\. 

To establish this proposition we suppose that — x con- 
tains modulo p a factor [F(a:)]®, where F{x) is a polynomial of 
positive degree belonging to and irreducible in the GF[/>], and 
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then show that we are led to a contradiction. Let G(x) be a 
polynomial of degree p‘ such that [F(x)]2 is a factor of G(x) in 
the ordinary sense of algebra while at the same time G(x) 
= x^‘ — xmodp. Then the derivative G'(x) of G(x} with re- 
spect to X is divisible by F(x) in the ordinary sense of algebra, 
as one sees from the usual theory of multiple roots of poly- 
nomials. Hence G'(x) is divisible by F(x) in the GF[p]. But 
G'(x) = - 1 mod p, so that G'{x) = - 1 in the GFlPl. But - 1 is 
obviously not divisible, in the GF[p], by a polynomial of the 
form of F{x), for we should then have a contradiction with 
Theorem XVII. Since we are thus led to such a contradiction, 
we conclude to the truth of the theorem. 

We are now able to determine the number of polynomials in 
X of degree n each of which belongs to and is irreducible in the 
GFlp"]. For this purpose let ^i, 52 , ■ • S'x be all the distinct 
prime factors of n, and form the expression 


M-n 

1 1 

lJ 1 

• n 

n 

. . . . 

n 

w" 

.Qi. 

-n 

n 

JliQjQk_ 

. . . . 


where M denotes the expression M = x^ — x and where the 
products n are taken for all the combinations of distinct <fs, 
in the numbers indicated, each product 11 in the numerator re- 
ferring to an even number of the ?’s and each one in the de- 
nominator to an odd number of the ?’s. Let F{x) be a factor of 
— x of degree v (v < n) belonging to and irreducible in the 
GF[f>]. Then is a proper factor of n (Theorem XX). Let t be 
the number of the primes gi each of which enters into w to a 
higher power than that to which it enters into v. Then F(x) 
enters into the numerator of the expression for to a power 
whose exponent is 

1 Cf9. *4- G/4 “i“ ■ * ■ 

and in the denominator to a power whose exponent is 

Ca -j- Ci3 -|- Cjs -!-•••, 

where Ctk denotes the number of combinations of / things 
taken /fe at a time. The last two sums are equal, since their 



260 


Groups of Finite Order 

difference is equal to (1 — 1)‘. Hence (Theorem XXI) every 
factor of Vn which belongs to and is irreducible in the Gf [p] 
is of degree n. If JV„ denotes the number of such factors, each 
with leading coefficient imity, then is the degree of 
hence 

WA^n =p"- H (— 

The number in the second member is not zero, since its quo- 
tient by its last term is congruent to 1 modulo p. Therefore 
Nn > 0. Hence there exists a polynomial in x of degree n which 
belongs to and is irreducible in the GF[p] ; and N„ is the num- 
ber of such polynomials, as one sees by aid of Theorems XXII 
and XVIII. 

This conclusion contains the proposition stated in Theo- 
rem XV. Therefore a Galois field exists of order p'^ for every 
prime p and positive integer n. But we have seen that the 
order of any finite field is of the form p" (Theorem II) and that 
any two fields of the same order are abstractly identical (Theo- 
rem XI). From these considerations we have the following 
theorem : 

XXIII. A finite field of order exists for every 
prime p and positive integer n, and every such field 
is abstractly identical with the Galois field of the 
same order. 

Hereafter we shall use the S5mbol GF[p”] to denote indiffer- 
ently the Galois field or the abstract field of order p". 

65. Inclusion of One Finite Field within Another. We shall 
now prove the following theorem : 

XXIV. A finite field of order p” contains a finite 
field of order p^ when and only when ^ is a factor of n. 

The larger field is said to contain the included field as a 
subfield. 

If w is a mark of the field Ffp"] of order p'^ and is a primitive 
mark of an included field F[p*] of order p*, then u is of order 
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— 1 , and therefore p’^ —I is a factor of — 1. Write 
n — ak + where a and /3 are integers and 0 < ^ s k. Then 

p”-l = - 1 = {p'^yp^ —l=p»-l mod p’‘ - 1 . 

Hence k = since j!?*' — 1 is a factor of — 1 and therefore 
of — 1 ; hence ^ is a factor of n. 

Let V and w be marks of F[^“] such that 

= V, — w. 

Then {vw)f^ = viv, {v ± i tv^ = v±w. 

Moreover, if 5 ^ 0 and »i is the mark of the field F[p"] such 
that vvi = 1 , then we have 

whence = 1 . 

From these results it follows that the zero mark and the 
marks whose orders are factors of — 1 constitute a field. 
This field contains a mark of order p’‘ — 1, since p’‘ — 1 is a 
factor of p’^ — 1; and it does not contain any mark of order 
higher than p^ —1. Hence the field is of order 
These results imply the truth of the theorem. 

Cor. The integral marks in the field constitute a 
field of order p. 

EXERCISES 

1. For the case of the field GF[2®] show that the function P(x) of 
§ 64 is 4 . X + 1. 

2. For the case of the GFfS®] show that for the function Pix) of 
§ 64 we may take 4 . + * + 2, or + 2 * + 2. 

3. Construct addition and multiplication tables for the GF[2®], 
GF[5], and GF[32]. 

4. The number of primitive marks in the GF[^"] is 4>{p’' — 1), where 
<l> denotes Euler’s ^-function. 

5. If w is a primitive mark of the GF1J>’'] and d is any factor of 

p" — 1, then is a mark of order d ; and the number of marks 

of order d is 4>{d). 
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6. A nonzero mark of the is called a square if it is the square 

of some mark in the field ; otherwise it is called a not-square. Prove 
the following propositions : 

(1) If p = 2 every nonzero mark in the field is a square. 

(2) If p is odd the even powers of a primitive mark are squares and 
the odd powers are not-squares; and the reciprocal of a square 
[not-square] is a square [not-square]. 

7. Show that a root co of the equation + 1 = 0 in the (Pi^[3®] 

is a primitive mark in the field. 

8. In the Gi^[2®] show that a root x of the equation + x + 1 = 0 

is of order 73 while x + -h x"^ of order 7, and thence 

show that x{x + x^ + x^), or 1 + x x^ x^ + x'^ + x^, is ^ 

primitive mark in the field and that it satisfies the equation 

y® + y® + 3^ + j 4- 1 = 0. 

9. In the Galois fields indicated below, the given equations have 
as roots primitive marks of the corresponding fields, n in each case 
denoting the degree of the given equation : 

GF\2 ^'] : = X + 1, x^ = X + 1, x^ = x-\- I, x^ = x'^ 1, x® = x 4- 1, 

^x-]rl, 4- 4- + 1, X® = X® 4- 4“ -h 4“ X 4- 1 ; 

GF[3T : x^ = 2 X 4- 1, x3 = X 4- 2, = 2 x3 + 2 x2 + X 4- 1, X® = X 4- 2, 

X® = X 4- 1 ; 

GF[5 ^] : x^ = 2 X 4- 2, x^ = 2 x 4- 3, x^ = x^ 4- x 4- 2, x® = x + 2, 
X® =: X® “ x^ 4* x^ — 2 X — 2 J 

GF[7^] :x2 = x-3, x3 = x-2, x4=2x3 4-2x4-2, x5 = 6x 4-3; 
GF[11”]: x2 = 4x-2; 

GF[13^] : x2 = X +1. 

Verify at least a part of this table of equations having primitive marks 
as roots. 

10. Show that the group G generated by the transformations 

x' = X 4- 1, x' = x^ x' = X + x^ 

in the GF[3^] permutes the 24 nonintegral marks of the GFp^] accord- 
ing to an imprimitive (transitive) group of degree 24. 

11. Consider the totality of transformations of the form 


x' = p(x) 



Galois Fields 


263 


in the GF[p^] (n> 1), where P{x) is a polynomial in x whose coeffi- 
cients belong to the included field GF[p’’], v being a proper divisor of 
«, and P{x) is such that the transformation induces a permutation 
on the marks of the Show that this totality of transformations 

induces a permutation group on those marks of the GF[p^] which are 
not in the included field GF[p^], and prove that this cannot be a 
primitive group. 

12. Show that the transformations x' = x-\- 1, x' = x^ — 2 x^ in 
the GF[7] generate a group which permutes the seven marks of the 
field according to a doubly transitive group of degree 7 and order 168. 

13. Using 00 to represent i/O when 0 and adjoining oo to the 
GF[7], show that the transformations in Ex. 12 and the transformation 

— l/x induce on the eight symbols named a triply transitive 
group of degree 8 and order 8 • 7 • 6 • 4. 

14. Show that in the GF[11] to which oo has been adjoined to stand 
for i/0, where i ^ 0, the transformations 

x' = x + 1, x' = Ax^ — Zx'^, x' 

X 

induce a quintuply transitive group of degree 12 and order 

12 • 11 • 10 • 9 • 8, and that this group contains as a subgroup a 

triply transitive group of degree 12 and order 12 • 11 • 10 • 6 induced 

by the first and third of the given transformations and the square 
of the second, namely, the transformation x' = 7 — 6 x^. (Compare 

Ex. 12 on page 151 and Ex. 17 on page 165.) 

15. Show that in the GF[23] to which oo has been adjoined to stand 
for i/0, where zV 0, the transformations 

x' = x 1, %' = — 3 4- 4 x' = — - 

X 

induce a quintuply transitive group of degree 24 and order 

24 • 23 • 22 • 21 • 20 • 16 • 3. (Compare Ex. 9 on page 164.) 

66. Analytical Representation of Permutations. Let uo, Ui, Wo, 
‘ • •, Us-I (s=p^) denote the marks of the GF[>^. Let any given 
permutation on these marks be denoted by the symbol 

Uo W2 * * • Us-l \ 

An analytic representation of this permutation is afforded by 
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the Lagrange formula for interpolation. In fact it is easy to 
verify that the equation 

Kx) = 

s—l 

where F{x) = 11 (^ — ui) 

1=0 

and F'{x) denotes the derivative of F{x) with respect to x, 
defines a function ^(x) such that the transformation x' — \p(x) 
induces precisely the given permutation of marks of the field. 
It is obvious that ipix) is a pol 3 momial in x, of degree less than 
p", whose coefficients belong to the GF[p"]. A polynomial 
^(_x) belonging to the GFlp'^} and such that the transformation 
xf = ip(x) induces a permutation on the marks of the field is 
called a substitution polynomial in GFfp"]. We shall always 
suppose that the degree of such a polynomial is less than p^, 
since any polynomial in GFlp^l may be reduced to one of such 
degree by means of the relation xp'^ =^x, which is verified by 
every mark in the field. 

XXV. Two distinct substitution polynomials, 
and i^zix), both belonging to the GF[^”], can- 
not induce the same permutation on the marks of 
the field. 

If we assume = tpziUi) (i = 0, 1, — 1), then the 

equation ^piix) — 4 ' 2 {x) = 0 has p”- roots in the field, while its 
degree is less than p'^ ; a result in contradiction with Theo- 
rem VI of § 62. 

XXVI. A necessary and sufficient condition that 
\p(x) shall be a substitution polynomial in the GF[p”'] 
is that f{x) shall be a polynomial in the GF[/)”], of de- 
gree less than p", such that each of the equations 

^(x) = Ui {i = 0, 1, 2, • • •, p”- — 1) 

shall have a solution. 


V '>X*ii)Fix) ^ 
.To 
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For in this case the marks ^l/(uo), ^(ui), ■ ■ ■, are in 

some order the marks uo, u\, ■ • •, Us-\, since the former set 
contains at most s distinct marks and contains all the s marks 
in the second set. 

Cor. I. The condition in the theorem is equiva- 
lent to the requirement that the marks 
■ ■ ■, iS/{us-i) shall all be distinct. 

Cor. II. If m is less than — 1, then a necessary 
and sufficient condition that shall be a substitu- 
tion polynomial is that m shall be pr im p to p” — 1 . 

When m and p* — 1 have a common divisor greater than 
imity, the marks Mq”*, Mi”*, ■ • •, Mj-i”* are not all distinct 
(Theorem VII, § 62). lim and p" — 1 are relatively prime, then 
integers a and 0 exist such that am -f- /3(p“ — 1 ) = 1 . Then if 
$ and ri are nonzero marks of the field such that = tj*", 
we have = 17 “’", whence whence 

^ = 7]. Thence the required result follows by aid of Corollary 1. 

67. Linear Groups in One Variable in GjF[p"j. Let us con- 
sider the totality of transformations of the form 

x' = ax + b 0) 

on the marks of the GF[p”], the coefficients a and b being marks 
of this field. Each of these induces a permutation of the marks 
of the field (Theorem XXVI), since the equation ax + b = 0 
obviously has a solution x in the GF[P”] whenever a, b, 0 are 
marks of this field and a 0. The product of two transforma- 
tions of the given set obviously belongs to the set. Since the 
number of transformations in the set is finite, it follows that the 
named totality constitutes a group. The order of this group is 
p"(p” — 1 ), since a and b range independently over all the marks 
of the field except that a must not be the zero mark. 

Now if a and 0 are any two given distinct marks of the field, 
the transformation + a 

replaces the values 0 and 1 of a; by the respective values a and 0 
of x'. Therefore the permutation group induced on the p” marks 
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of the field by the transformation group in consideration is a 
doubly transitive group. The subgroup leaving the mark zero 
unchanged is induced by the transformations x' = ax-, and 
this is a cyclic group, since it is generated by the transformation 
x' = 03 X, where co is a primitive mark of the GF\P'^']. Hence we 
have the following theorem (generalizing a result obtained in 
§40): 


XXVII. For every prime p and positive integer n 
there exists a doubly transitive group of degree 
and order p'^ip'^ — 1) which contains a cyclic sub- 
group of degree and order — 1. 

68 . Linear Fractional Groups in One Variable in Let 

us now adjoin to the the symbol co to represent any 

formal quotient m/0, where m is a nonzero mark of the field. 
Then we have all told p'^ + 1 symbols. It is easy to show that 
these symbols are permuted among themselves by every trans- 
formation of the form 

x' = (^ad -bc^Q) 

cx + d 

where a, b, c, d are marks of the and x and x' are variables 

ranging over these marks and the symbol oo. The number of 
transformations of this form is obviously finite, while it is easy 
to show that the product of any two of them is also a transforma- 
tion of the same form. Hence the totality of transformations 
of this form constitutes a group; and this group induces a 
permutation group on the named />” + 1 symbols. 

The order of the transformation group is readily determined. 
If c = 0 we may take d = 1 without loss of generality ; then we 
obtain the p”-{p”- — 1 ) transformations employed in the previous 
section. If c 5 ^ 0 we may take c = 1 without loss of generality. 
Then a and d may range independently over the marks of the 
field, while for each pair of values of a and d the symbol b may 
take just p’^ — 1 values, since ad — be 7 ^ 0 ; thus, when c 0 
we have just p” • p^(p^ — 1) transformations. Adding this 
number to the number of linear transformations, we obtain the 
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sum ip'^ + l)p”'{p”- — 1) ; and this number is the order of the 
transformation group. 

Now the corresponding permutation group G on the + 1 
symbols is transitive, since it is transitive on the symbols ex- 
clusive of oo and contains the element x' = Ifx which replaces 
00 by 0. The largest subgroup of G each element of which leaves 
00 fixed is the doubly transitive group described in the preceding 
section. Hence we have the following theorem (generalizing a 
result obtained in § 40) ; 

XXVIII. For every prime p and positive integer 
n there exists a triply transitive group of degree 
-\-l and order — 1) which contains 

a cyclic subgroup of degree and order p” — 1. 


69. Certain Doubly Transitive Groups of Degree p. Let us 
consider the totality of transformations of the form 

x' = ->rb, (o piS 0 ; / = 0, 1, ■ - n — 1) 


where a and b are marks of the GF[/)"] and x and x' are variables 
running over the marks of the GFlj)”]. It is easy to see that 
each of these transformations induces a permutation on the 
marks of the field, that the product of two transformations in 
the set is a member of the set, and hence that these transforma- 
tions form a group which induces a permutation group G of 
degree on the marks of the field. It is evident fi'om § 67 that 
this group is doubly transitive and that its order is — 1)«. 


The elements 


x' — cox, x' = x^, 


where w is a primitive mark of the field, obviously generate the 
group G : for the last two generate a group of order (p" — l)n 
which is transitive on the nonzero marks of the field, whence it 
follows that the three elements generate the entire group. The 
last generator transforms each of the others into itself. There- 
fore, if a is any factor of n, the first two of the given generators 
and the ath power of the last generate a group which is con- 
tained in G as a subgroup of index a, and this subgroup is doubly 
transitive. Hence we have the following theorem ; 
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XXIX. In the the transformations 

X' = X+1, X’ = 03X, x' — x'^°‘, 

where w is a primitive mark of the field and a is a 
factor of n, generate a group of order ~V)n/a. 
whose transformations consist of the totality 

x' = ax^^ -\-b, O', t = a, 2 a, • • 

where a and b are marks of the field. This group in- 
duces on the marks of the field a doubly transitive 
group of degree and order p^{p" — l)n/a. 

When a — n this is the doubly transitive group of degree 
p”- and order — 1) described in Theorem XXVII. We 
shall now determine the other doubly transitive groups of this 
degree and order contained in the group of Theorem XXIX 
for the case a = 1. Such a group contains a regular permuta- 
tion group M of degree and order — 1 on the nonzero marks 
of the field. It is obvious that the corresponding transforma- 
tion group T consists of transformations of the form 

x' = OiX^^K — 1-, 0 = U < n) 

Such a transformation replaces the mark = 1 by the mark 
x! = Oi. Since M is regular on the nonzero marks of the GF[i>”], 
it follows that the coefficients Oi are in some order the nonzero 
marks of the field without repetition 

Now the totality of linear transformations in T constitutes 
a subgroup of T ; and this subgroup is contained in the cyclic 
group generated by the transformation S, 

S ; x' = o)X, 

where to is a primitive mark of the field. Then there exists a 
least positive integer cr such that this linear subgroup is gen- 
erated by S”. It is clear that cr is a factor of the order p’^—loi 
S. If O' = 1 we recover the case of § 67 ; therefore, in what 
follows, we shall suppose that 0 - > 1. Then some of the ex- 
ponents ii are positive. 
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Let t be the least positive value of h appearing among the 
exponents L- in the transformations of T ; and let the transfor- 
mation U, 

U: x' = axp‘, 

be one of the transformations in which ii — t. By taking suc- 
cessive powers of U we obtain transformations with the ex- 
ponents t, 2 t,3t, ■ ■ ■ OTi p. Since these are to be reduced 
modulo n (on account of the equation = u for marks of 
the GF\_p”]), it follows that i is a factor of n. Moreover, since 
t is the least positive value of an exponent /,•, each ti must be 
a multiple of t ; whence one concludes that the exponents /< 
are t, 2 1, 3 t, • ■ If Ti and T 2 are two transformations in T 
with the same value of the exponent ii, then Ti~^T-z is a linear 
transformation and hence is in {S''}. Therefore all transfor- 
mations in T having a given value of ti are products of the form 
TiSi, where Si is in {S''}. Therefore T is generated by S" and 
U. The smallest positive value of X such that LP' is in {S'} is 
\ = n/t. Since T and {S’} are of orders and (p’' — 1) /a, 

it follows that a = n/t and hence that c is a factor of n. 

We have now to determine the further conditions on a-, t, 
and a such that the group {S', t/} shall indeed induce a per- 
mutation group of the type prescribed for M. If d is the great- 
est divisor of a such that c is a dth power of a mark in the 
GFip^l, then every coefficient in {S', U} is a dth power. Since 
d is a factor of p”- and every mark of the GF\_p'^'] occurs 
among the coefficients in the transformations belonging to 
{S', U}, it follows that d = 1. Therefore if 7 is such that 
a = CO"', we must have j prime to cr. We may now combine 
the transformation U with an appropriate power of S' such that 
in the resulting transformation Ui,t of the form U (with the 
same value of t) we shall have the corresponding coefficient of 
the form co', where 0 < l< a and I is prime to v. Then we have 

Ui,t ■■ x' — cj}^xF\ {0 < l< <t; I prime to cr ; ai = n) 

Then {S', U) = {S', Ui.t). 

The sth power of may be written in the form 

yt _ ^((1+P*+P^‘H 


Ui.r. 
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The least positive value of 5 for which this is in {S-'} is s = «// 
= (T. In order that the induced permutation group M shall be 
regular, it is further necessary that the least value of s for which 

+ 

shall be a multiple of a- is s = cr, since otherwise at least one 
mark of the GFip^'\ would occur as a coefficient in two trans- 
formations belonging to {S", 

When the necessary conditions now obtained are satisfied, 
we shall easily show that {S"^, Ui,^ permutes the nonzero marks 
of the GFip^l according to a regular permutation group M. 
The coefficients in the transformations belonging to {S’', Ui,t} 
are the marks 

2, - • (/)« - 
s=l,2, --..(r-l) 

together with the oth power marks appearing as coefficients 
in the transformations of {S"}. No two of these coefficients 
are equal, since the second exponent on w in the foregoing 
expressions is not a multiple of cr and no two such exponents 
have their difference a multiple of cr. Therefore no two trans- 
formations in {S^ Ui,t} have the same coefi&cient, and hence 
that group replaces the value 1 of x by every nonzero mark 
of the field ; whence it follows that Ui,t} induces a regular 
permutation group M on the nonzero marks of the field. 

Since <r > 1 it is easy to verify that the group {S”, Uu} is 
non-Abelian; for the equation S~'’Ui.tS’'= Uu would imply 
that cr(j>' — 1) =0 mod p'’ — 1, and this is impossible, since 

o-(p‘-l)< - l)(j!?‘-l) = (/)«/* -l)(/>‘-l)<p"-l 

when (T < n. 

Among the results now established we have the following : 

XXX. Every noncyclic group T which is con- 
tained in the transformation group G, 
x' = ax*”' + b, (a 9^^ 0; t = 0,1,2, ■ • n — 1) 
where a and b are marks of the GF[^”], subject to 
the condition that T shall be of order — I and 
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shall permute according to a regular permutation 
group M the nonzero marks of the GF[p"], is a non- 
Abelian group {5% where o- (o- > 1) is a com- 
mon factor of n and p" - 1 such that s = c is the 
least value of s for which 1 + -f- ^ ^(s- Of 

is divisible by a, where t = n/a- ; and every such 
group {S% Ui^i} is such a group T. 

The following corollary is now immediate : 

Cor. I. If the elements of {S’', Uit) are the trans- 
formations 

x' = aiK^^, (f = l,2, • •-,^»-l) 
then the transformations 

x' = -f hi, {i ■,p^- 1) 

where for each value of i the s 3 rmbol hi runs over all 
the marks of the induce a doubly transitive 

group of degree p” and order p^ip^ — 1) on the marks 
of the GF[/?”], in which M is the largest subgroup 
each element of which leaves zero fixed. 

Cor. II. lin = at{<T > 1) and ^ is a prime of the 
form ( 72 - 1 - 1 , then there exists a doubly transitive 
group of degree p”' and order p‘^{p” — 1) whose sub- 
groups of degree and order — 1 are non-Abelian. 

Cor. III. Whenever n and />” — 1 are not rela- 
tively prime, there exist * at least two doubly tran- 
sitive groups of degree p^ and order p'^ip" — 1)- 


♦This is in contradiction with a conjecture of Burnside {Messenger of 
Mathematics, 26 (1896) : 147-153; see also the footnote on page 184 of the 
second edition of his Theory of Groups) to the effect that, with an exception in 
the case when ~ 3^, there is always one and just one doubly transitive 
group of degree and order — 1), and in particular with the cases 

n = 2 and n = 3 in which he offered a supposed proof of the conclusion. 
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The existence of one of these groups is asserted by Theo- 
rem XXVII of § 67. The existence of another is asserted by 
the foregoing Corollary I, as may be seen by taking for a a 
common prime factor of n and p" — 1. For if — 1 is divis- 
ible by the prime a, it follows that p‘ = /)■'*= 1 mod a ; whence 
s = cr is the smallest value of s for which 1 + p‘ + p^‘ + ■ ■ • 
^pu-ot is divisible by a. 

From this corollary it follows that there are at least two 
distinct doubly transitive groups of degree p^ and order 
p^{p^ — 1) for every odd prime p. (See Ex. 15 on page 152 
and Ex. 12 on page 286.) For every p of the form 3 z -f 1 there 
are at least two distinct doubly transitive groups of degree p^ 
and order p^{p^ ~ !)• 

70. Certain Doubly and Triply Transitive Groups of Degree 
p” +1. The totality of transformations of the form 

-ill 

> {ad — ic 0; / = 0, 1, 2, — 1) 

where a, b, c, d are marks of the GFip’^'] and a: and x' are vari- 
ables running over these marks and the symbol oo, constitutes 
a group G which induces a permutation group F on the -f- 1 
symbols involved. It is easy to show (compare § 68) that 
the order of G is (/>” + l)p”-{p^ — l)n and that the induced 
group r is a triply transitive group of degree p^ + 1 and order 
(p" -f- l)P’'{p^ — l)n. Moreover, if t is confined to the mul- 
tiples of a divisor a of n, then we obtain a subgroup of G or F 
of index a, this subgroup of F being triply transitive. The 
corresponding doubly transitive subgroups of degree p^ are 
evidently those defined in Theorem XXIX of § 69. Hence we 
have the following theorem : 

XXXI. The transformations 

" {ctd-bC7^QM = Ci,‘lcL,-- 

cx^ + d \ « / 

in the GF[/)"] induce on oo and the marks of the field a 

triply transitive group F,, of degree -t- 1 and order 

{p^ -b l)/)"(^” — V)n/a, a being a given factor of n. 
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When p is odd each of these groups r„ contains transforma- 
tions having determinants which are not squares of marks in 
the field. In such a case just half the elements have determi- 
nants which are squares, since the product of an element with 
a square [not-square] determinant by one with a not-square 
determinant is an element with a not-sqiiare [square] de- 
terminant. The elements in Fa, each of which has a square 
determinant, then constitute a subgroup of Fa of index 2. It 
is easy to see that the elements in such a subgroup may be 
written so that ad — bc= 1-, for if ad — be = k-, then on re- 
placing a, b, c, d by k~‘^a, k~'^b, k~'^c, k~^d, we have a transfor- 
mation of the named form. Moreover, it is easy to see that 
such a subgroup of index 2 in F„ induces a doubly transitive 
group on the />” -|- 1 symbols, since 0 and oo may be replaced by 
any given elements X and m respectively by a suitably chosen 
element of the group. Hence we have the following corollary : 

Cor. When p is an odd prime each of these groups 
F„ contains a subgroup of index 2 w^hose transfor- 
mations have square determinants ; such a subgroup 
induces a doubly transitive permutation group of 
degree -1- 1 and order -t- l)p”(p” — 1)«, a on 
00 and the marks of the field. 


For the case when n is even and ^ is an odd prime the per- 
mutation group induced by the group Fi of Theorem XXXI 
contains one or more additional triply transitive subgroups in 
accordance with the following theorem : 


XXXII. Let p be an odd prime and n be an even 
integer, and let p be any factor of 2 n- Consider the 
totality of transformations of the two forms 


( 1 ) 


X = 


+ d 


( 2 ) 




where 2 sp and (2 s -t- l)p together run over all the 
multiples of p in the set 0, 1, 2, ■ • n — 1 and where 
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ad — be is z. square in case (1) and is a not-square in 
case (2). These transformations form a group Hp of 
index 2 in the group Fp of Theorem XXXI. This 
group Hp induces on oo and the marks of the field a 
triply transitive permutation group of degree p'^ + 1 
and order —■ l)n/ p. 

That these transformations form a group Hp follows from 
the readily verified fact that the product of any two of them 
is a transformation of the set. It is obvious that Hp is a sub- 
group of Fp ; to see that it is of index 2 it is sufficient to ob- 
serve that Hp contains just half the elements of Fp of each of 
the forms (1) and (2), a fact which is readily verified. To show 
that the permutation group induced by Hp on oo and the 
marks of the field is triply transitive, we observe first that it is 
at least doubly transitive, since it obviously contains the sub- 
group of index 2 in F 2 p described in the preceding corollary. 
Then there is an element of the group which takes any two 
distinct symbols X .and p to zero and oo respectively, and hence 
an element which takes any three distinct symbols X, ju, v to 
0, 00 , I? respectively, where v is some symbol distinct from 0 
and 00 ; then there is an element in Hp which leaves 0 and oo 
fixed and replaces by 1 ; hence there is an element in Hp 
which replaces X, p, v in order by 0, oo, 1 ; and therefore the 
induced group is triply transitive. It is now obvious that this 
permutation group has the named order. 

It is obvious that each of the groups Hp contains //|n. In 
the case of H^ri we have a triply transitive group of degree 
p^ +\ and order + l)p^{p^ — 1). The subgroup of degree 
and order — 1 contained in this group and leaving 0 and 
cjo fixed is induced by the elements 

(1) x' = aXj (2) x' = 

where is a square in case (1) and a not-square in case (2). 
That this subgroup is non-Abelian is readily verified. Hence 
the triply transitive group induced by H^n is different from 
the triply transitive group of the same degree and order de- 
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scribed in Theorem XXVIII of § 68. But it is easy to verify 
that the two groups have a common subgroup of index 2, this 
subgroup in each case being induced by the transformations 
having square determinants. 

From these conclusions we have the following theorem : 

XXXIII. When is an odd prime and n is an 
even integer, there exist two triply transitive groups 
of degree />" + 1 and order (p" + !)/?”(/?” — 1). In 
one of these the regular subgroups of degree and order 

— 1 are cyclic ; in the other these subgroups are 
non- Abelian and contain cyclic subgroups of index 2. 

We shall now prove the following theorem ; 

XXXIV. The triply transitive groups described 
in Theorems XXVIII and XXXIII are the only 
triply transitive groups of degree -f 1 and order 
(/»” + V)p”‘{p'^ — 1) contained as subgroups in the per- 
mutation group induced by the group Fi of Theo- 
rem XXXI. 

Let G be a triply transitive group of order (/>" -f — 1) 

contained as a subgroup in the permutation group induced 
by the group Fi of Theorem XXXI, and let Gi be the sub- 
group of G which consists of the elements of G each of which 
leaves cjo fixed. Then Gi must contain the cyclic group in- 
duced by the transformation x' = wx, where co is a primitive 
mark of the field, or it must contain a group M described in 
Theorem XXX. 

Now elements exist in Gi which are of order p and replace 
0 by o) and by 1 respectively, where w is a primitive mark of 
the field. The corresponding transformations have the form 


where ij, and m are non-negative integers less than n. Since 
these must be permutable (Theorem V of § 40) it follows read- 
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ily that ot = 0. Then P = 1 and hence / = 1. Therefore Gi 
contains the permutations induced by the transformation 
x' = x + l and its inverse x' = x — l. 

Now G contains an element which interchanges 0 and oo 
and leaves 1 fixed. The corresponding transformation is of the 
form x' = 1 jx'^'’. This transforms the transformation x' ~ x — \ 
into the transformation 


from which t is absent. Forming the product of the transfor- 
mations „ 

x' = x-\-\, x' = :j-» x' = x-{-l, 

— “T' JL 


we find that the transformation group by which G is induced con- 
tains the transformation i 

X 


Hence G is generated by the permutation which corresponds 
to this transformation and any suitable doubly transitive group 
Gi of degree P” and order — 1). 

If Gi contains a cyclic subgroup of order and degree — 1, 
then we have the triply transitive group described in Theo- 
rem XXVIII. Otherwise Gi contains a group {S", Ui,t} of 
Theorem XXX. Since the transformation x' = — 1/x inter- 
changes 0 and 00 , it must transform the last-named group into 
itself. Now this transformation transforms Ui.t into the trans- 
formation x' = w->x^\ 

In order that this shall be in the group {S", Uu}, an in- 
teger k must exist such that £ 0 ^+*'“' = o}~\ whence 1+ kcr 
= — I mod — 1. Since cr is greater than unity and is a fac- 
tor of p’^ — 1, while 0< l< a and / is prime to a, the foregoing 
congruence requires that we must have <r = 2 and 1=1. Hence 
Gi is imiquely determined by Theorem XXX and its first cor- 
ollary. Then G is uniquely determined as the second group 
described in Theorem XXXIII. Thus we have established the 
given proposition. 

71. A Class of Simple Groups. We shall now prove the fol- 
lowing theorem ; 
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XXXV. The group consisting of all the transfor- 
mations of the form 

cx 

where a, b, c, d are marks of the GF[^”] such that 
ad — be is the square of a nonzero mark of the field, 
is a simple group when > 3. 

When p” = 2 or 3 this group has a self-conjugate subgroup 
of order p" -H 1- 

When P" > 3 we denote by G either the named transforma- 
tion group or the induced permutation group on oo and the 
marks of the field. This permutation group is doubly transi- 
tive when p is odd and is triply transitive when p = 2 (see 
Theorem XXXI and its coroUary, § 70). Let H be the largest 
subgroup of the permutation group G each element of which 
leaves oo fixed, and let K be the largest subgroup of H each 
element of which leaves zero fixed. 

Let P be any element in G other than the identity, and let 
L be the group generated by P and its conjugates in G; we 
consider L both as a transformation group and as a permuta- 
tion group. Since G is doubly transitive, the group L contains, 
as a conjugate of P, an element which replaces oo by 0. The 
conjugates under H of such an element replace oo by each 
other symbol in G, since H is transitive on its p” symbols. 
Therefore the permutation group L is transitive. Since K is 
not the identity, it follows that L has more than one element 
replacing oo by 0; if S and T are two of these, then ST~'^ 
leaves oo fixed and is not the identity. Hence the largest sub- 
group Li of L each element of which leaves oo fixed is of order 
greater than unity. Let Q be an element of L\ other than the 
identity ; if Q leaves fixed two symbols of G, then a transform 
of Q by some element in H displaces one of these symbols; 
therefore L\ is of degree p”. 

From this it follows that Li contains an element R replacing 
0 by some other symbol, and hence elements replacing 0 by 
each of the other S 3 mbols when p = 2 and by at least half of 
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them when p is odd, as one sees by transforming R by the 
elements of K. Similarly it may be shown that Li replaces 
any mark of the field by the same number of symbols. Thence 
it follows that Li is transitive on its simibols, since any 
transitive set contains all the symbols when p = 2 and at least 
i.(^n _ 1) _j. 1 of them when p is odd. Therefore L is doubly 
transitive. Its order is then a multiple of p'^. Hence L contains 
a Sylow subgroup of G of order p^, and therefore all the Sylow 
subgroups of G of this order, since these subgroups form a 
single conjugate set. Therefore L contains every element of 
order ^ in G. 

In particular, L contains the transformation x' = x + a and 
the transform of x' = x — /3 hy x' = — 1/x, where a and j3 are 
any marks of the field. Then L contains the product of these 
transformations, namely. 


Then it may be shown that L contains the transformation 
x' — (aH, where w is a primitive mark of the field ; for this 
purpose take the product of the two transformations gotten 
from the foregoing by putting a = — /3 = w — 1 for one 

and O' = 1, jS = a)~^ — 1 for the other. Since L is doubly tran- 
sitive and contains this transformation, it follows that L co- 
incides with G. Hence G is a simple group. The theorem is 
therefore established. 

XXXVI. Let T and Sx, where X ranges over the 
marks of the be abstract elements subject 

to the sole defining relations 

T^ = l, So = l, = [1] 

TS^-i TS-(x^-i)TSx-i TS^TSk = 1 , [ 2 ] 

1 A/x— 1 

where p, <r, X, n range independently over all the 
marks of the field except that Xju 1. Then the ab- 
stract group r generated by these elements is simply 
isomorphic with the group G of linear fractional 
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transformations in the GF[p’‘] whose elements have 
their determinants equal to squares of nonzero marks 
in the field. 

We shall denote this linear fractional group by LF{2, p^). 
By means of the concrete forms, 

T: = S,: x' = x + p, 

of T and Sp it may be verified directly that the given defining 
relations are consistent. That G is the group generated by 
these concrete elements may be seen by observing that oo and 
the marks of the field are permuted according to a doubly 
transitive group and then employing the argument used in 
the last paragraph preceding the theorem. Therefore, in order 
to prove the theorem, it is sufficient to show further that the 
order of T is not greater than that of G. 

For this purpose we consider the following sets of elements 

inF: TS.TSc,TSr, S^-iTS^TSr, (oc^O) [3] 

where a, a, r rim independently over all the marks of the field 
except that 0. 

We shall first show that these two sets contain all the ele- 
ments of r by proving that the elements in these sets are 
permuted among themselves on multiplication on the left by 
T and by each of the elements Sp. 

On multiplying the second set on the left by T we obviously 
have part of the first set. If in the first set we take <r = 
and then multiply on the left by T we obtain the second set. 
When (Tp^ a~^ the first set, when multiplied on the left by 
r, gives rise to the elements 

; a 0) [4] 

If in [2] we take X = “cr, ju = — a and solve for SaTSaTSr, we 
obtain these elements in the form of elements in the first set 
in [3]. Hence the elements [3] are permuted among themselves 
on multiplication on the left by T. 

Since 5o = 1, we next multiply on the left by Sp, with p p^ 0. 
The second set in [3] then gives rise to the set Sp+a-^TSaTSr; 
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this is of the type [4], since ap^ 0, and hence the set is in the 
first set in [3]. Then consider the elements 

S,TS,TSaTSr 

obtained by multiplying the first set in [3] on the left by 
When aa 9 ^ 1, we put 

p, = l — acr and X = ^ — — 

1 — a<r 

and then obtain from [2] the relation 

Sf • rs,TS„r • s, = Sp • s i-cTSa,-iTs,r-i ■ s, 

1— ao- 1— acr 

= . 9 ^ l-« TSa,-lTS <r+T-l —cttrr . 

1— Otar 1— acr 


When 


(0-^) 


(acr — 1) 


is different from 1, the last member is of the form [4] and 
hence is in the first set in [3] ; when this product is 1, the last 
member is of the form of the second set in [3]. Hence the 
named multiplication of the elements [3] by Sp permutes these 
elements when acr ^ 1. 

In the excluded case a- = we have to consider the prod- 
uct elements ^ 

Opi Oa-ii Oai Or. 


We shall prove that these elements belong to the first set in [3] 
by establishing the equation 


SpTSa- TSaT = TScc-iTSaTS,a-^. [5] 

We consider separately the two cases a and p = a. 

When p 9 ^ a we put X = pa~^ and = a in [2] and thus 
obtain the equation 


TS «-l TS^Cpg-^-l^TS a-^-l T • TSa.-lTSaTSpa-2 = 1, 

pct-i— 1 pa-l_l 

as one easily verifies by replacing by 1 and then combining 
the two adjacent S's. Thence it follows that [5] is verified if 
the following relation is true : 

TS a-i > r- SpTSc^-iTSaT^l. 

p«~i — 1 aa *”!— -1 
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Taking \ = a~^ and /i = p in [2], one readily verifies this 
relation. 

Taking p = a in [5], we interchange the members of the 
equation and make obvious reductions to obtain the following 
relation to be established : 

S-aTS^-lTSaT = TSa-lTSaTS^a-U [6] 

This is relation [5], with p = — a, and hence it is established 
by the argument in the foregoing paragraph when — a a. 
Since a 0, it follows that [6] is established except when 
p = 2. But we may write [6] in the form 

S„-.rS„TSa-ir= TSaTSa-^TS^. 

This is the special case of [5] when a is replaced by a~'- and 
p = a~^l and hence the relation is established except when 
a~'^ =a. and p — 2-, but in this case we have q:= 1. Then 
[6] follows from the fact that (TSi)® = 1, a relation which fol- 
lows from [2] by taking A = 1 and p = 0. 

Therefore all the elements of T are in the sets [3]. 

Now in [3] 0 - and t may range over the marks of the field 
and ot over all these marks except 0. Hence the number of 
distinct elements in the sets [3] is not greater than 

P2^(^n _ 1) + pn(^pn _ J) = ^ - 1). [7] 

When p = 2 this is the order of G ; and therefore T and G are 
simply isomorphic when p = 2. When p> 2 the order of G is 
just half the number in [7], while the order of T is a multiple of 
that of G and is not greater than the number in [7]. Hence G 
and r are simply isomorphic when p> 2in case it is true that 
two notationally distinct elements in [3] represent the same 
element of F ; and this is true of the two elements 

TSiTSiTSi and rS-i7'S_irS_i, 

since these are notationally distinct when p> 2 but both denote 
the element 1 since (TSi)® = 1, as we have seen, whence 
= 1 and (TS-i)^ = 1. Hence F and G are simply isomorphic in 
all cases. 

When n—1 the group G is generated by two elements of 
orders 2 and 3 respectively ; and in terms of such elements an 



282 


Groups of Finite Order 

abstract definition of considerable interest may be given as in 
the following theorem ; 

XXXVII. Let p be an odd prime, let p be a primi- 
tive root modulop, and let cr be such that p(j= 1 mod p. 

In terms of two abstract elements T and S define R 
by the relation 

R = T{TSyT{TSyT{TSy. 

Then if T and S satisfy the sole defining relations 
= (TSy = R-^iTS)-^R(TSy 
= R~’ ■ TiTsyriTsyTiTsy” -= i, 
for v = 2, 3, - • — 1, they generate an abstract 

group {S, T} which is simply isomorphic with the 
group G of linear fractional transformations of de- 
terminant imity in the GF[/?]. 


Consider the concrete elements 

t: x' — — ^ and s: x' = - — ^ ; 

X X 

then we have is: x' = x + 1. 

Form r, r = t{tsyt{tsyt{tsy : x' = p^x. 


Then it is easy to see that {s, /} is the group G of order 
^{p -h l)p(p — 1). Moreover, s and t satisfy the conditions on 
S and T in the theorem, as one may readily verify ; whence it 
follows that {S, T} is simply isomorphic with {s, i!}, or G, if it is 
true that the order of {S, T} is not greater than i(p+l)p(p—l) ; 
and we shall establish the theorem by showing that this condi- 
tion is indeed satisfied. 

Let H be the subgroup {F, 7S}. From the given conditions 
we see that ^ jr-i(TS)R = (TSy. 


Taking f — 1) in the conditions of the theorem and re- 
membering that = — 1 mod p, we find that 
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But r and ts are of orders i(p — 1) and p respectively; and 
therefore these are the orders of R and TS. The conditions now 
established for R and TS imply that H is of order | p(p — 1). 

Now consider the p+1 sets of ip(p — l) elements each, 
namely : 

HT, H{STy. = -.p-l) 

These are distinct, since the corresponding elements of {s, /} 
are distinct. Now HT - ST = HTS - T = HT, H{STy ■ ST = 
H(sr)*+i; hence these sets are permuted among themselves 
on multiplication on the right by ST. That they are also per- 
muted among themselves by mitiplication on the right by T 
follows from the relations 

HT-T = H = HiST)°, H-T=HT, 

H{STYT = H{STYT{STy\TSy{TS)-'‘’{ST)-'^ 

= HT(TSYT(TSy’TiTSY • (rs)-'’’(sr)-'' 

= HR-iTSYf^ST)-”' 

= H(ST)-‘’’'. 

Hence these ■+■ 1 sets contain all the elements {S, T}. There- 
fore the order of {S, T} is not greater than §■(/> + l)p(p — 1), a 
proposition from which the theorem follows, as we have already 
seen. 


EXERCISES 

1. Show that each of the groups LF(2, 5) and LF(2, 2®) is simply 
isomorphic with the alternating group of degree 5. 

2. Show that if (2, 3®) is simply isomorphic with the alternating 
group of degree 6. 

3. Show that the fourfold transitive group of degree 11 and the 
fivefold transitive group of degree 12 are both simple groups. (See 
Ex. 12 on page 151.) 

4. Show that Mathieu’s fivefold transitive group of degree 24 and 
the fourfold and threefold transitive groups of degrees 23 and 22 con- 
tained in it are all simple groups. (See Ex. 9 on page 164.) 

5. Show that the totality of linear transformations of the form 

x'i = CiXi -I- b{x.i + CiXs (f = 1, 2, 3) 
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in the GF\p^], with nonzero determinants A, 


As 


di Cl 

0,2 62 C2 , 

(I3 i >3 C3 


constitute a group and prove that its order is 


(p3n__ l)(^3n 


[Suggestion. Show first that the number of transformations leaving 
xi fixed is (p^ -I- l)p^{p^ — and then that xi may be changed 

by the elements of the set into just -- I distinct linear functions 
Xa;i + ^2 + PX3.] 


6. Show that the totality of linear homogeneous transformations 

of the form , . , , /• 1 o 

px'i = aiXi + biX2 + CiXs = 1, 2, 3) 


in the GF[p^], with nonzero determinants A (see Ex, 5), constitute 
a group of order ^ 3 ^ _ I)p 2 n(p 2 n _ i^pn^ 


If the determinants are further restricted to be cubes of elements 
in the field, show that the resulting transformations form a subgroup 
(denoted by if (3, p^)) whose order is 


_ l)^2n(^2n _ l^pn^ 


where e is 1/3 or 1 according as — 1 is or is not divisible by 3. 

7. Consider the p^^-\-p^ + l distinct symbols (X, ju, p), where 

X, ju, p range independently over the marks of the except that 

they are not simultaneously zero, and where (X, /x, p) and (pX, pfx, pp) 
are considered identical if p is a nonzero mark of the field. Show that 
these symbols are permuted by the group iJ(3, p^) of Ex. 6 according 
to a simply isomorphic doubly transitive group of degree p^^ -\-p'^ +1 
and order pn-^p 2 n(j,n _ 1 ) 2 ^ 

where e = 1/3 or 1 according as p” — 1 is or is not divisible by 3. 

8, It is known that the group H(3, p”) of Exs. 6 and 7 is simple in 
all cases. Verify this for the cases in which the order is less than 
1,000,000; that is, for p^ = 2, 3, 2^, 5. Show that iir(3, 2) is simply 
isomorphic with XF(2, 7), and that H{3, 2^) is not simply isomorphic 
with the alternating group of degree 8. [Suggestion. Show that the 
elements of order 2 in i7(3, 2^) form a single conjugate set, while this 
is not true of the alternating group of degree 8.] 
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9. Dickson {Linear Groups, pp. 309-310) has given a list of the 53 
known simple groups of composite orders less than 1,000,000. By 
means of the foregoing exercises and of Theorems XXXV of § 71 and 
IX of § 42 form a list of 48 of these simple groups. Then complete 
a list of 53 by establishing the following five propositions : 

(1) In the case = 3^ just 28 of the symbols (X, ju, i^) of Ex. 7 

satisfy the equation = 0. The largest subgroup of the 

group H(3, 3^) of Ex. 6 which permutes these among themselves in- 
duces on them a doubly transitive group of degree 28 and order 
28 • 27 * 8, and this group is simple. 

(2) In the case = 2^ just 65 of the symbols (X, /x, v) of Ex. 7 

satisfy the equation X^ + ju® -4- = 0. The largest subgroup of the 

group H(3, 2^) of Ex. 6 which permutes these among themselves in- 
duces on them a doubly transitive group of degree 65 and order 
65 • 64 • 15, and this group is simple. 

(3) In the case = 5^ just 126 of the symbols (X, ja, v) of Ex. 7 
satisfy the equation X® -f z'® = 0. The largest subgroup of 
^■(3, 5^) of Ex. 6 which permutes these among themselves induces 
on them a doubly transitive group of degree 126 and order 126 • 125 • 8, 
and this group is simple. 

(4) In the GF\2'^] just 45 of the symbols (X, ju, v, p), where X, p, p, p 

are not simultaneously zero and (X, p, v, p) = ((rX, o-p, av, cp) if 
a 0, satisfy the equation X^ -f p® + = 0. Show that the 

totality of linear homogeneous transformations of the form 

4 

<rx'i = ^ aijXj (2 = 1, 2, 3, 4) 

j=i 

in the GF[2% and of nonzero determinant, each of which permutes 
these 45 symbols among themselves induces on them a transitive group 
of degree 45 and order 25920, and prove that this group is simple. 

(5) Consider the totality of transformations 

4 4 

= V aijXj, y'i = ^ (f = 1, 2, 3, 4) 

j=i j=i 

of nonzero determinants, in the GF[2^, each of which leaves formally 
invariant the function +yi;c2 -l-y4^3 +^3^4. Show that this 
totality constitutes a simple group of order 

979200 = (2s - 1)26(2^ - 1)22 = 256 • 255 ■ 15. 

10. Show that each of the 53 known simple groups of composite 
order less than 1,000,000 (see Ex. 9) is simply isomorphic with a 
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multiply transitive permutation group, with the possible exceptions 
of the groups named in parts (4) and (5) of Ex. 9. 

11, Prove the existence of two triply transitive and four doubly 
transitive groups of degree 28, and of four triply transitive and three 
doubly transitive groups of degree 65. 

12 . Show that there are three and just three doubly transitive 
groups of degree 49 and order 49 • 48. 

IS. For every positive integer L and prime p there exists a positive 
integer n such that the number of triply transitive groups of degree 

+ 1 is greater than L. 

14, For every positive integer L there exist a prime p and a positive 
integer n such that the number of doubly transitive groups of degree 

and order p^ip'^ — 1 ) is greater than L. [Suggestion. Let w be a 
product of suitably chosen distinct primes and take p to be of the form 
nx + 1. Use Theorem XXX and consider the centrals of the groups 
whose existence is asserted by that theorem.] 

15, For every integer m greater than 2 prove, by aid of the GF12^1 
the existence of a non- Abelian group of order 3^ which contains an 
Abelian subgroup of order and type ( 1 , 1 , * • •, 1 ). [Suggestion. 
Let the Abelian subgroup of order 3*”“^ consist of the transformations 
px'i = aipCi for z = 1 , 2 , • • •, m.] 

MISCELLANEOUS EXERCISES 

1 . If CO is a primitive mark of the GF[^”], show that co, co^, co^^, • • 
^pn-i roots of the same irreducible equation of degree n and with 
integral coefficients. 

2. If CO is a primitive mark of the GF[p^] satisfying the equation 

CO” = cico””i + C 2 co ”'~2 where the coefficients Ci are integers, 

and if we define the sequences * • * by means of 

the relation ^ 4 . + ■ • 

where the have integral values, show that we have modulo p 
the relations, 
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and that for 0 ^ x <n we have equal to zero except when 
X = w “ i, in which case the value is 1. Show% moreover, that each of 
the functions of x satisfies modulo p the recurrence relation 

2^x+n = CiZ4x+n-l + * * * + Cn-lt^x-i- 1 “h 

3. Consider a recurrence relation of the form 

t^x+n ~~ Clt4x-f- n — 1 H” ' ‘ * "4" Cji — lWaj-{- 1 “i“ CjiMx ('^ ~ 0, 1, 2, * * *) 
in which the coefficients c* are integers belonging to the set 

0, 1, 2, • • ^ — 1, where p is a prime ; and let Ux^^- {i = 1, 2, • • n) 

be the solution satisfying the initial conditions = 0 for 0 ^ 
except that = 1. Let be the least non-negative residue 

of Ux^^^ modulo p. Suppose that Show that the sequence 

^2^'^ • • • is periodic for each i of the set 1, 2, - • •, and 

prove that for just 4>{p^ — l)/n sets Ci, C2, ■ * Cn the period of each 
of these sequences is — 1. 

4. Let Fn{x) be the pol3momial with leading coefficient unity whose 
roots are the primitive wth roots of unity without repetition. Let 
pu p 2 y * ' py be the distinct prime factors of n. Show that 

„ , . (%" - 1 ) • n - 1 ) » Ujx^ PjPiPkn 1) ♦ • < 

- 1) • ~ 1) • • • 

where the products 11 are taken for all the combinations of distinct p’s 
in the numbers indicated, each product 11 in the numerator referring 
to an even number of the p’s and each one in the denominator to an 
odd number of the p’s. Thence show that the coefficients in the 
polynomial Fn{x) are integers, 

5. With the notation of Ex. 4 show that 

— 1 = IlFdix), 

where the product 11 is taken for all divisors d of n, 

6. Show that the irreducible factors modulo p of are j and 

the irreducible factors modulo p of the polynomials Fr(x) (see Ex. 4), 
where r runs over the divisors of ^ — 1. 

7. In the GF[p^] there exists a mark p such that Fr{p) = 0, r being 
any factor of — 1 (see Ex. 6). A mark p such that Fr{p) = 0 is of 
order r. It is therefore primitive when and only when r^p^ — 1, 

8. Let CO be a mark of the GF[p^] satisfying the equation 

A{x) =x^-\- aix^-'^ + an = 0, 
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where the Qi are integral marks of the field. A necessary and sufficient 
condition that co shall be a primitive mark is that A(x) shall be a 
factor modulo p of Fpn_i(x) (see Exs. 4-7). 

9. Let g\{<x, i3)and giia, be the polynomials 


gi(a, 13) = 


m-m 

a — b 


g2(o', /?) = 


af(b) - bfja) 
a-b 




where a -hb = — a and ab = Show that a necessary and sufficient 
condition that the polynomial 4- ca -f with integral coefficients 
shall be irreducible modulo p and shall have for a solution in the 
GF[p^] a primitive mark of that field is that both gi(a, P) and ^ 2 ( 0 ;, /?) 
shall be congruent to zero modtilo p, (See Exs. 4-7.) 

10. Show that a necessary and sufficient condition that the se- 
quences in Ex. 3 shall have modulo p the period p^—1 is that 

X” — CiX””^ — C2X”“^ — Cn 

shall be a factor modulo p of the polynomial (x) (compare Ex. 4). 

11. Let p and q be odd primes such that p = 2 q + 1. Let g be a 

primitive root modulo p ; and let m and n be primitive roots modulo q. 
Let jd be any odd integer. Let x« (/ = 0, 1, 2, • • ^ — 1) be a set of 

p letters. Consider the transformations 

S: if' = ^ + l, 

Sq: t' = -f l)t”^ — (g/3(p-n);n-m . 

in the GFlp] and the permutations S and So induced by them on the 
x"s. Let Sk = (^ = 0, 1, • • — 1). Show that each permu- 

tation Sk leaves three x’s fixed while each x is left fixed by just three 
of the permutations So, Si, • • •, Sp_i. 

12. When j) = ll, g = m=zn = 2, j8=3, show that the permuta- 
tion group {S, So} of Ex. 11 is the Mathieu fourfold transitive group 
of degree 11. 


13. In the same case (Ex. 12) show that {S, So^} is the doubly 
transitive group of degree 11 and order 11 • 10 • 6. 

14. When p = 22, g = — 2, m = n = 2, /? = 1, show that the per- 
mutation group {S, So^}, and hence {S, So} of Ex. 11, is the alternat- 
ing group of degree 23. 

15. When p = 23, g= 5, m = n = 2, ^ = 1, show that the permu- 
tation group {S, So^} of Ex. 11 is the Mathieu fourfold transitive 
group of degree 23. 
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Groups of Isomorphisms of Abehan Groups 
of Order p"‘ and Type (i, i, - • i) 


72. Analytical Representation of Elements and Subgroups. Let 
G(k+i)n, or G, be an Abelian group of order and t\TDe 

(1, 1, • • •, 1), where p is any prime and ^ + 1 and n are any 
positive integers. We shall represent the elements of G and 
certain subgroups of G by a sort of ''systems of co-ordinates” 
based on the Galois field GF[^”], thus generalizing certain rep- 
resentations employed in § 29. 

Let us denote a particular set of (k + l)n independent gen- 
erating elements of G(^k+i)n. by 

<2oi, <2 o3, • • *, ^nj 

Cill, ^ 12 , ^ 13 , * • *> dint 

ak29 Cfc3, * • *, <3fcn- 

Then any given element in G may be written uniquely in the 
form k 

n 

where the exponents s are integers taken modulo p. The ele- 
ment denoted by this product for a fixed set of exponents 5 
will be represented by the symbol 

where ixi {i—0, 1, 2, • * *, A) denotes that mark of the Galois 
field GF[p^'] which may be written in the form 

JJLi = Sil 5i2C0 -j- i 

CO being a fixed primitive mark of GF{p'^']. This correspondence 
of elements and symbols is unique in the sense that to each 
element there corresponds a single symbol and to each symbol 

289 
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there corresponds a single element. The marks fn in the sym- 
bol {juo, Ml. • • •> Mi} are obviously analogous to nonhomogene- 
ous co-ordinates, while the elements of G represented by these 
symbols are analogous to points in a Euclidean space of -f 1 
dimensions. 

For the multiplication of these symbols, corresponding to 
the multiplication of elements in G, we have the following obvi- 
ous formula : 

{Mo. Ml. • ■ '. Mi} {*'0. fi, ■ • J'ft} = {Mo + J'o, Ml + I'l. • • •> Mi + I'i}- 
Now suppose that jno, jui, ■ ■ juk is any fixed set of ^4- 1 
marks of GF[p’^], at least one of them being different from 
zero ; and consider the set of elements 

where juis a variable running over the marks of GF[j!)"]. It 
is obvious that the p'^ elements in this set are all distinct. 
Moreover, the product of any two of them is in the set, as one 
sees immediately from the law of multiplication and the prop- 
erties of the marks of a Galois field. This set of elements 
therefore constitutes a subgroup of G of order p^. The elements 

{(U)%, w'Mi. • • co'Mi} (i == 0, 1, 2, • • •, w — 1) 

constitute a set of independent generators of this subgroup. 
If <T is any nonzero mark of GF\_p% the same subgroup consists 
of the set of elements 


where m varies as before. The subgroup itself may therefore 
be represented by the symbol 

CMo. Ml. ‘ ■ *> M*). 

where mo. Mi. • • •. Ms are interpreted as the " homogeneous 
co-ordinates” of the subgroup. On multiplying each of the 
co-ordinates by one and the same nonzero mark of the field, we 
have merely proportional homogeneous co-ordinates of the same 
subgroup. To each ordered set of co-ordinates, at least one of 
them being different from zero, there corresponds a subgroup of 
G of order p”. [The geometric interpretation which is implicit 
here will be developed in the next chapter.] 
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The number of subgroups in the total set denoted by 
(fxo, jii, ■ ■ ■, Hk) for varying sets of m’s is readily determined. 
The symbols ijl may be chosen independently, each in ways, 
except that they cannot all be zero in any given set. Hence 
the nxmiber of choices is — 1. To obtain the nximber 

of subgroups we must divide this by the number p'- — 1 of 
possible factors of proportionality in the various notations 
for the same subgroup. Hence the number of subgroups 
(iUo, iUi, • • ■, fJ-k) is 

/%(fc + l)n 1 

Once G has been given, this selection of subgroups depends 
on two things : the ordered set of {k + l)n independent gen- 
erators and the primitive mark co by means of which the 
marks ijn were first introduced. With reference to this selected 
basis of determination we shall call the set of subgroups just 
determined a geometric set of subgroups. The reason for this 
terminology will appear in the next chapter. By means of 
other sets of generators and other primitive marks we might, 
in cases not too restricted, select other geometric sets of sub- 
groups of G. Since we shall have no occasion to change the 
basis in any particular discussion, we shall speak of the fore- 
going geometric set of subgroups without reference to the basis 
on which it has been defined. 

For the case when « = 1 a geometric set of subgroups con- 
sists of all the subgroups of order p. 

No two subgroups of a geometric set of subgroups have any 
element in common except the identity, as one readily shows 
by means of the symbols which represent their elements. More- 
over, any given element of G occurs in some subgroup of a 
geometric set, as is obvious from the way in which such a set 
is defined. 

73. The General Linear Homogeneous Group GLH(k -I- 1, p"). 
Let us consider the totality of linear homogeneous transforma- 
tions j 

X i — {i — 0 , 1 , 2 , ■ ■ 
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where the coefficients Oij are marks of the GF\J>^'\ such that the 
determinant lay| is different from zero. The product of any two 
of these transformations is in the set, whence it follows readily 
that the totality constitutes a group. It is called the general 
linear homogeneous group on ^ + 1 variables with coefficients 
in the GF[p'^']. We shall denote the group by GLH{k + 1, 
and its order by GLH\_k-{- 

Let us determine the order of this group. The number of 
distinct linear fxmctions aoxo + aiX\ + • • • + oLjcXk by which the 
transformations of this group can replace Xo is since 

the coefficients may be chosen independently, each from the p'^ 
marks of except that they cannot all be simultaneously 

zero. Let i?i, i? 2 , • • •, i?Ar be all the transformations in the group 
each of which leaves jZo fixed, and let T be any transformation 
of the group. Then the transformations TRx, TR 2 , • ■ TR^ all 
replace xo by that linear ftmction by which T replaces Xq. If U 
is any transformation in the group which has the property of 
replacing xo by the same linear function as that by which T re- 
places Xo, then T“i [/leaves xo fixed and hence is some Rt so that 
U = TRi, and hence U is in the set TRi, TR 2 , • • •, TRn. There- 
fore the order of GLH(k + 1, p”’) is 

GLH[k + 1, P”-} = - 1). 

The transformations R, have the form 

k 

x'o = Xo, x'i — ^ aijXj, (f = 1, 2, • ■ k) 

j — 0 

where the coefficients cio, < 320 , • • •, Gko are arbitrary while the 
remaining coefficients are such that their determinant is dif- 
ferent from zero. Therefore 

whence it follows that 

GLH[k+ 1, p^] = p^(p(h+vn _ i)GLH[k, p”'}. 

Now GLHll, p"] =/)"—!. From this fact and the preceding 
recursion relation we have 

GLH[k + l,p^2 

= — 1) . . . 1)(^« — 1) 

= ^nik+iy — , ^n(A:+l) 
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If in a particular transformation of GLH(k + 1, p^) the 
symbols :ro, xu ■ vary so that {xo, xi, • • •, Xk} runs over all 
the elements of the group G(fc 4 .i)^of the preceding section, then 
{xo', x'l, - • x'a} likewise rims over all the elements of G. The 
transformation thus establishes a one-to-one correspondence of 
the elements of the group to its elements in some order. The 
identity (0, 0, • • •, 0) corresponds to itself. Ivloreover, if 
{/Xo, Ml, • • *, jJLk} and {vo, Pi, • • Pk} correspond respectively to 
{m'o, jj^'u • * M'fc} and {p'o, p'u • • *, p'k}, then the product 
{mo + x'o, • • ma: + of the first pair of elements corresponds 
to the product {m'o + x^'o, * • •, m'a + ^'k} of the second pair. 
Hence the correspondence of elements brought about by the 
given transformation effects an isomorphism of the group with 
itself. It is obvious that two distinct transformations effect 
different isomorphisms. Hence the group GLH{k-+-l, p^) 
induces a set of isomorphisms of G(jfc+i)n with itself, and this set 
constitutes a subgroup of the group I of isomorphisms of G with 
itself. This is a proper subgroup when and only when w > 1, 
since (§ 28) the order of I is 

(J)Ck + l)n^ l^(^pik+l)n __ p'^(^p(k+l)n ^ p2^ . . . ^ik+l)n ^ pik+l)n-iy 

Let us consider more closely those isomorphisms of G with 
itself which are thus induced by GLH{k+l, p^). Let {mo, Mi, 

• • •, yUfc} be any element of G other than the identity and let 
{m'o, m'i, * • ’» m'a*} be the element to which it corresponds imder 
a given transformation belonging to GLH{k +■ 1, p^). Then 
the element {mMo, mmu * ■ *, MM*} corresponds to the element 
{mm'o, mm'i, • • MM'4 u.nder the same transformation. Hence the 
subgroup (mo, Mu ' * *, Ma) corresponds to the subgroup (/x o, m'i» 

• • •, fji'k)- Therefore every transformation in GLH(k+ 1, p^) in- 
duces an isomorphism of G with itself such that every subgroup 
in the geometric set of subgroups corresponds to a subgroup 
of this set. Moreover, the multiplication of each coefficient 

in the transformation by one and the same nonzero mark a 
of the field gives a new transformation in which the correspond- 
ence of subgroups in the geometric set is unaltered, whereas any 
other modification of the transformation leads to a different 
correspondence of these subgroups. 
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Then consider the transformations 

k 

px' i = 2/ 0" ~ 9, 1, • • •, A , \^ij\ 5^ 0) 

1 = 0 

where two transformations are treated as identical if it is 
possible to write them with the same coefficients an even though 
in order to do this it is necessary to have different values for p. 
Then two distinct transformations of this set induce different 
correspondences of subgroups in the geometric set of subgroups. 
This transformation group, and the simply isomorphic permu- 
tation group induced by it on the S 3 Tnbols {xq, Xu ■ ■ Xk) for 
subgroups, will be denoted by P{k, p”). From the foregoing 
paragraph it follows that GLH{k -f 1, p”) has (p" — 1, 1) isomor- 
phism with P{k, p"). Hence the order of P{k, p”) is 

P ^ i^O 

As a permutation group on the symbols {xq, Xu- • ^^Xk) the 
group P{k, is of degree 

’ When ^ = 0 it consists of the identity alone. When k is 
positive we shall show that it is doubly transitive. The 
transformation 

k 

px i = ClijXj (? = 0 , 1 > * • ' t k f 7 ^ 0 ) 
y=o 

replaces (1, 0, 0, - - •, 0) and (0, 1, 0, * • *, 0) by 

(<3oO, C^lOt ^2Qf * * *, Clko) und (^01> ^11» ^21> • • ‘j Clkl) 

respectively. It is evident that the g's may be chosen so that 
these symbols represent any two distinct subgroups belonging 
to the geometric set. Therefore the permutation group is 
doubly transitive. That P(l, p'^) is triply transitive follows 
from the readily verified fact that P(l, p^) is identical with 
the group of Theorem XXXI of § 70 ; or the result may 
be easilv established directlv. 
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In the next two chapters the group P{k, p^) will be treated 
in detail from another point of view, 

74. Analytical Representations of the Group I of Isomorphisms 
of the Group 0(ft + i)n with Itself. Let us now consider the 
transformation 

n k 

x'i = {i = 0 ,l, 2 ,- ■■,k) 

s=i i=o 

where the coefficients an, are marks of GFip’^'] such that these 
transformation equations have a xmique solution for the sj-m- 
bols Xi in terms of the symbols x'i. (See Ex. 12 on page 305.) If 

= bn,xf''- (i = 0 , 1 , 2 , • • •. k) 

s = 1 i = 0 

is a second transformation of the same kind, the product of 
the two may be written in the form 


s=li = 0 \o-=lA = 0 / 

= XX ( X X 

\o- = l\=0 / 


= X XX 

<r—l As=0s=l j=0 


— * „2n— s—tr 


n k 


= XX (^' = 0. b 2. • - k) 

t=l 1=0 


the a’s being defined in a way which is obvious from a com- 
parison of the last two members of the equation in the light of 
the fact that Xx^” = Xx. Thus the product of two transforma- 
tions of the class in consideration belongs also to the class. The 
named class of transformations therefore constitutes a group. 
This we shall call the group T. We shall show that T induces 
the group I of isomorphisms of Ga + i)n with itself. 

Let {m'o, m'i, • • •. m'*} and (v'o, v'l, ■ - y'*} be the elements 

of G(*:+i)„ corresponding to {^uo, Mi. ■ • •> M*} and {vo, vi, ■ ■ •, ut} 
respectively, under the given transformation with coefficients 
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Oij,. Then under the same transformation we have 

n’i + ’''i = 'ZX 

5 = 1 i = 0 

= 'X (* = 0, 1, 2, • • •, k) 

s=lj=0 

Hence {/j,'o+ v'o, •••,//'*+ v'k} corresponds to {mo+ vo, • ■ •, Mfc4- I't} 
under the same transformation. Thence we see that if two 
given elements of G correspond respectively to two other given 
elements of G xmder a given transformation belonging to 7, 
then under the same transformation the product of the first 
pair of elements of G corresponds to the product of the second 
pair. Hence the transformation sets up an isomorphism of G 
with itself. Therefore 7 induces on G a group which is contained 
in the group I of isomorphisms of G with itself. It remains to 
be shown that every element of I is in this induced group. 

For the latter purpose it is convenient to represent the 
group T in a different form. We retain the symbol co to denote 
a primitive mark of the Then any mark of GF[/>^] 

may be written in the form 

7o + ^ h 

where each yi is a mark of the GFlp] and hence is an integer 
taken modulo p. Then we may write 

n—l M— 1 n—1 

X i = (^ijs 

K=0 A = 0 xTo 

where the 5ix, are integers taken modulo p. Then the 

transformation r of 7 which has the coefficients aijs may be 
written in the form 

« — 1 n k n — 1 /n—1 \ 

X = X X X ( X 

A = 0 s=:iy=0A = O \/x^0 / 

s=lj = 0 A-0 H=0 
n k n—1 n—1 

=XX X X 

5= iy=0A = 0iw. = 0 


(z = 0 , 1 , 2 , • • •, k) 
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Now every power of w can be expressed linearly in terms of 
co\ • ■ •, a)"~i with coefficients which are integers taken 
modulo p, since w satisfies an equation of degree n with coeffi- 
cients which are integers taken modulo p. On effecting this 
reduction we may write the last equation in the form 

n — 1 « — 1 ra 1 k 

^ (2 = 0, 1, • • Jfe) 

or = 0 (x — 0<r~0j—0 

where the ocij,^ are integers taken modulo p. Equating coeffi- 
cients of like powers of w, we have 

n— 1 k 

^ iX ~ OCijuX^jfim (2 = 0, 1, * * ^ J X = 0, 1, • • 72 — 1) 

M = 0i = 0 

Thus we have a linear transformation on the (k + l)n quan- 
tities the coefficients of the transformation being integers 
taken modulo p. Since the Xi are -uniquely expressible in terms 
of the x'i, it follows that the are uniquely expressible in 
terms of the and thence that the transformation on the 
^’s is nonsingular. Now the condition that the transformation 
on the ^^s shall be nonsingular is equivalent to the condition 
that the determinant of that transformation shall be different 
from zero. 

The totality of such linear transformations on the ^/x is simply 
isomorphic with the group I of isomorphisms of G with itself, 
as we see from a result in § 73 when n of that section is 1 and 
^ + 1 is our present {k + l)w. Hence in order to complete the 
proof that T induces the whole group I it is sufficient to prove 
that each nonsingular linear homogeneous transformation on 
the with coefficients in the GF[p] is equivalent to a corre- 
sponding transformation in T. 

In order to attain this end let the last foregoing transforma- 
tion now be any nonsingular linear homogeneous transforma- 
tion on the with coefficients which are integers taken 
modulo p. Change X to cr, in the resulting equation (for fixed a) 
multiply both sides by then sum as to a from 0 to « — 1. 
Thus we have the preceding system of equations. From it we 
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may go to the one which next precedes provided that we are 
able to write 

w-lw-lA n k n-l n-l 

2 2 2 2 22 

ju. = 0a = 0y=0 s=iy=0A = O 

(z=0, 

where the coefficients Ci^sx are integers taken modulo p. If we 
have this relation we may readily continue the reverse trans- 
formations through the equations written till we reach a trans- 
formation in the group T, with the coefficients Cys, these being 
marks in GFlp’'}. Hence in order to show that every transforma- 
tion on the §ix, of the type now in consideration, leads to an 
equivalent transformation of the group T, it is sufficient to prove 
the existence of integers flij,x modulo p such that the last fore- 
going system of equations reduces to an identity in the For 
this purpose it is necessary and sufficient to show that integers 
ffysx modulo p exist such that the equation 

or = 0 S = 1 A= 0 

is valid for each set of values of i, /, ix. Let us write 

1 

(T —0 

where the coefficients p^^x are integers taken modulo p. Then 
for the existence of the quantities Cy-sx it is necessary and suffi- 
cient that we have the relations 


L = 0 


P/IffSX^ljaX Oly 


for every i, j, p., <r. If i and j are held fixed, these become 
equations in the unknown quantities Cy^x (s = 1, 2, - • ; 

X = 0, 1, • • •, w — 1). In order that they shall have a solution, it 
is sufficient that their determinant D shall not vanish modulo p. 

In order to prove that D does not vanish modulo p, we show 
that we are led to a contradiction if we suppose that £> = 0 mod^. 
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If -D = 0 mod p, then integers exist, not all congruent to zero 
modulo p, such that 

n n~ 1 

S ^^^sXPactsX = 0. (/Z, (J = 0, 1, • • — 1) 

s=l x=0 

For fixed cr multiply both members by co-^ ; then, summing as to 
cr, we have a result which may be put in the form 

n n—l n—1 

Pli<rsK^^ = 0 J (^fj, = 0, 1, * • ‘ffl — 1) 

S=1 A = 0 tr = 0 

or, in view of the definition of the quantities p, 

s=l A=0 

or 

V V =0. (p = 0, 1, 1) 

Now no given one of the stuns in the parenthesis can be zero un- 
less every 4x in that sum is zero. Hence, since not every ts\ is 
zero, one at least of these sums in the parenthesis is dilferent 
from zero. Then the consistency of the foregoing system of 
equations requires that the determinant 


1 

1 

• • 1 

1 

e 

1 

■ • 

T 

3 

E 

1 







shall vanish. But this determinant is, apart from a nonvanish- 
ing factor, equal to a product of factors each of which is of the 


where a and I3 are distinct numbers from the set 1, 2, * - •, w — 1. 
Since 4 o is a primitive mark of GFlp‘^'] it follows that no one of 
these factors can vanish. Hence A^O. We have been led to 
this contradiction by assuming that D = 0 mod p. Hence this 
congruence is not valid. 
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Stiinming up the argument, we have the following result : 

The transformation group T, defined at the be- 
ginning of this section, induces the group I of iso- 
morphisms of G(t+i)n with itself, and the two groups 
are simply isomorphic. 

If G is an Abelian group of order and type (1, 1, • ■ 1), 

then we have an analytical representation of the group I of 
isomorphisms of G with itself for each factorization of m in the 
form TO = (/fe -f 1)«. For the group 7 itself we have the simplest 
representation when « = 1. The different possible representa- 
tions, however, will furnish varying information concerning 
certain subgroups of 7. 

75. On Certain Subgroups of /. When the group 7 of isomor- 
phisms of G is written in the form of the transformation group 
r of § 74, certain interesting classes of subgroups become obvi- 
ous. Let d be any divisor of n and write n = dv. Then in the 
typical transformation of T put cy, equal to zero when s is not 
divisible by d. Then the transformation takes the special form 

X', = {i = 0, 1. • ■ -, k) 

/=iy=0 

The product of this transformation by another of the same form 
may be written as a transformation of this form, the method 
of reduction being the same as that employed at the beginning 
of § 74. The named transformations therefore form a group 
Td which is a subgroup of T, It induces a corresponding simply 
isomorphic subgroup of the group I of isomorphisms of 
with itself. It is obvious that Ti is identical with T. 

That the group is equivalent to a corresponding linear 
homogeneous group with coefficients in the GF{p^ may be 
shown by an easy generalization of the method employed in 
the preceding section to establish this fact for the case = 1. 
It is sufficient merely to sketch the argument. By means of a 
primitive mark o) of the GFlp'^'] any mark of this field may be 
written in the form 

7o + + . . . -f. 
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where each ji is a mark of GFlp'^ ; for these symbols are in 
number and no two of them represent the same mark, since if 
two of them represented the same mark the primitive mark w 
would satisfy an equation of order — 1 at most with coeffi- 
cients in the GFlp'^], and this is easily shown to be impossible 
(by the method used in proving the special case of this result 
given in connection with the demonstration of Theorem IX 
of § 62). Then we may write 

y — 1 v—1 v—1 

X i = ^ f dijt 

K =0 A .=0 A =0 

where the are marks of GF[p^, The argument 

now proceeds in the same way as in the previous case, and we 
find that 

= X S (iT = 0, 1 , • • ^ ; X = 0, 1 , • • j / — 1 ) 

M=oy=o 

where the are marks of GF[p^. Thus a given transforma- 
tion in Td may be put into the form just written. Conversely, 
any transformation of the latter form may be put into the form 
of a transformation belonging to r^, the method of proof being 
that employed in the preceding section. 

We have thus exhibited the group Td as a general linear 
homogeneous group in the GF[p^'], 

We shall now determine certain subgroups of I the elements 
of which induce correspondences among the subgroups of 
G(^k+i)n which belong to the geometric set of subgroups. Let 
us consider the transformation 

= X (Z = 0, 1, • • k) 

y=o 

belonging to the group r of § 74. On combining this transfor- 
mation with the similar transformation 

k 

X^i = ^X fiijrXj^ > 
y=o 


0 * = 0 , 1 , 
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we have xU = ^ am ^ ^ 

= t 

= ^ ToxaJx'’*^’', (f = 0, 1, • • •, k) 

\ = 0 

where the definition of the jik is obvious and where the ex- 
ponent t -t- T, when not less than n, is to be reduced modulo n. 

From this it follows that the foregoing set of transformations 
constitutes a group V if the coefficients am are marks of GFCp"] 
and t varies over the set 0, 1, 2, • - — 1. If d is any divisor 

of n and t ranges over the multiples of d in the set 0, 1, 2, • • •, 
n—1, we have a subgroup of the group F. Thus we have 
a group Fd for each divisor d of n. Evidently Fi is the same 
as F. We denote by Fo the group in which t has the value 0 
alone, this being a linear group. 

Now in any particular transformation belonging to F the 
quantities Xi enter homogeneously. Hence F has (/>"■ — 1, 1) 
isomorphism with the group of transformations 

k 

px'i = 2 ^ aijtxf\ = 1 = 0 , 1 , - • k — 1 ) 

j=0 

where it is imderstood that two transformations are to be 
treated as identical if the exponent t is the same in the two and 
if it is possible to write them with the same coefficients a^, 
even though in order to do this it is necessary to have different 
values for p. This new group we denote by C(k, p”). The 
subgroup corresponding to the subgroup F^ of F we shall de- 
note by Cd(k, p”-}. The group Co(k, p”) is identical with the 
group P{k, p") introduced in § 73. 

It is easy to show that the element 

px'i = x^ {i = 0,l, ■ ■ ■,k) 

transforms Co(fe, p”) into itself. Hence C{k, p") is generated by 
this element and Co(&, P"), while Cd{k, p") is generated by the 
dth power of this element and Co{k, p"). Then from the known 
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order of Co{k, p^), or P{k, (§ 73), it follows that the order 
ot C(k, p”) is 

^ x = 0 

It is easy to see that C{k, p”), and hence each Cd(k, p’^), per- 
mutes among themselves the symbols (/io, Mi. • • ■. M*) for the 
subgroups in the geometric set of subgroups, and hence induces 
on them a permutation group. Such a permutation group we 
shall denote by the same symbol as the correspon ding trans- 
formation group. Since Cd(k, p”-) contains P{k, p”-), it follows 
that Cd{k, /)”) is triply transitive when k=\ and is doubly 
transitive when k> 1. 

In the next two chapters the groups Cdik, p“) will be treated 
in detail from another point of view. 

76. The Holomorph of G. The set of transformations of the 
form 

x'i = Xi->r cci, (*■ = 0, 1, • • k) 

where the a,- are marks of GF[^"], clearly form an Abelian group 
G of order snd t 3 T)e (1, 1, • • 1). It is therefore simply 

isomorphic with the Abelian group Ga+i)a and may be taken 
as a representation of it. The group generated by this group 
and the group T of § 74 is a representation of the holomorph of 
G(j:+i)« — a fact which generalizes a result obtained in § 29. 
The holomorph of Gch+Vn may therefore be represented by the 
set of nonsingular transformations of the form 

x'i = ^ ^ •+• Oi, (i = 0, 1, • • •, k) 

s=zl j — 0 

where the a’s are marks of the GF[F”]- The transformation 
group so defined will be represented by the symbol H. 

It is evident that the group G is a self-conjugate subgroup 
of H. It is therefore a self^onjugate subgroip of every sub- 
group of H which contains G. In particular, G is transformed 
into kself by the group 7^ defined in § 75. Hence the group 
{Td, G} is a subgroup of H of the same index as that of Tain T. 
We thus have a ready means of constructing it. An analytical 
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representation of {Td, G} is afforded by the set of nonsingular 
transformations 

= (*■ =0,1,--: k) 

i = l 

where the a's are marks of GFip^'] and d is any factor of n and 

/ 

Again we may form other subgroups of jf/ in a similar manner 
by taking the groups Fa of § 75 and combining each of them with 
G. The forms of the analytical representations of these groups 
are obvious. 

EXERCISES 

1. By means of the groups C(2, 2^) and P(2, 2^) show the existence 
of four doubly transitive groups of degree 21, their orders being 
21 • 20 • 16 ' 9 • 2, 21 • 20 • 16 • 9, 21 • 20 • 16 > 3 ■ 2, 21 - 20 • 16 • 3. 
respectively. 

2. The powers of the permutation (ABCDEFGHIJKLMNOPQRSTU) 
replace the quintuple B, G, /, S by a set of 21 quintuples. Show 
that the largest permutation group on the 21 letters each element of 
which permutes these quintuples among themselves is conjugate to 
the permutation group C(2, 22). 

3. The permutation group P(3, 2) is a doubly transitive group of 
degree 15 and order 15 • 14 • 12 • 8 = |•(8!). Prove that this group is 
simply isomorphic with the alternating group of degree 8 by showing 
that the latter group has a conjugate set of 15 triply transitive sub- 
groups of order 8 • 7 • 6 • 4 and that these are transformed by the ele- 
ments of this alternating group according to a permutation group 
which is conjugate to P(3, 2). 

4. Employ the results of the foregoing Ex. 3 in constructing four 
primitive groups of degree 15, their orders being 15 • 14 • 12 • 8, 
15 • 14 • 12, 15 ' 48, 15 • 24, respectively; show that the first two are 
doubly transitive and that the last two are singly transitive. (See 
Ex. 10 on page 162.) 

5. Prove the existence of at least twelve transitive groups of de- 
gree 31. 

6. Prove that P(2, 5) is generated by any two elements in it of 
order 31, provided that neither of them is a power of the other, and 
show that there are 7,198,200,000 such pairs of generators of P(2, 5). 



Isomorphisms of Abelian Groups 305 

7. Construct four doubly transitive groups of degree 121. 

8. When p is a prime of the form ? = 2' - 1 (i/ > 2), show that there 
exists a doubly transitive group of degree p and order 

V — 1 

n(2'-2‘). 

1 = 0 

Show that the number of Sylow subgroups of order p in this group is 

pH (2- -20, 

1=2 

where p is a factor of p — 1. 

9. When p is a prime of the form p = 22*" + 1, show that there 
exist w + 1 triply transitive groups of degree p, their orders being 
pip - Dip- 2)2*. (f = 0, 1, 2, . . m) 

Show that the number of Sylow subgroups of order p in each of these 
groups is iip ~ 3)p 4- 1. 

10. Construct at least thirteen doubly (but not triply) transitive 
groups of prime degrees less than 1000, no one of them being the meta- 
cyclic group of its degree. 

11. Construct ten transitive groups of degree 17. (See Ex. 10 on 
page 162.) 

12. Determine a necessary and sufficient condition on the coeffi- 
cients Cijs such that the transformation at the beginning of § 74 shall 
have a unique solution for the Xi in terms of the x ' i , [Suggestion. 
From the given equations form new equations by successively raising 
both members to the pth power, and thus make the determination of 

. the condition depend on linear equations in the symbols 

Y- Y Y ^ * 

"%t f » f -^l i 

express the condition by means of a determinant.] 

13. The Abelian group of order 5^ and type (1, 1, 1) has 31 sub- 
groups of order 5 and 31 subgroups of order 25 ; each subgroup of 
order 25 contains 6 of these subgroups of order 5 ; form the 31 sets 
of six subgroups thus indicated and show that these sets constitute a 
configuration of the 31 symbols such that F(2, 5) is the largest per- 
mutation group on these 31 symbols each element of which leaves this 
configuration invariant. 

14. Formulate and solve a similar problem for the Abelian group 
of order 3^ and type (1, 1, 1). 
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15. Show that there exists a triply transitive group of degree 32 
and order 32 • 31 ■ 30 • 28 • 24 ■ 16. [Suggestion. Consider the 
group I of isomorphisms and the holomorph of the Abelian group 
of order 2® and type (1, 1, 1, 1, 1) and the relation of I to the permu- 
tation group P(4, 2).] 

77. Doubly Transitive Groups of Degree and Order — 1). 
Let G be a doubly transitive group of degree and order 
p”(p”' — 1). Then (Theorem V of § 40) G contains a single 
Sylow subgroup H of order p”-, and this subgroup is Abelian of 
type (1, 1, • • •, 1). Let oo, ci, • ■ Om {m = p’^ — 1) be the p”' 
symbols permuted by G. Then H permutes these S 5 nnbols 
among themselves according to a regular group. Hence there 
is one and just one element hi of H which replaces oq by any 
given symbol Ci. 

Let us denote by M the subgroup of order — 1 in G each 
element of which leaves ao fixed. It is a regular group on ai, a^, 
• - Cm- Hence there is one and just one element of M which 
replaces a\ by any given symbol a^. 

Now each element of M transforms B. into itself. Hence the 
correspondences where in a particular correspond- 

ence j is fixed and i runs over the set 0, 1, ■ ■ m, exhibit an 
isomorphism of H with itself. On giving to j the values 1, 2, • • 
m, we have thus m distinct isomorphisms of H with itself ; for 
if we have hi — and 

hence mmr^ — 1 and therefore t =j. 

The totality of these isomorphisms of H with itself constitutes 
a subgroup h of order m of the group I of isomorphisms of H 
with itself. Since mj~'^himj = hj, it follows that the isomorphism 
induced by my replaces hi by hj. If we represent the isomorphism 
(in the usual way) as a permutation on hi, h 2 , ■ ■ ■, hm, then the 
isomorphism induced by nii is transformed by the permutation P, 

, _ /ho, hi, ■ ■ ■, h„\ 

Ctif • • *, ClmJ 

into a permutation a, which replaces ai by a,. Now the cor- 
respondence Mi ~ cTi sets up a simple isomorphism between M 
and the group consisting of the permutations cri, <T 2 , ■ • •, 
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while both nii and at replace Ci by a,-. Hence the permutations 
nii and di are identical for each i of the set 1, 2, • ■ m ; for if nii 
replaces c* by ai , we have w,- = , whence di = dr^di and 

therefore di replaces by ai. Therefore the permutation group 
on hi, h 2 , • • hm, induced by the group Ii of isomorphisms, is 
conjugate to the group M. Now the holomorph of H contains a 
single subgroup of order /»"(/•" — 1) generated by h and H, each 
being written in the usual way as a permutation group on ho, 
hi, ■■ ■, hm- This subgroup is transformed into G by the permu- 
tation P, since its regular subgroups on ho, hi, ■ ■ ■ , h,„ and h, ho, 
■ ■ ■, hm are transformed into the corresponding subgroups of G. 

Thus we are led to the following theorem : 

I. Every doubly transitive group G of degree p” 
and order — 1) is contained in the holomorph of 
the Abelian group 77 of order and t 3 rpe (1, 1, • • •, 1) 
when that holomorph is written in the usual way as a 
permutation group. Moreover, the regular subgroup 
M of G, consisting of those elements which leave one 
S 3 nnbol fixed, is contained in the group I of isomor- 
phisms of H. 

Now let h be any regular group of degree and order p" — 1 
contadned in the group I of isomorphisms of an Abelian group 
H of order p” and type (1, 1, ■ • 1). The holomorph of H has 

a (p", 1) isomorphism with I. Let Gi be the subgroup of this 
holomorph which corresponds to h in the named isomorphism. 
Then Gi is a doubly transitive group of degree p” and order 

— 1), such that its singly transitive subgroup of degree 

— 1 is conjugate to h. 

Hence we have the following theorem : 

II. For every regular group h of degree and 

order — 1 contained in the group I of isomorphisms 
of an Abelian group of order and type (1, 1, ■ • 1) 

there exists a doubly transitive group G of degree p" 
and order - 1) containing h as a subgroup. 
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Let G and G be two permutation groups on oo, Oi, •••,«„ 
{■m = — 1) each of which is doubly transitive and of order 

— 1), and let them be such that their respective subgroups 
M and M of order — 1 on Ci, 02 , • • •, am. are dmply isomorphic. 

Let the notation be so chosen that G and G have a common 
Abelian subgroup H of order p”' and type (1, 1, • • •, 1) ; and let 
hi be the element in H which replaces co by o;. Let Sj be the 
element in M which replaces Ui by Ci ; then hi = Sr^hiSi. Let 
Si be the element in M which corresponds to Si in M in the 
simple isomorphism'postulated in the hypothesis^ and kt be 
the element by which Si replaces ai ; then Now 

the permutation P, 

P = (^’ oi> ^*2’ ■ ■ ■« \ 

transforms Si into Si, as one sees from the proof of the corollary 
to Theorem XII in § 12. Also, P transforms H into itself ; for 
we have 

hi,. = Si-^htSi = Si-1 • SifeiSi-i • Si = (Si-iSi)-iAi(Si-iSi), 

whence it follows that P belongs to the group of isomorphisms 
of H (when written on the a's) and therefore transforms H into 
itself^ From these results and from the relations G = {H, M} 
and G ~{H, M} it follows that P transforms G into G. There- 
fore G and G are identical as permutation groups. 

Hence we have the following theorem : 

III. If G and G are two doubly transitive permu- 
tation groups of degree i?” and order — 1) whose 

regular subgroups of order p” — 1 are simply isomor- 
phic, then G and G are identical (conjugate) as per- 
mutation groups. 

A doubly transitive group of degree /j, and order fji(pL — 1) 
exists (Theorem V of § 40) when and only when is a prime- 
power. From the results in this section it follows therefore 
that the problem of constructing all doubly transitive groups 
of degree fj, and order m(m — 1) is equivalent to the problem 
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of constructing all regular subgroups h of degree />" — 1 con- 
tained in the group I of isomorphisms of the Abelian group H 
of order p”- and type (1, 1, • • •, 1) when this group I is written 
in the usual way as a permutation group. (In § 103 it is shown 
that these problems are also equivalent to the problem of 
constructing all finite algebras of a certain type.) These equiv- 
alent problems have been only partially solved ; it seems to be 
difficult to effect a complete solution. 

78. Analytical Forms of M. Employing the notation of the 
preceding section, let n = kv, where k and v are positive integers 
(either or both of which may be unity). Then (§§28 and 74) 
the group I of isomorphisms of H with itself is of order 

(/)*' - 1)0*=' - p) (/)*=’ -p^)... (/)*=' - 

and is simply isomorphic with the transformation group T of 
all transformations of the form 

V k 

x'i = (f = 1, 2, • - k) 

S = 1 7=1 

where the coefficients an, are marks of the GFlp”} such that the 
transformation equations have a imique solution for the symbols 
Xi in terms of the symbols x'i 

There are two particular forms of the transformations which 
are of special use : the first is that in which ^ = 1, and the 
second is that in which = 1. The advantage of the first lies in 
the fact that there is but one variable x (and related variable 
x') and that we have at our disposal the largest possible Galois 
field. The advantage of the other lies in the fact that the trans- 
formations are linear. 

Now we have seen (§ 77) that the group M is simply isomor- 
phic with a subgroup h of 1. Therefore in the case when k = l, 
and hence v = n, the elements of the group M may be represented 
analytically in the form 

Ti-. (f = 0. 1,2, ••■,^’•-2) 

S= 1 

Since the group M is regular, it follows that the mark 1 must be 
carried to any given nonzero mark by one and just one trans- 
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formation Ti. Hence we may (and we do) suppose the notation 
so chosen that 

Cl® + + h = 05*. (/ = 0, 1, 2, 2) 

When v—1, and hence k — n, the transformations may be 
written in the form 

n 

: x'i = 2^ {i = 1, 2, • • •, n) 

7=1 

where a rms over the set 0, 1, 2, • • — 2. 

In developing the theory of these groups we shall sometimes 
use the transformations Ti and sometimes the transformations 
Sa. 

79. On Certain Elements and Subgroups of M. The transfor- 
mation group T of § 78, when k = l and hence v = n, contains 
the element x' = mx of order — 1, where w is a primitive 
mark of the Hence T has a cyclic subgroup of order 

p" — 1. Now let q (when existent) be any prime factor of 
p” — 1 which is not a factor of any p* ~1 tor 1= t <n, and 
let 5“ be the highest power of q contained in p'^ — 1. Then 
q'‘ is the highest power of q contained in the order of T. Hence 
the Sylow subgroups of T of order q“ are cyclic. Therefore the 
group M contains a cyclic Sylow subgroup of order 

This result may be extended. Suppose, if possible, that M 
contains a noncyclic subgroup K of order p^, where p is a 
prime. If H is transformed by the elements of K, then the 
elements of H are permuted transitively in sets of p^ elements 
each. So far as one of these sets is concerned, the generators 
of these isomorphisms of H may be written in the form 

Pi = (CliCi2 • • • fllp)(C2ld22 • • • C2p) • • ■ (flpl<2p2 ' • ’ dpp), 

Pz = {ClnOzi • ■ • <Zpi)(Ci2C22 • • ■ Cp2) ' • • (ClpC2p - • • Opp). 

Then in PiPz^ the cycle containing an is 

(Ciiai + j, 2®l+2i, 3 • • • <Zi_i,p), 

the subscripts being reduced modulo p. The identity is the 
only element in H left fixed by any of these isomorphisms; 
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hence the product of the elements of H in any cycle must be 
the identity E. Therefore 


Hence 



’ * ^ip 

= £, 

ai\a2i 

• • (ipi 

= E. 


■ • 

. = E, (* = 1,2,-- 

p 

ffu'’ n 

■j = E, or flu'’ = E. 


«-.y= 1 


But this is impossible. Hence M contains no noncyclic sub- 
group of order p^. Therefore a Sylow subgroup of order p“ in 
M contains only a single subgroup of order p ; for it contains 
a self-conjugate subgroup of order p (Theorem I of § 32) and 
hence contains a noncyclic subgroup of order p^ in case there 
is in it a second subgroup of order p. Applying Theorems X 
and XI of § 36, we conclude to the following result : 

I. If M is a regular subgroup of order — 1 in 
a doubly transitive group G of degree and order 
P’'(P^ — 1), then the Sylow subgroups of M of odd 
order are cyclic and those of even order are either 
cyclic or of the sole noncyclic type containing a 
single element of order 2. 

The part of this theorem which relates to elements of order 2 
is extended in the following theorem : 

II. The group I of isomorphisms of an Abelian 
group H of odd order and ti^pe (1, 1, • • •, 1), when 
represented in the usual way as a permutation group 
on the elements of H other than the identity, con- 
tains just one element of period 2 which leaves fixed 
none of the p” — 1 symbols of I. This element is 
therefore self-conjugate in I. The corresponding iso- 
morphism of H with itself is that in which each ele- 
ment corresponds to its inverse. 
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In order to prove this, we represent the group /, as in § 29, 
by the transformations 

n 

^ i ^ 

i=i 


where the Cij are marks of the GFlp}. Now let the transforma- 
tion rz 

x'i = ^ aijXj (/ = 1 , 2 , • • n) 

j=i 


be of period 2 and let it leave fixed no element of H except the 
identity. The square of the transformation is 


n n n / n \ 

x'i = an UjaXa = X ( anajsjXs. (t = 1, 2, • - n) 

J=r:l S—1 S=l\/=1 / 

Since this is to be the identity, we must have 
Va -a- = 5- = * ^ 

oc^,aJs - o« 1 1 if i = 5. 


Since the identity is the only element of H left fixed by the 
transformation under consideration, it follows that the system 


(an — 8n)xs = 0 (f = 1, 2, - • •, «) 

i=i 

has no solution except that in which each Xi is zero. Therefore 
the determinant | a,-,- — 8^ \ is different from zero. Now we have 


n n 

'^/ (oiij ^i/)(p^js “h OLijOLjs “h OLis ^is — 0. 

7=1 7 = 1 


Therefore we must have ajs + = 0. These conditions uniquely 
determine the transformation under consideration to be the fol- 
lowing : 


X i — 


(? = 1,2, 


n) 


From this the theorem follows readily. 

The elements of H besides the identity are permuted transi- 
tively under transformation by the elements of M, as we have 
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seen ; therefore if P is any element of order p 'm H and X is 
any primitive root modulo p, then there is an element S in M 
such that S~^PS — P^. Then transforms P into itself, 
while no lower power of S transforms P into itself. Then the 
order of S is at least as great as p — 1. But the identity is 
the only element in M which transforms P into itself. Hence 
is the identity and the order of S is /> — 1. Therefore, 

III. The subgroup M of G contains a cyclic sub- 
group of order p — 1. 

Applying Theorem III of § 77, we have the following 
corollary : 

Cor. There is one and just one doubly transitive 
group of degree p and order p{p — 1). 

This is a special case of the following theorem, which is an 
immediate corollary of results in Chapter XIII (see Ex. 11 
on page 403) : 

IV. If a regular subgroup M of order — 1 in a 
doubly transitive group G of degree p" and order 
p^ip^ — 1) is Abelian, then M is cyclic and the group 
G is uniquely determined (see Theorem XXVII 
in § 67). 

80. The Case of Certain Invariant Subgroups of M. Let us 
now consider those doubly transitive groups G of degree p" and 
order p”(p” — 1) in which it is true that a regular subgroup M 
of degree p" — 1 contained in G has an invariant subgroup of 
order (jS > 0). where is a prime factor of p" — 1 which is not a 
divisor of any P" — 1 for 1 S p < ». For this purpose it is con- 
venient to represent the elements of M analytically in the form 
Ti of § 78, namely : 

Til = 

S=1 


(» = 0. 1, 2, -■•.p"-2) 



314 


Groups of Finite Order 

An invariant subgroup of M of order is contained in a 
Sylow subgroup of M of order Since such a Sylow subgroup 
of M is also a Sylow subgroup of the group / of isomorphisms 
of H with itself (in the notation of § 77), and since Sylow sub- 
groups of a given order constitute a single conjugate set, it 
follows that we may without loss of generality suppose that M 
contains any given Sylow subgroup of order q^, since any such 
case is conjugate to any other such case under I. Now if we 
write p”'—l = q“ix and if o! is any primitive mark of the GF\p”^, 
then a Sylow subgroup of 1 of order q'^ is generated by the trans- 
formation x' = ca'^x. We take this to be a Sylow subgroup of M, 
as we may without loss of generality. Then the invariant group 
of order q^ in M is contained in this Sylow subgroup. Hence if 
we write /»” — ! = q^\, it follows that this invariant subgroup of 
order q^ is generated by the transformation x' = (xi^x. 

Let r be a particular transformation Ti of M and let U be the 
transformation x' =■ co^x. Since {U} is invariant in M, it follows 
that T~^UT = U'^ for a suitable value of r. Hence UT = 
Writing T in the form 

T: x' = '^a^x-^”-~‘, 

S=1 

we have for UT and TU^ the transformations 


UT: 

a:' = ^ 

S= 1 

TTT: 

5=1 


These two transformations are to be identical. This requires 
that 

. (5 = 1, 2, • • •, n) 

Now for at least one 5 . Let I be such that ai 9^ 0. Then 

we have 

co^ = co^rp^ ^ or = 1, or — 1) =0 mod^^— 1. 

Since — 1 = we then have ^ 1 — 0 mod or 

rp^ ^p^ mod q^, or T ^ p^ mod q^. If ai^ 9 ^ 0 for h 9 ^ /, then 
we have also T = p^^ mod q^y and therefore p^ = p^^ mod where 
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both I and h belong to the set 1, 2, - • •, n. But this is impossible, 
since g is a divisor of — 1 , which is not a divisor of any p^—l 
for 1 g p < n. 

From this it follows that T has the form 
x' — 

Therefore the transformations r,- are all of the form x' = ax^\ 
Hence all the possible groups M of the class now under considera- 
tion (and indeed all those whose transformations are of the last 
foregoing form) are contained among those determined in § 69. 
There is just one case in which M is cyclic. All possible non- 
cyclic groups M are described in Theorem XXX of § 69. 

Thus we have a complete determination of all groups G 
whose subgroups M have the property stated at the beginning 
of the section. That there are other groups G besides those here 
determined is shown by the cases = 5^ and = 7 -. The 
theorems of this section yield exactly two doubly transitive 
groups G of every odd degree p^ and order p^{p- — 1). But for 
pn — 52 and for />"= 7^ there are just three groups G (see Ex. 15 
on page 152 and Ex. 12 on page 286). 

In connection with the determination of certain finite alge- 
bras (see our Chapter XIII) Dickson (Gottingen Nachrichten, 
1905) has conjectured the following theorem ; 

Any group G of order p" — 1, where p is a. prime 
and n is an odd integer greater than unity, contains 
an invariant subgroup of order a power of a prime q, 
where q is a factor of p’^—1 but not of any >'’—1 
for 1 s P < n. 

Dickson verified this empirical theorem for all groups of each 
of 144 orders of the named form p’^ — 1. The author has ex- 
tended the verification to 15 additional orders. In so far as this 
theorem is true, the determination of the groups G is complete. 
In fact this determination is complete when the conclusion of 
the theorem holds for groups of the named order p” — 1 which 
are restricted to satisfy conditions developed in § 79. 
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The determination of groups G is also complete in so far as 
the following (extended) proposition is true : 

Let K be a group of order where ^ is a 

prime and n is an integer greater than two (the cases 
n = 4, 6 being excluded). Then K contains a self- 
conjugate subgroup of order (|3 > 0), where q is 
a prime factor of p” — 1 but is not a factor of any 
number of the form — 1 for 1 = p < n. 

That p”'—\ (in the cases named) always has such a prime 
factor q is known from the theory of numbers (see Annals of 
Mathematics, 15 (1913), 30-70, especially page 61). The veri- 
fications of the next preceding empirical theorem afford 159 
verifications of this one. The latter has been verified in 24 addi- 
tional cases, no exception having been found. The presence of 
the exceptional cases in the theorem as stated indicates that it 
is probably not rmiversally true. But it is true in a sufficiently 
wide range of cases to be significant for the present problem. 

Since these empirical theorems are of interest on their own 
account, and since no like theorem in the theory of groups seems 
to have been demonstrated, it may be well to record here certain 
related empirical results. The principal one is contained in the 
following empirical proposition : 

Let r and s be real numbers, not both numerically 
equal to unity, such that r -j- s and rs are relatively 
prime integers. Let n be an integer greater than two. 

Let Z>„(r, s) denote the integer 


Dnir, s) = 



and let n be further restricted (see Annals, loc. cit., 
Theorem XXI) so that Z)„(r, s) shall have at least one 
prime factor q which is not a factor of any Dp{r, s) 
for 1 = p < n. Then a group of order Dn(r, s) has a 
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self-conjugate subgroup whose order is of the form 
(a > 0), where ? is a factor of D„(r, s) subject to 
the conditions just named. 

This theorem has been verified for 285 orders s) and no 
case of exception has been foimd. From certain considerations 
arising from the theory of numbers it seems that the most 
probable cases of exception are those for which n = 6. But no 
such case of exception has been foimd. 

Another related empirical proposition is the following : 

Let r, s, n have the same meanings as in the fore- 
going proposition. Let F„(r, s) = s), where 

Pnix) is the polynomial with leading coefficient unity 
whose roots are the 4>{n) primitive nth roots of unity 
without repetition. Then a group of order F„(r, s) 
has a self-conjugate subgroup of order q“ (a > 0), 
where ^ is a prime factor of F„(r, s) but is not a fac- 
tor of n. 

This theorem has been verified for 639 orders F„(r, 5 ) and 
no case of exception has been found. 

For none of these empirical theorems have the verifications 
suggested any method of general proof. 

Let us next consider those doubly transitive groups G of de- 
gree and order — 1) in which it is true that a regular 

subgroup M of degree p^' —1 contained in G has an invariant 
subgroup of order q^ (j8 > 0), where $ is an odd prime factor 
of p' — 1 which is not a divisor of any p” for 1 < v. 

We denote by H the regular Abelian subgroup of G of order 
p^’ and by I the group of isomorphisms of H with itself. If 

is the highest power of q contained in p- — 1 , then 9 -“ is the 
highest power of q contained in the order of I, as one sees by 
inspection of the order of 7 (§78). 

We now make a further restriction, namely, that the invari- 
ant subgroup of order q^ in M is contained in the group gen- 
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erated by the transformation x' = ux, where to is a primitive 
mark of the GFlp^”']. If we write p^’ — 1 = q^\, then M contains 
self-conjugately the subgroup generated by the transformation 
x' = (li^x. We denote this transformation by U. 

Any transformation T oiM may be written in the form 

2 V 

T: «' = 2 

where the coefficients are in the GFlp^’l. An integer r exists 
such that T~WT= IF, whence UT = TIT. For UT and TIT 
we have transformations similar to those denoted by the same 
symbols in the earlier part of the section. Proceeding as in 
the former case, we show that if ai 9 ^ 0 and ai^ 9 ^ 0, then we 
have mod From this relation and the assumed 

property of q we see that I and h, when not equal, differ by v. 
Hence T has the form 

T-. X' = ax^^'-^ 

Since M is of order p^” — 1 and permutes the nonzero marks 
of the field transitively and hence must have just one element 
which replaces the mark 1 by any given nonzero mark co% the 
transformations of M may be written in the form 

Si : x' = (a, + = a;“ ; f = 0, 1, • • ■ , _ 2) 

The coefficients a, and /S,- are in the GF\J)^’']. 

We shall now consider all the groups M whose transforma- 
tions may be written in the foregoing form S,- whether or not 
these groups M have the properties employed in arriving at 
this form. [If = 1 we have di = 0. Comparing with § 78, one 
sees that we have here all cases M of degree — 1.] 

Let us consider the set F of all transformations of the form 

A: x' = + ^x^\ 

where a and /3 range over the marks of the GFlp^”] and a runs 
over the set 0, 1, 2, • • -, v — 1. The condition on a and /3 in 
order that A shall be nonsingular is that 

aP^+i- ^ /Sp’+i. 



Isomorphisms of Abelian Groups 


319 


Since the product of two transformations of the form A is also 
of this form, the set F constitutes a group. There are v pos- 
sible values for a. When ct = 0 we have for jS any one of 
p^” —1 marks ; when /3 = 0 we have for cc any one of p-- — 1 
marks ; when o;/3 5 ^ 0 we have for a any one oi p^’ — I marks, 
while for each a we have for any one of p^’ — p’ — 2 marks. 
Hence the order of F is 


(J,2p _ l)(^2, —pr'^p^ 


If cr is further restricted to be a multiple of d, where d is a di- 
visor of p {p = db), then the resulting group is a subgroup of F 
of index 5. Each of these groups is in the group I of isomor- 
phisms of H. The corresponding subgroup of the holomorph of 
H, in its usual isomorphism with /, is doubly transitive. Hence, 

For every divisor d of v there exists a doubly tran- 
sitive group of degree and order 

p2r(^p2, _ i)(^2» _ 

The groups M under consideration here are subgroups of the 
group F. We shall not attempt a general determination of 
them but shall content ourselves with applications of the re- 
sults attained. 

In order to construct a doubly transitive group of degree 25 
and order 25 • 24, we seek a transformation of order 4 of the 
form 

X — ax^ + px. 

Its square (§ 79) must be x' = — x. Hence we have a® + 

= — 1, -f 1) = 0. These conditions are satisfied by the 

transformation 

x' = 4 . 

where = w -i- 3. Adjoining the transformations x’ = a)®x 
and x' = x+l, we have the required doubly transitive group. 

In a similar way one may find doubly transitive groups of 
degree p^ and order p‘-^(p^ — 1) when ^ is a suitable odd prime. 
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EXERCISES 

1. By the method of § 80 construct three doubly transitive groups 
of degree and order p^ip^ — 1) for each value p of the set 7, 11, 23. 

2. Determine all the doubly transitive groups G of degree n and 
order np — 1) for which < 81. 

3. Show that there is just one doubly transitive group G of degree 

p^ and order p^{p^ - 1) when p^ = 2\ 2^, 2^3, 2^^ 2^9, 3®, 3^, 3^ 3^3. 

4. Show that there are just two distinct doubly transitive groups 
of degree 81 and order 81 • 80. Show that each of them has a cyclic 
Sylow subgroup of order 16. 

5. Prove the existence of at least seven doubly (but not triply) 
transitive groups of degree 81. 

6. Show that there are just 2"^ d- 1 conjugate sets of elements in 
the triply transitive group of degree 2^* + 1 and order (2'^ + 1)2”(2” — 1) 
whose regular subgroups of degree 2^" — 1 are cyclic. 

7. Show that the symmetric group of degree 8 contains 30 triply 
transitive subgroups of degree 8 and order 8 • 7 • 6 • 4 and that in the 
alternating group of degree 8 these subgroups fall into two distinct 
conjugate sets of 15 each. 

8. Show that the alternating group of degree 8 may be represented 
as simply isomorphic with a transitive group of degree 15 in such a 
way that the subgroups each of which leaves just one symbol fixed 
constitute one of the conjugate sets of 15 subgroups mentioned in 
Ex. 7 while the other set of 15 subgroups of order 8 • 7 • 6 • 4 are 
permuted in two transitive sets of 7 and 8 symbols respectively. 

9. When the alternating group of degree 8 is represented as a 
transitive group of degree 15, as in Ex. 8, show that there is a set of 
seven of the 15 symbols which takes only 15 values under the permu- 
tations of the group. Construct this group of degree 15 and form the 
indicated configuration consisting of 15 sets of seven symbols each 
from the indicated 15 symbols. 

10. The Abelian group G of order 2^ and type (1, 1, 1, 1) has 
15 subgroups of order 8. Show that the fifteen elements of order 2 
in G fall into 15 sets of 7 each so that each set of 7 with the identity 
constitutes a subgroup of G of order 8, and prove that this configura- 
tion is conjugate to that described in Ex. 9. 
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11. Show that any two sets of 7 in the configuration in Ex. 10 
have just three symbols in common and that these three symbols 
also occur in a third set of 7 in the configuration. There are just 35 
of these sets of three each. 

12. Represent the alternating group of degree 8 as simply iso- 
morphic with a transitive group of degree 35 (see Ex. 11). 

MISCELLANEOUS EXERCISES 

1. Discuss the number of ways in which it is possible to select a 

geometric set of subgroups of order in the group of § 72. 

2. The group of isomorphisms of an Abelian group G can always 
be represented in just one way as a transitive permutation group on 
letters corresponding to the elements of G except when the order of 
G is twice an odd number, in which case there are just two such tran- 
sitive representations. 

3. In order that the group of isomorphisms of an Abelian group G 
shall itself be Abelian it is necessary and sufficient that G shall be 
cyclic. 

4. If m is the highest order for an element of an Abelian group G, 
then the group of isomorphisms of G contains just (t>(m) self-conjugate 
elements, (pirn) being Euler’s ^-function. 

5. If G is a non-Abelian group, then G caxmot be represented as 
simply isomorphic with a permutation group on symbols correspond- 
ing to a set of relatively permutable elements of G. 

6. If the group I of isomorphisms of a given group G is represented 
as a simply isomorphic permutation group on symbols corresponding 
to elements of G, then I is at most doubly transitive. 

7. Exhibit a group G containing a seif-conjugate subgroup H such 
that the group of isomorphisms of H is of greater order than the 
group of isomorphisms of G. 

8. If G is a group which admits an isomorphism with itself in 
which each element corresponds to the square of that element, then G 
is an Abelian group of odd order. 

9. If G is a group which admits an isomorphism with itself in 
which each element corresponds to its cube, then G is an Abelian group 
whose order is prime to 3. 
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10. The group of isomorphisms of an Abelian group cannot be a 
non- Abelian group whose only representation as a simply isomorphic 
transitive permutation group is that afforded by a regular group. 

11. The order of the group I of isomorphisms of an Abelian group G 
is of the form 7nk, where m is the number of elements of highest order. 
A necessary and sufficient condition that the order of I shall be m 
is that G shall be cyclic. 

12. Show that just two of the five groups of order 8, namely, the 
cyclic group and the quaternion group, have each the property that it 
cannot be the group of isomorphisms of any group with itself. 
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81. Definition of the Finite Projective Geometries. Abelian 
groups of order zxid type (1, 1, • • 1) admit of an inter- 

pretation which affords a representation of the so-called finite 
projective geometries PG{k, p”') ; and these groups and these 
geometries throw light each upon the other. The object of this 
chapter is to develop that part of the theory of the finite geom- 
etries which will be useful to us in its applications to the theory 
of groups. 

Veblen and Bussey {Trans. Amer. Math. Soc. 7 (1906), 241- 
259) have defined a finite projective geometry in the following 
way. It consists of a set of elements, called points for sugges- 
tiveness, which are subject to the following five conditions or 
postulates : 

I. The set contains a finite number of points. It 
contains one or more subsets called lines, each of 
which contains at least three points. 

II. If A and B are distinct points, there is one 
and only one line that contains both A and B. 

III. If A, B, C are noncollinear points and if a 
line I contains a point D of the line AB and a point E 
of the line BC but does not contain A or jB or C, then 
the line I contains a point F of the line CA. 

IVft. If m is an integer less than k, not all the 
points considered are in the same /w-space. 

Vj;. If IVfc is satisfied, there exists in the set of 

points considered no (k -h l)-space. 

323 
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The geometry so defined is said to be a georaetry of a k- 
dimensional space. 

In the foregoing system of postulates the terms point and line 
are left undefined. A point is called a 0-space and a line is called 
a 1-space. An m-space, or a space of m dimensions, may be 
defined inductively as follows. A point is a 0-space. If Pi, P 2 , 
• • •, Pm+i are points not all in the same (m — l)-space, then the 
set of all points each of which is collinear with Pm+i and some 
point of the {m — l)-space (Pi, P 2 , • • •, Pm) is the m-space 
(Pi, P 2 , • ■ •, Pm+i). A 2-space is called a plane. 

82. Representation of Finite Geometries by Means of Galois 
Fields. By means of the marks of a Galois field we shall now 
give a concrete representation of a finite /^-dimensional projec- 
tive geometry. We denote a point of the geometry by the 
ordered set of homogeneous coordinates 

(mo, Ml, • • •, Pk) 

where mo, Mi, • ■ Mt are marks of the GF[p'^'] at least one of 
which is different from zero, and where it is imderstood that the 
foregoing s 3 Tnbol denotes the same point as the symbol (mmo, 
MMi, • • •> MMifc), where m is any one of the — 1 nonzero marks 
of the field. Since the ordered set of marks mo, Mi, • • M* may 
be chosen mp — 1 ways, and since each point is represented 
in — 1 ways by p" — 1 sets of symbols in this totality, it 
follows that the number of points defined is 

1 + P” + 4- • ■ • + P*"” 

For the line containing the two distinct points (mo, Mi> • • •, M*) 
and {vo, vi, ■ ■ •, v^) we take the set of points 

(mmo + vvo, nm -t- vvi, ■ • •, MM)fc+ vvk), 

where m and v run independently over the marks of the GP[p"] 
subject to the condition that m and v shall not be simultaneously 
zero. The number of possible combinations of the m and v is 
then p2" — 1 ; and for each of these the corresponding symbol 
denotes a point, since not all the k-\-\ coordinates are zero. 
But the same point is represented by p” — 1 of these combina- 
tions of M and V, owing to the factor of proportionality involved 
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in the definition of points. Therefore a line as so defined con- 
tains +1 points. It is obvious that any two points on the 
line may be used in this way to define the same line. 

It must now be shown that the five postulates given in § 81 
are satisfied by the concrete elements thus introduced. The 
existence of lines containing + 1 points each is sufficient to 
show that Postulate I is satisfied. That Postulate II is satisfied 
is evident from the way in which a line containing two given 
points has been defined. 

Let (Xo, Xi, • • •, Xa-), {fxoy Ml, • • *, (^ 0 , vu • * *, Vk) beany 

three noncollinear points A, B, C, Let I he a. line containing a 
point D, say (XXo + mmo, ' • *, XX* -f- of the line AB and a 
point E, say (p/io + (tpo, • • •, p/Xk+ o-Vk), of the line BC, and 
suppose that I does not contain A ox B ox C, whence it follows 
that X, M, p, a are all different from zero. In order to prove that 
Postulate III is satisfied we have to show that I contains a point 
of CA, Now I consists of the points 

jSpMo + ^(xPo, • • •, oiWk + aiJLjjLk + l3p/uLk + ^crvk) 

where a and /? rim independently over the marks of the GF[p^} 
subject to the condition that they shall not be simultaneously 
zero. Now, whatever nonzero marks p and p may be, there exist 
nonzero marks a and /3 such that ^ p = 0. For such 

values of a and /3 we have the point 

(aXXo + jScTz^o, * * *, aWk + ^crvk) 

on I ; and this point is on CA. Hence Postulate III is satisfied. 

It is convenient, before verifying the other two postulates, 
to determine the number of points in an m-space belonging 
to the concrete representation of the geometry which we are 
considering. 

Let (poO, POl, • • *, POfc), (PIO, Pll, • • Pu), (P 20 , P 21 , • • *, P 2 &) 
be three noncollinear points in the geometry, such points being 
surely existent if ^ > 1. The first two of these determine a 
line I ; and this line and the third point determine a 2-space. 
It is obvious that the points on this 2-space are the points 

(popoo + PlPlO + P2P20, * * *, PoPOfc + PlPlfc + P2P2fc), 
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■where mo, A^i. M 2 run independently over the p" marks of the 
GF[P"] except that they cannot be simultaneously equal to 
zero. The number of the sets ;uo, mu M2 is therefore _ 2 ^ . 
taking out the factor p" — 1, due to the factor of proportion- 
ality, we have for the number of points in a 2-space the number 

It is ob-vious that any three noncollinear points in this 2-space 
define the same 2-space. 

In general, if the points (/tio. Mu. • • •, Mifc) {i = 0,1, 2, ■ ■ •, m) 
are any m-{-l points not in the same {m — l)-space (certainly 
existent in the geometry if to ^ they may be used in the same 
way to define an m-space consisting of the points 

( ^ ^ 

\ * * “> )> 

\* = 0 i—0 / 

where mo. Mi. • • •. M™ rim independently over the marks of the 
GF[p”] except that they shall not be simultaneously zero. Then 
the TO-space consists of 

1 -|_ _j_ p2n . . . J^pmn 

points, as one sees by noting that there are — 1 combi- 

nations of the /Xi and that these fall into sets of — 1 each 
such that all the symbols in a set represent the same point. 

Now the points of the w-dimensional geometry so defined 
may be represented imiquely by the homogeneous co-ordinates 
(Mo, Ml. • • -. Mm), once the base set of TO-f- 1 points has been 
chosen. Thence it is not difficult to see that this TO-dimensional 
geometry is of the same general character as the yfe-dimensional 
geometry which contains it. 

From the foregoing results it follows that it m< k there 
are points in the geometry which are not in any given m-space 
and that the geometry does not contain any (.%-]- 1) -space. 
Therefore the last two postulates in § 81 are satisfied by the 
concrete representation which we have given of the geometry. 

The concrete finite projective ^-dimensional geometry so de- 
fined by means of the GF[p"] we denote by the symbol PG{k, p”). 
We shall also use the same symbol to denote any finite pro- 



Finite Geometries 


327 


jective geometry which is abstractly equivalent to the concrete 
geometry so defined, that is, is such that a one-to-one corre*' 
spondence may be established between the points of the two 
geometries in such a way that the points which form a line in 
one geometry always correspond to points which form a line 
in the other. 

Veblen and Bussey (loc. cit.) proved that when k> 2 every 
finite projective ^-dimensional geometry satisfying the defini- 
tion reproduced in the foregoing § 81 is a geometry of points 
whose homogeneous co-ordinates may be taken as the marks 
of the GF\_p^'\ in precisely the same way as we have used homo- 
geneous co-ordinates to represent the points of the PG{ky 
Hence, when ^ > 2, we have in the PG{ky p^) geometries which 
are abstractly identical with all possible finite projective geom- 
etries of more than two dimensions. Since we do not require 
to make explicit use of this interesting theorem, we shall not 
give a proof of it here. (See § 108 for finite plane geometries 
of t 3 rpes different from the PG(2, /?”■).) 

It is convenient to insert here the determination of the 
ntunber of m-spaces PG(m, p^) {m < k) contained in the given 
>fe-space PG{h P'^)- The number of ways in which a given set 
of m -f- 1 base points for the PG{m, p^) may be selected in a given 
order from the points of the PG(k, p'^)^ subject as they are to 
the condition that they do not all lie in any given (m — 1)- 
dimensional space, is 

(1 + H h P^^) h p^^) 

(J^2n ^ ^ ^ pkn'^^ 

the factors in this expression, in the order written, being the 
number of ways in which the first point, the second point, the 
third point, •• •, the (w-f l)th point, respectively, may be 
selected. The number of ways in which m -f- 1 points of a 
given PG(m, p^) may be selected in a given order so that they 
do not all lie in any {m — l)-dimensional space is similarly 
shown to be 

(l+p^-\ h P^^) (P^ + p-^ + h P^^) 

• • • -p p^^)(p^^). 
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The number of wz-dimensional spaces PG{m, />”) in the given 
PG{k, p^) is the quotient of the first of the foregoing two prod- 
ucts by the second ; hence this number is equal to 

^pih+Dn _ _ 1) . . . _ J-) 

(pCm+nn_ 1) . . . (^2n _ 1) 

83. Representation of Finite Geometries by Means of Abelian 
Groups. Let G be an Abelian group of prime-power order 
p(f:+i)n (1^ 1, ■ ■ 1). In § 72 we introduced a set of 

subgroups of G, each of order p”-, and represented these sub- 
groups by the symbols (yUo, yui, • • •, Mi), where in each symbol 
the m’s are marks of GFlp”'] and at least one of them is different 
from zero. Such a set of subgroups we called a geometric set 
of subgroups. ' 

These subgroups (mo, mi. • • Mi) of order p^, constituting 
the geometric set of subgroups of G, will be taken as the points 
of the finite geometry in the concrete representation of the 
geometry which is now to be set up. An m-space in this geom- 
etry will be defined as the set of points denoted by the groups 
of the geometric set which are contained as subgroups in the 
group generated by m 1 of the groups in the geometric set, 
these m -f- 1 groups being such that no one of them is contained 
in the group generated by the other m. Again we call a point 
a 0-space ; a 1-space is called a line. With point and line thus 
defined, it is evident that the definition of an m-space here 
given is equivalent to the inductive definition given in § 81. 

If (mo, Ml. ■ • •, Mi) and (i'o, vi, • • •, Vk) are two distinct points 
in this set, then the line determined by them consists of the 
p'^+1 points 

(mMo + VVQ, MMi + vvi, ■ ■ •, mm* + vvk), 

where m and v run independently over the marks of the GF [p”] 
except that they are not simultaneously zero. 

Since the points and lines of the geometry are now repre- 
sented by the same symbols as the points and lines in § 82, it 
follows readily that the elements here set up constitute the 
PG{k, p^). Hence every PG(k, p™) is capable of a concrete rep- 
resentation by means of an Abelian group G of order 
and type (1, !,•••, 1). 
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From this it follows that every abstract theorem relating to 
PG{k, p^) may be translated into a corresponding theorem 
about the group G. Conversely, a certain class of theorems 
about the group G are likewise individually capable of inter- 
pretation as theorems in the PGiky p^). This interaction of 
two theories, in the first place apparently quite distinct, affords 
a matter of considerable interest. 

84. Euclidean Finite Geometries EG(k, Let us consider 
the subset (mo, /xi, * • •, juk) of points in the FG{k, p^), for each 
of which /jLo 7 ^ 0. Without loss of generality we take jao = 1. 
Then the points considered are (1, jui, ya 2 , * * •, Since the 
marks /zi, /X 2 , • • may run independently over the p'^ marks 
of the PGiJz, p^), it is evident that the points in consideration 
are in number. They are said to constitute a Euclidean 
finite geometry ; this Euclidean finite geometry is denoted by 
EG{K P'^)- The excluded points (0, )L42, * - •, i^k) obviously 

constitute a PG(k — 1, the homogeneous co-ordinates of 
whose points are of the form (/xi, * * *, iik)- More generally, 

if we omit from the PG(k, p^) any given PG{k — 1, p'^) contained 
in it, the retained points are said to constitute a Euclidean finite 
geometry EG{k, p^) ; and this geometry contains just points. 

The particular form of the EG^k, p^) first mentioned in the 
preceding paragraph has for the homogeneous co-ordinates of 
its points those of the form (1, /xi, /X 2 , • • •, Mfc)- When consider- 
ing the EG{k, p^) alone, it is therefore possible to represent its 
points by the nonhomogeneous co-ordinates 

{^tl, At2, • • •, /XA:}. 

But we have seen that the elements of the Abelian group of 
order p^"^ and type (1, 1, • ■ 1) may be represented by non- 

homogeneous co-ordinates {jui, /X 2 , * * *, Atjt}- Hence the elements 
of this group afford concrete representations of the BG{k, p^). 

From the definition of points and lines of the PG{k, p^), given 
in § 82, it follows that the PG(k, p^) is transformed into itself 
when its points (xo, xu • • Xk) are transformed in accordance 
with any transformation of the form 

k 

px i = (XijXjj (i 0, 1, • • 
y=o 
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where the are marks of the GF[p’^] such that the determinant 
i aij \ is different from zero. By such a transformation the 
PG{k — l, p”') defined by the equation xo = 0, that is, the 
PGik — 1, p”) consisting of the points (0, M 2 , ■ • •, m*), is re- 

placed by a PG{k — 1, p^) whose equation is x'^ = 0, or 

(XooXo + OCoiXi + • • • + OiOhXh = 0. 


At least one of these coefficients aot is different from zero. 
Conversely, if we have any equation of the foregoing form, with 
at least one coefficient different from zero, then there exists a 
transformation of the named type by which the PG{k — 1, 
defined by the equation xo = b is transformed into the given 
equation. Therefore every equation of the named form defines 
a PG{k — 1, contained in the given PGQt, p^). Furthermore, 
every PG{k — 1, contained in the given PG{k, p”-) consists of 
points (zo, xi, ■ ■ -, Xh) whose co-ordinates satisfy an equation of 
the form + ■ • ■ + = 0 ; 


for (§ 82) such a PG{k — 1, />”) consists of a set of points of the 
form 





^-1 \ 

i-0 / 


where the points (/x^o, • * Ma) (^ = 0, 1, * • *, A 1) are a set of 
base points for defining the given PG(k — 1, and for every 

such set of points the coefficients ^ exist such that these points 
are just the points (xq, Xk) whose co-ordinates satisfy the 

last foregoing equation. From these considerations it follows 
that a transformation of the named type exists by which any 
given PGik— 1, p^) contained in the PG{k, p^) may be trans- 
formed into any other such PG{k — 1, p^). Therefore all the 
EGiJz, p^) contained in PG{k, p^) have the same structure. 

85. The Principle of Duality. In the postulates in § 81 the 
terms point and line are undefined. Therefore we may give 
these names to any entities having the properties assigned to 
point and line in the postulates. We shall establish the property 
of duality by showing that certain other entities in the PG{k, p^) 
have the properties of points and lines respectively. To prevent 
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confusion we shall temporarily use the terms punct and rect for 
the entities having the properties of point and line respectively. 
During the argument we shall suppose that k> 1. 

A (k — l)-space in PG(k, p”-) we shall call a punct ; and a 
(k — 2) -space we shall call a rect. We shall now show that two 
given puncts have one and only one rect in common. Let 
(fMo, Mil, • ■ Pik) (i = 1, 2, • • •, fe) be a set of k points in PG(k, p”) 
which are not on the same {k — 2)-space. They may be used as 
the base points by means of which to define a (k — l)-space, or 
a punct, as in § 82. Let a second punct be defined by the set 
(vio, Vii, ■ ■ Vik){i = 1, 2, ■ - k) of k base points which are not 
on the same {k — 2)-space. Then the points contained in these 
two puncts are 

k k \ / k k \ 

MiMio, ■ • % MiMiij and ViVio, • • •> 2^ ViVaJ 

respectively, where the /Xi, and likewise the Vi, run over the 
marks of the except that neither all the Hi nor all the Vi 

can be simultaneously zero. 

Let us consider the system of equations 

k 

^ * * *» 

y=o 

in the unknown quantities co, fli, • • Ok- Since the k points of 
the first system of base points do not lie on a (k — 2) -space, it 
follows that the matrix 

MlO Mil • ■ • Mil: 

^20 M21 ‘ ’ * ^2k 

f^kO l^kl ' * * Mfcfc 

is of rank k. Hence the foregoing system of equations has a 
solution for the a’s, which is unique except for a factor of pro- 
portionality belonging to the Thence it follows that the 

points of the first punct are precisely the points {xo, xi, ■ ■ •, Xk) 
for which the equation 

QoXq -j- diXi dkXk = 0 
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is satisfied. We may therefore denote this punct imiquely by 
the "homogeneous co-ordinates” [ao, Oi, ■ ■ ■, o*]- Likewise there 
exists an equation 

CqXo CiXi -[-•••-}“ CkXk — 0 

whose solutions (%, Xi, ■ ■ ■, Xk) afford precisely the points of the 
second punct, whence we denote the second punct by [co, Ci, 
• • •, Cfc]. Then the common solutions of these two equations 
Hpfinp. precisely the points which are common to the two given 
pxoncts. Since the two given puncts are different (by hypothe- 
sis), it follows that the matrix 

Oq Gi • • * Gk 
Co Cl • • • Cfc 

is of rank two. Hence the common solutions of the two equa- 
tions can be expressed linearly and homogeneously in terms of 
k — 1 suitably determined solutions, and the k—1 points de- 
fined by these particular solutions do not all lie on the same 
{k — 3) -space. Therefore the solutions define a (^ — 2) -space, 
or a rect. Hence the two puncts have one and only one rect in 
common. 

We shall say that the puncts which may be used in thus de- 
termining a given rect are the puncts on that rect ; and we 
shall say also that the rect contains these puncts. 

Putting punct and rect for point and line, respectively, in 
the postulates of § 81, we see that the results just proved indi- 
cate that Postulates I and II in their new form are satisfied. 

In order to show that Postulate III in the new form is 
satisfied, let us consider three puncts A, B,C with the respective 
defining equations 

OqXq -h CiXi “h ■ ■ ■ -f- (ikXh — 0, 

baXo biXi -j- • • - -)- bicXk = 0, 

CoXo -f- ClXi + ■ ■ ■ + CkXk = 0, 

no one of these puncts being on the rect common to the other 
two. Let Z be a rect such that one of the puncts D on Z is also 
on the rect AB which is common to A and B and such that one 
of the puncts E on Z is also on the rect BC, while Z does not con- 
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tain ^ or S or C. There exist nonzero marks di and d 2 of the 
GF[J>”-'] such that the equation 

+ d2bo)xo + • • • + d2bk)xk = 0 

is the defining equation for the punct D. Likewise nonzero 
marks Ci and exist in the GF[p"] such that the equation 

(eibo + e2Co)xo + ■ • • + (eibk + =0 

is the defining equation for the punct E. The puncts on the rect 
DE, this being the rect I, have defining equations of the form 

{oi(di{Zo ■+• d2bo) -t- P{eibo -f- fi2Co)}xo + • • • = 0, 

where a and 13 are marks of the GF[p”}. Now nonzero marks a 
and /3 exist such that o’d 2 + jSei = 0. For these values of a and 
jS the last named pimct is on CA. This is the punct F called for 
in the new form of Postulate III. Hence that postulate is 
satisfied. 

Now the rect which contains the two given puncts [oo, ai, 

• • ■, O'*] and [;8o, • • •, ^k] consists of the puncts [Xo-o + miSo, 

• • • , Xaic + pL^kl, where X and jti run independently over the marks 

of the except that they cannot be simultaneously zero. 

It is this fact on which the proof in the preceding paragraph 
rests; and that proof is evidently abstractly the same as a 
corresponding proof given in § 82. 

That the new forms of the Postulates IV* and V* are satisfied 
may now be proved by means of an argument which is ab- 
stractly the same as that employed in a corresponding proof in 
§ 82. This proof will not be given. 

Furthermore, we have incidentally given an analytical rep- 
resentation of pxmcts and rects which is in all abstract respects 
the same as that which we gave for points and lines in § 82. 

From these considerations it follows that the puncts and 
rects of a PG(k, p^) may be employed in place of points and 
lines in setting up a new representation of the same abstract 
PG{k, p’^). 

Now a 0-space (or pimct) in the new sense is a {k — l)-space 
in the old sense, and a 1-space (or rect) in the new sense is a 
(k — 2)-space in the old sense. More generally, we shall show 
that an /-space in the new sense is a (^ — / — 1) -space in the old 
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sense. For an /-space in the new sense consists of the points 
{xo, xi, • • Xk) whose co-ordinates satisfy / + 1 independent 
equations of the form 

^ CijXj = 0 ; (f = 1, 2, • ■ •, / -I- 1) 

i=o 

and these equations have k — I independent solutions in terms 
of which all their solutions may be expressed linearly and homo- 
geneously, whence it follows that these equations define a 
(k — I — 1) -space of points in the old sense. 

From these considerations it follows that every theorem re- 
lating to PGik, p”) may be translated into a new theorem 
relating to PG(k, p^) by replacing 0-space by (k — l)-space, 
1-space by (k — 2)-space, and, in general, /-space by (A — / — 1)- 
space for every value of / less than k. This is the principle of 
dtiality. We have established this principle for ^ > 1 ; it ob- 
viously holds (in a trivial way) when k — 1. 

Since the PG{k, />”) may be represented by means of a 
geometric set of subgroups of the Abelian group G of order 
pik+vin j-ypg 1, • • -, 1), we see that any theorem concern- 
ing the geometric set of subgroups of G may be translated into 
a new theorem by means of the principle of duality. 

The new theorem obtained in either of these cases is called 
the dual of the original theorem. It is clear that the original 
theorem is then the dual of the new theorem. In case the dual 
of a theorem is that theorem itself, the theorem is said to be 
self -dual. In all other cases the truth of one of the theorems 
implies the truth of the other without further argument, so 
that the principle of duality gives rise to economy of thought. 
It also exhibits clearly certain aspects of beauty which might 
not be realized without its aid. 

86. Finite Geometries Contained within Finite Geometries. Let 
us consider the finite projective geometry PG{k, p^), where 
n > 1. Let V be any proper divisor of n (including the possi- 
bility that V shall be unity). Then the GF[p'^'] contains a sub- 
field GF[p’'], as we saw in § 65. Let us consider the set of points 


(po, Pl, * * *, Pfc) 
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in PG{k, p'^)y where the pi run independently over the marks 
of the GFip^'] except that they shall not be simultaneously 
zero. This set of points constitutes a finite projective geom- 
etry PGik, p^)y and this geometry is contained within the 
PG(k, p^) as a subgeometry. Therefore, when n> 1 the 
PG{ky p^) always contains one or more subgeometries PG{k, p^), 
one for each proper divisor v of n. 

Let us consider as an illustrative example the PG(2, 2^) 
based on the GF[2^'] defined by means of the function x^ + x+1. 
The marks of the GF\_2^'] may be denoted by 0, 1, co, coi, where 
coi = CO “h 1. Then we have the following relations : 

1 -T ^ 1 "h ~ CO, CO “1“ coi == 1, 1 ^ "i" coi — 0, 

coco = COi, COiCOi = CO, COCOi = 1. 


The points of PG(2, 2^) are 21 in number, since 1 -f 2^ + 2^ = 21. 
They will be denoted by letters in accordance with the follow- 
ing scheme : 


(001) 

(010) 

(Oil) 

(Olw) (Olcoi) 


(100) 

(101) 


A 

B 

c 

D E 


F 

G 


(10«) 

(lOcoi) 

(110) 

(111) (llco) 


(llcoi) 

(IwO) 


H 

I 

J 

K L 


M 

N 



(Icoco) 

(IwOJi) 

(IcoiO) (Iwil) 


(Icoico) 

(lcoi< 


0 

p 

Q 

R S 


T 

U 


The 21 lines are those given in the following scheme, the letters 

in a given column denoting a line : 





A A 

AAA 

B B B 

B C C C C D 

D 

DDE 

E E 

E 

B F 

J N R 

F G H 

I F G H I F 

G 

H I F 

G H 

I 

C G 

K 0 S 

J K L 

M K J M L L 

M J K M L K 

J 

D H 

LPT 

NOP 

Q P Q N 0 Q 

P 

0 N 0 

N Q 

P 

E I 

M Q U 

R S T 

U U T S R S 

R 

U T T 

U R 

S 


The points A, B,C, P, G, /, K, in the junction into lines defined 
by this scheme, constitute the PG(2, 2) of 7 points whose lines 
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are denoted by the colirams in the following scheme : 

A B F C J K G 

B F C J K G A 

C J K G A B F 

This is a subgeometry PG(2, 2) contained within the given 
PG(2, 22). 

EXERCISES 

1. Show directly from the postulates in § 81 that a two-dimensional 
finite projective geometry having just three points on a line consists 
of a set of seven points which may be labeled Ay B, C, E, F, G in 
such a way that the lines of the geometry are the sets of three each 
in the columns of the following scheme : 

A B C D E F G 

B C D E F G A 

D E F G A B C 

Show that the largest permutation group on A, By C, D, E, F, G each 
element of which transforms this geometry into itself in the sense 
that points are replaced by points and lines are replaced by lines is 
the doubly transitive group {(ABCDEFG), (BD)(EF)} of degree 7 and 
order 168. Denoting the lines of this geometry, in the order in which 
they appear in the foregoing scheme, by ay by c, d, e, /, g, set up the 
dual form of the geometry ; find the group on <3, b, c, d, e fy g induced by 
the group {{ABCDEFG)y (BD){EF)} and examine the relation between 
these groups. Are the two groups conjugate as well as isomorphic? 

2. Treat similarly the two-dimensional finite projective geometries 
having (a) just four points on a line, (b) just five points on a line. 

3. Determine the 12 lines of 3 points each belonging to the FG(2, 3) 
of 9 points. Determine the largest permutation group on these nine 
points each element of which transforms this EG(2y 3) into itself. 

4. Denote the 15 points of the PG(3, 2) by the symbols A, B, C, 

• • •, 0, as follows : 

(0001) (0010) (0011) (OlOO) (0101) (0110) (0111) (1000) 

^BCDEFGH 
( 1001 ) ( 1010 ) ( 1011 ) ( 1100 ) ( 1101 ) ( 1110 ) ( 1111 ) 

I J K L M N 0 
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Determine the 15 planes of 7 points each contained in this PG(3, 2) ; 
and then determine its 35 lines by means of the intersections of its 
planes in pairs. 

5. Show that the largest permutation group on the 15 points of the 
PG(3, 2), each element of which transforms this geometry into itself, 
is a doubly transitive group of degree 15 and order 15 • 14 • 12 • 8. 

6. Note that the points f, y, K, L, M, iV, 0 in Ex. 4 constitute 
an £G(3, 2) of 8 points. Find the largest subgroup of the doubly 
transitive group named in Ex. 5 which subgroup has the property 
that its elements permute among themselves the points of the named 
EG(3, 2). Show that this subgroup permutes the points of the EG(3, 2) 
according to a triply transitive group of degree 8 and order 8 • 7 • 6 • 4. 

7. Show that the doubly transitive group of degree 15 named in 
Ex. 5 can be represented as simply isomorphic with a transitive group 
on the 35 lines of the PG(3, 2). 

8. By aid of the principle of duality in the finite geometries show 

that an Abelian group of order and type (1, 1, • - 1) has just as 

many subgroups of index p\Q <l < m, as it has subgroups of order pK 

9. Arrange the 35 lines of the PG(3, 2) (see Ex. 4) in seven sets 
of five each so that each point appears once and just once in each set 
of five lines. 

10. Show how 15 girls may go walking in five sets of three each on 
each of seven consecutive days so that any whatever given two of the 
girls shall be together in a set of three on one and just one of the 
seven days. 

11. Show that successive powers of the permutation * • • ^ 12 ) 

change the set xo, Xu ^ 3 , xg into 13 distinct sets defining the lines of 
the PG(2, 3) whose points are :ro, xu X 2 y * • *, ;ci 2 . 

12. Show that successive powers of the permutation {xqXiX^ * • * xso) 
change the set xi, xs, xn, X 24 , X 25 , X 27 into 31 distinct sets defining the 
lines of the PG{2, 5) whose points are xo, Xi, X 2 , • • *, xso. 

87. Interrelations of Finite Geometries and Abelian Groups. 
We begin this section with a proof of the following theorem : 

The Theorem of Desargues. Let ABC and abc 
be two triangles in the saihe plane in a PG{k, p^) and 
let them be perspective from a point 0 so that 0, A, a 
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are collinear, 0, B, b are collinear, and 0, C, c are 
collinear. Let y be the point of intersection of AB 
and ab, /3 that of and ac, and <x that of BC and 
be. Then the points a, /3, y are collinear. 

An analytical proof of the theorem may be readily developed 
by means of the analytical geometry of the PG{k, p^) exhibited in 
the preceding pages. But we prefer to give a geometric proof. 

Let Ai, A2, As, A4, As be a set of five points in PGik, p’^) 
{k s 3) no four of which lie on the same plane. Then these 
points define 10 lines AiA, and 10 planes AiAjAt,. Let us take 
a plane section of this configuration of points and lines in such 
a way that the section contains no one of the points Ai. If tt 
denotes the cutting plane, then tt is pierced in 10 points by the 
10 lines A<Ay: it is also cut in 10 lines by the planes AiAjAk. 
We may suppose the figure so made that the points As, Aa, As 
project from Ai into the points A, B, C, respectively, and from 
As into the points a, b, c, respectively, of the theorem, while 
the line AiAs pierces tt in the point 0. Then the points a, /3, y 
of the theorem are on the line in which the plane AsAaAs cuts 
the plane tt. From these considerations the truth of the theorem 
follows. 

Let us translate this result into a theorem concerning the 
Abelian group G of order and type (1, 1, ■ • 1), viewed 

as in § 83 in the light afforded by the geometry PG(k, p^), it 
being assumed now that k> 1. 

Let A, B, C be three subgroups of a geometric set of sub- 
groups of G such that no one of them is in the group generated 
by the other two. We select other subgroups of the geometric 
set as follows, each of them to be in the group {A, A, C} : 0 is 
any such subgroup which is not contained in any one of the 
subgroups {A, B), {B, C), {C, A} ; a, b, c are such subgroups 
different from O, A, B, C and contained, respectively, in the 
groups {0, A}, {0, B), {0, C}. Let y, a, /3 be the subgroups of 
the geometric set of subgroups common to the respective pairs 
of groups 

{A, B], {a, b) ; {B, C), {b, c} ; {C, A}, {c, a}. 
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Then each of the subgroups a, y is in the subgroup generated 
by the other two. 

The generalizations of the theorem of Desargues to higher 
dimensions yield likewise interesting theorems concerning Abel- 
ian groups. As phrased abstractly, the theorems seem to be 
rather complicated; but in their geometric formulation they 
are easily comprehended and retained in mind. 

As affording another illustration of this method of translat- 
ing geometric theorems into theorems about Abelian groups, 
let us consider the following which gives rise to the configura- 
tion of Pappus (Veblen and Yotmg, Projective Geometry, Vol. I, 
p. 98) : If A, B, C are any three distinct points of a line /, and 
A', B', C are any three additional distinct points on another 
line V meeting I in 0, then the three points y, a, yS of intersec- 
tions of the respective pairs of line 

AB',A'B-, BC',B'C; CA', C'A 

are collinear. 

We shall not give a proof of this geometric theorem but shall 
content ourselves with translating it into a theorem concerning 
the group G. 

Let 0, A, A' be three subgroups of a geometric set of sub- 
groups of G such that no one of them is in the group generated 
by the other two. Let B and C be two additional subgroups 
contained in the group {0, A} and belonging to the geometric 
set, and let B' and C' be two additional such subgroups con- 
tained in the group {0, A'}, these groups being existent when 
and only when p”-> 2 and k> 1. Let y, a, /3 be the subgroups 
of the geometric set which are common to the respective pairs 
of groups 

{A, B'}, {A', B ) ; {B, C'}, {B', C} ; {C, A'}, {€', A}. 

Then each of the subgroups ol, j8, y is in the subgroup generated 
by the other two. 

The analysis and development of projective geometry given 
by O. Veblen and J. W. Young {Projective Geometry, Vol. I, 
1910 ; Vol. II, 1918) afford a convenient means of ascertaining 
what geometries have direct applications to the theory of 
Abelian groups by means of the representations of finite geome- 
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tries given in the foregoing pages. In Volume II (p. 36) of this 
work Veblen describes nine classes of geometries characterized 
by means of the assumptions which imderlie them. Using capital 
letters to denote assumptions and employing the notation of 
Veblen and Young (see the index to Volume II under the word 
"assumption”), we select for otu purposes four of these geome- 
tries, as follows : A space satisfying assumptions 

A, E is a general projective space ; 

A, E, P is a proper projective space ; 

A, E,W is a modular projective space ; 

A, E, S’, Q is a rational modular projective space. 

It is easy to verify that the assumptions involved in these 
four geometries are all valid in the case of the geometry PG{k, p'^), 
except that Q is valid when and only when n=\. Since the 
points of this geometry have been represented by certain sub- 
groups of the Abelian group G (see § 83), it follows that every 
theorem in any one of the four geometries named is capable of 
immediate translation into a theorem concerning the given 
Abelian group. In many cases a given theorem is capable of 
being so translated in a variety of ways, there being at least one 
such translation for every factorization of the number {k -h l)w 
into a product of two factors ^ + 1 and n such that k and n are 
positive integers. 

Each of the four geometries may be divided into two parts. 
In one part we have the assumption Ho, namely : 

Ho. The diagonal points of a complete quadrangle are non- 
coUinear. 

In the other we have the assumption that these diagonal 
points are collinear. The consequences of this latter assumption 
are not developed in detail by Veblen and Young, but many of 
the theorems given as dependent on A, E, P, Ho (so far as the 
given proofs go) are provable without the use of Ho (compare 
Vol. I, p. 261, exercise). We shall presently show that Hq is valid 
in PG{k, p") when and only when the prime p is different from 2. 

Now in Volume I of the work named no assiimptions are used 
except those which are valid for PG(k, p”-). Hence every 
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theorem in Voliime I may be translated, in the way indicated, 
into a theorem about Abelian groups. The same remarks may 
be made about certain parts of Volume II, and in particular 
about Chapter III and the first part of Chapter IV. It is thus 
apparent that the representation of the PG{k, p") by means of 
Abelian groups carries at once a large part of the results of pro- 
jective geometry into the domain of Abelian groups and that 
they there become theorems about Abelian groups. Thus by a 
single act of thought a significant extension is given to the 
theory of Abelian groups and a method is made apparent by 
which the theory may be further developed. Conversely, a cer- 
tain part of the theory of Abelian groups can be translated into 
corresponding results in the finite geometries. 

In the finite projective geometries PG{k, p”'), as we have 
already said, an important distinction is to be made according 
as the prime p is equal to 2 or is odd. This distinction will be- 
come apparent from an examination of the diagonal points of a 
complete quadrangle, that is, the figure formed by the six lines 
AiAj defined by means of four points Au Az, As, Ai on the same 
plane but with no three on the same line. Anticipating The- 
orem I in § 92, we see that we may without loss of generality 
take A to be 2 and choose for the points A the following : 

Ai, (100) : As, (010) ; As, (001) ; A4, (111). 

The three diagonal points of the quadrangle are then the inter- 
sections of the following pairs of lines : 

A1A2, A3A4 ; A1A3, A2A4 ; A1A4, A2A3. 

Hence they are the points (110), (101), (Oil). These are col- 
linear when and only when p = 2. Therefore, the diagonal points 
of a complete quadrangle in PG{k, p”) are coUinear when and only 
when p = 2. Thus an important and simple geometric fact sharply 
distinguishes between two cases of these finite geometries. 

This difference in the geometries according as p is odd or even 
is reflected in an important way in the theory of Abelian groups 
of order p'^ and type (1, 1, • - 1). Early in the development 

of the theory of these groups it became apparent that their 
properties differ according as is 2 or is an odd prime. From 
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the geometric interpretation of these groups and the facts 
just adduced, the fxmdamental basis for this difference is ap- 
parent. Hence, in investigating these groups, one sees precisely 
from what place to begin for developing those features of the 
theory which depend on the odd or even character of p. 

For the case of the Abelian group G, with the geometry 
FGQi, p^) constructed from it in § 83, the distinguishing differ- 
ence of the two cases may be stated in group-theory language 
as follows (it being assumed now that ^ > 1) : Let A, B, C, D 
be four subgroups of a geometric set of subgroups of G such 
that no one of them is contained in the group generated by 
another two, while D is contained in the group {A, B, C}. Let 
E be the (unique) subgroup of the geometric set common to 
the groups {A, B} and {€, D}, F that common to the groups 
{A, C} and {B, D}, and G that common to the groups {A, D} 
and {B, C}. Then each of the subgroups E, F, G is in the group 
generated by the other two when and only when p== 2. 

A large part of the theory of the geometry PG{k, p^), as we 
have seen, may be developed independently of any hypothesis 
as to the collinearity or noncollinearity of the diagonal points 
of a complete quadrangle. These theorems will give rise to 
corresponding theorems about Abelian groups of order p^ and 
type (1, 1, • • 1) which are independent of the odd or even 

character of p. 

88. Some Generalizations. Let us now consider more gen- 
erally an Abelian group A whose order is a power of a prime p 
and whose type is (mu ^ 2 , • • *, Let us denote a set 

of independent generators of A by 

^ 01 , Cl02i CoZy • • Oom 

dll, ai2, ^13, * • ^In, 


^klt ^k2t " * *> ^km 


these being chosen so that aij is of period Then every 

element of A may be represented uniquely in the form 


*•=0 


ciL 
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where the exponent is a number of the set 0, 1, 2, 

P”'in+3 _ 

Consider the following subset of these elements, namely, 


t = 0 


''zl ^i2 




where each a* runs over the set 0, 1, 2, — 1, or, more 

generally, the exponent dij runs over the set for / = 0, 1, 2, 

- - — 1, the fixed integer aij being non-negative and less 

than niin+j- An element of this sort, for the fixed set of ex- 
V>onmts ^ 

the Oij and the oiy having been chosen once for all, may be 
uniquely represented by the sjnnbol 

where fii {i = 0, 1, 2, • • •, k) denotes that mark of the GF\p'^'\ 
which may be written in the form 

Mi = hi + + • • • + hn(^”'~^, 

0 ) being a fixed primitive mark of the field. 

Now let Moi Mi» • • M* he a fixed set of A + 1 marks of the 
GF[p”^], at least one of them being different from zero; and 
consider the set of elements 

■(mMOj MMi> * ‘ ‘j MMft} > 

where m is a variable running over the p”- —1 nonzero marks 
of the field. These elements generate a certain subgroup of A 
which we denote by the symbol (mo, Mu M*)- The same 
subgroup is denoted by the symbol (o-juo, <t/jlu ■ ■ u <^Mk), 
where a is any nonzero mark of the field. The total set of such 
subgroups we shall call a geometric set of subgroups of A. 

The subgroups each of which is denoted by a symbol of the 
type (mo, Mu ■■ -y Mi) will be taken as the points of the geom- 
etry we are constructing. The point corresponding to the 
subgroup (mo. Mu - • -y Mk) will be denoted by the symbol 
(mo, Ml, ■ • •, Mk)y and mo. Mu ■ ■ u Mk will be called the homo- 
geneous co-ordinates of the point. In the geometry thus con- 
structed the points are denoted by the same symbols as those 
employed in § 82 in constructing the geometry PG{k, />"), and 
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the number system, namely the GFO"], bears the same rela- 
tion to the geometry in the new case as in the old. Hence the 
two geometries are abstractly the same, provided we employ 
(as we shall agree to do) a definition of lines similar to that 
employed in § 82. That is to say, the geometry constructed in 
this section is but another concrete representation of the ab- 
stract geometry PG{k, /»"). 

It follows that certain properties of the group A in the gen- 
eral case are identical with those for the special case when the 
type is (1, 1, • - 1); namely, those properties which may be 

expressed in terms of the points (and classes of points — lines, 
etc.) of the geometry PG{k, />"). For simplicity we shall deal 
with the special case when the group is of type (1, 1, • • 1) ; 

but the results will have the obvious extension indicated. 

89. Geometric Sets of Subgroups. In §§72 and 83 we have 
given an analytic method for determining geometric sets of 
subgroups of G. It is desirable to have such a set characterized 
by means of properties which are immediately group-theoretic 
in character. The subgroups of a given geometric set have the 
following properties, as we have already seen : 

I. Each of these subgroups is of order p'^. 

II. No two of them have a common element ex- 
cept the identity. 

III. Any given element of G is contained in some 
subgroup of a geometric set. 

IV. If A, B, C are three subgroups of a geometric 
set such that no one of them is in the group generated 
by the other two, and if £> is a subgroup of {A, B} 
and is different from A and B and belongs to the geo- 
metric set, and finally if £ is a subgroup of the group 
{B, C} and is different from B and C and belongs to 
the geometric set, then the groups {C, A} and {D, E} 
have in common a group F which belongs to the 
geometric set. 
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Any set of subgroups of G which have these properties alone 
satisfy the postulates of § 81. They therefore ^ord a rep- 
resentation of a finite geometry. But Veblen and Bussey 
(as cited in § 81) have shown that every finite projective 
^-dimensional geometry is a PG{k, p^), provided that k> 2. 
Hence one can introduce co-ordinates into this geometry by 
means of the GF[/>”]. On doing this in the case of the given 
group-theoretic representation of the geometry, we may ex- 
hibit the geometric set of subgroups in the notation employed 
in § 83. Therefore when k>2 the properties I, II, III, IV 
furnish a complete group-theoretic characterization of a geo- 
metric set of subgroups. The conclusion will also hold for 
= 1 or 2 if we suppose that the geometric set of subgroups is 
so chosen that it may be taken as a part of the geometric set 
of subgroups in a group of order and type (1, 1, - - 1) 

which contains the given group G for ^ = 1 or 2. 

90. Another Analytical Representation of PG (fe, ^). Another 
analytical representation of PG{k,p”') may be obtained as 
follows. Denote the points of the geometry by the symbols (p), 
where pisanonzeromarkof theGF[p<*+i’”] and where (p)=(ap) 
for every nonzero mark a of the included field GF[p'‘]. Since 
the symbols (p) are — 1 in number, and since the factor 

a of proportionality has p”‘ — l values, it follows readily that 
the number of points defined by the symbols (p) is 

lj^pnj^p2nj^ VP’""- 

If (pi) and (p 2 ) are any two distinct points of the geometry, 
then a line of the geometry will by definition be the set of points 
(Xipi -f X 2 P 2 ), where Xi and X 2 are marks of the included field 
GF[p’'] and are not simultaneously zero ; then the number of 
points on a line is 1 p". Then one defines planes, 3-spaces, 

4-spaces, etc., inductively, as in § 81. Thus the points 
(mi/>i + M 2 P 2 -T paPs) constitute a plane containing the non- 
collinear points (pi), (p 2 ), (pa). provided that pi, p 2 , pa nm in- 
dependently over the marks of the included GF[p"] except that 
they shall not be simultaneously equal to zero. 

It is easy to show that the points and lines so defined lead to 
a finite projective geometry. That Postulates I, II, IV, V of 
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§ 81 are satisfied follows at once. That Postulate III is verified 
may be shown by a method in all respects similar to that em- 
ployed in § 82. That this geometry is the PG{k, p^) follows from 
the fact that there is only one finite projective ^-dimensional 
geometry when k> 2; or it may be shown directly that what 
we have here defined is equivalent to the more usual representa- 
tion of PGik,p”-) by means of ^-fl co-ordinates from the 
GF[p^]. 

Since we shall not further employ the present form of 
PG(k, />”) we shall not develop these results in detail. 

91. Configurations in PG(_k, p"). By a tactical configuration of 
rank two is meant a combination of I elements into m sets, each 
set containing X distinct elements and each element occmrring 
in jj. distinct sets ; it is to be understood that order of sets and 
order within a set are both immaterial. For such a configura- 
tion we use the s 3 mibol 

It 772 

It is obvious that I/u = in\. A general development of the prop- 
erties of these configurations is reserved for Chapter XIV. A 
few of the configurations arising from the PG(k,p'^) will be 
here indicated. 

The finite geometries PG{k, />”) {k > 1) ftimish at once a cer- 
tain infinite class of these tactical configurations. The points 
of the geometry constitute the I elements, and the lines of the 
geometry constitute the m classes. Then we have a configura- 
tion with the symbol where I is the number of points in the 

geometry, m is the number of lines, X is the number of points 
on a line, and ji is the number of lines on a point ; whence it 
follows that we have 

/ = X=l+/.", n^l-p’^^, m = lixlX. 

When k = 2 and p”^ = 2, 3, 4 we have configurations with the 
respective symbols A®’ 7 , Ajg’i^g, For = 3 and p" = 2 

wehaveAilgV 

From the Euclidean geometry EG(k, p^) (k > 1) we may 
readily construct other tactical configurations of rank two. Let 
an EG(k, p’^) be formed from the PGik, p^) by omitting a given 
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{k — l)-space S*_i. Each line of the EG{k, p") will contain one 
point which is in the omitted Sk-x, leaving points on the line 
and in EG(k, p^). Now let the points of EG{k, p”) be the 
elements from which the tactical configuration is to be con- 
structed, and let the sets of points be made up by taking for a 
set the p” points of EG{k, p”) which lie on a given line, doing 
this for each line of the EG{k, Thus we are led to a con- 
figuration where 

/ = \ = p^, = m = 


For k = 2 and = 2, 3 we have the respective configtirations 

A 2, 3 A 3. 4 

^ 4 , 6 > ^ 9 , 12 - 2 „ 

This configuration g belongs also to another infinite class 
of tactical configurations of rank two. It consists of four things 
taken in pairs ; since the number of pairs is six, it follows that 
all possible pairs appear. Now from n elements one can form 
^ n{n — 1) pairs, each element occurring in « — 1 pairs. This 
gives rise to a configuration with the symbol 


^n,\n(fi-Xy 


The last configxiration may readily be generalized. From 
n given elements form all sets consisting each of a combination 
of k distinct elements, k being less than n. This gives rise to a 
configuration A^’^ with 


f = «, 'K — k, 


■_ nCw - 1)(« - 2) • • - (« - fe 4-1) 
k\ 

. = (n — l)Cn — 2) • • • (n — k+l) 


The first configuration of this section was obtained by group- 
ing the points of PG{k, p") into the sets defined by the lines 
of the geometry. We may similarly group the points into the 
sets formed by the subspaces of a given ntimber s of dimensions, 
where s is any positive integer less than k ; and in each case 
we shall be led to a tactical configuration of rank two. The 
case when s = A — 1 is of particular interest, since the configu- 
ration then has a certain dual character owing to the dual 
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character of points and {k — l)-spaces. This configuration has 
the symbol where 

; = 1 + 

X = = 1 + p” + + !- 

In a similar manner configurations may be obtained fi-om 
EGQi, p"). In particular the p*” points of EG(k, P") fall 
at a time on the {k — l)-spaces of PGik, p”) other than the one 
omitted in forming the EG(k, P”), thus giving rise to a configura- 
tion where 

l = pkn^ X=p(*-»», /x = l-fp”H 

m = p^+ p2“ -f • • • + p*”. 

In the case when p’^ = 2 and ^ > 1 we have in EG(k, 2) 
the number 2* of points. Any three points in EG{k, 2) deter- 
mine a plane of EG{k, 2), and this plane contains just one 
additional point of EG{k, 2). Moreover, any three of the 
points in such a quadruple uniquely determines the quadruple 
itself. Hence the 2* points of EG{k, 2) may be taken in fours, 
in the way indicated, so that any given triple of these 2^ points 
occurs in one and in just one of the named quadruples. Thus 
we have a tactical configuration where, as is easily shown, 
we have 

l = 2\ X = 4, M = i(2"- 

m = i-2"-2(2^-l)(2*-i-l). 

Thus for k = 2 we have just one quadruple — a trivial case. 
For A = 3 we have 14 quadruples, containing each triple just 
once. For A = 4 we have 140 quadruples of 16 things. 

We have already determined certain dual configurations by 
means of the PG(k, p"). It is of interest to construct certain 
others from the special case of PG(2, p™). From PG(2, p”) omit 
a line and all the points on that line ; also omit an additional 
point and all the lines on that point. Then we have left p^" — 1 
points and p^™ — 1 lines ; there are p" retained points on 
a retained line and also p" retained lines on a retained point. 
Considering the points as elements and the lines as sets of 



Finite Geometries 349 

elements, we are thus led to a configuration with the sjTnbol 
where 

For p^ = 2, 3 these configmations are Ag;|. The latter 
configuration may be exhibited explicitly by the symbols 

136, 147, 158, 238, 245, 267, 357, 468, 

where the 8 digits are the elements and the triples are those 
indicated. 

Let us next consider the configuration obtained from PG{2, />"■) 
by omitting all the points on a line and all the lines on one 
point of this line. There remain points and p^'^ lines ; each 
retained line contains p^ of the retained points, and each re- 
tained point is on of the retained lines. Thus we have a 
I = m = p^”’, X = ^ For = 3 we have a 

configuration A| I of considerable interest. 

Let us now consider the dual configuration formed from the 
PG(2, p^) in the following manner. We omit all the points 
on two lines, leaving p^’^ — p^ points. We also omit all the 
lines on the common point of these first two lines and also all 
the lines on one other point of one of these lines. We have 
thus omitted two lines of points, these two lines having a 
common point, and also two bundles of lines, these two bmdles 
having a common line. The omitted configuration is dual in 
character. Hence the points which remain form a set that is 
dual in character. Grouping these remaining points 

in collinear sets on the retained lines, we have a dual configu- 
ration A^^ where 

l — m = p^” — p", \ = ij. = p” — 1, 

as one may readily verify. For = 4 this gives rise to an in- 
teresting configturation Ajg’ jg formed from the PG{2, 2^). Using 
the scheme of § 86 for this geometry, and omitting the lines 
BFJNR and AFGHI with their points and also the lines on 
A and F, we have a concrete representation of Aj^^fg ™ the form 

CLO, CQT, CMS, DKT, BMP, DOU, 

EPS, ELU, EKQ, MQU, KQS, LPT. 
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Let us next omit from PG{2, p^) three noncollinear points 
and all the points on the three lines determined by pairs of 
them, and also all the lines on each of these three points. There 
remain of the PG(2, p^) the same number of lines and of points, 
namely, (i?" — 1)^ ; they fall into sets oip^ — 2 each onp^ — 2 
lines, thus giving a configuration with / = m — 1)2, 

X = fjL=p”' — 2. Special cases of this configuration have the 
symbols A^g and jg. 

This cori&guration may readily be generalized. Let Pr de- 
note a polygon in PG(2, p”-) whose vertices are Ai, A2, • ■ Ar 
and whose sides are A1A2, A2A3, A3A4, ■ ■ -, Ar-iAr., ArAi. 
Omit all the points on these r lines and also all the lines on 
these r vertices. The number of omitted points [omitted lines] 
is rp^. Each of the retained lines holds />” — r + 1 of the re- 
tained points, while each of the retained points is on the same 
number of retained lines. We suppose that r is such that 
p” — r+l is an integer s greater than unity and less than 
p”—l (in order to avoid trivial cases). Then we have a dual 
configuration 

Km- (s=p”-r+l; l = m = sp^ + l) 

Let us now consider the PG(2, 2”) (w > 2). Let Q be any com- 
plete quadrangle in this plane. Since its diagonal points are 
collinear, it consists of seven points and seven lines. Omitting 
all the lines on these seven points and all the points on these 
seven lines, we have from the retained points and lines a 
for which one readily shows that 

l=zm = 2^" — 6 ■ 2” 8, X = = 2"' — 6. 

For « = 3 we have a A24; 24- 

Several of the configurations which we have obtained from 
PG(2, p") are readily extended to the case of PG(yfe, p") for 
^ > 1. We shall now exhibit two of these generalizations. 

Let us omit from the PG(k, p") (k > 1) one particular (k — 1)- 
dimensional subspace PG(k — 1, p”), together with all its points. 
There remains an EG{k, p”) containing p*" points. Omit one 
of these points and each of the (k — l)-dimensional subspaces 
PG{k — 1, p") which contain this omitted point. The number 
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of (k— l)"dimensional subspaces retained is then 1 ; in 
each of these we take only those points which are in the named 
EG{k, p^). By means of these subspaces we have thus grouped 
the — 1 retained points into p^ — 1 sets, each set containing 
pdk-Dn points and each point appearing in sets. Thus 

we are led to a dual configuration where 

/= W = 1, \ = /X = 

In constructing another configuration A, let us omit from the 
PG(ky p^) (k > 1) one particular (k — l)”Space FG(k — 1, /?”), 
together with its points, thus forming an BG{k, p^) of p^^ points. 
Omit also all {k — 1) -spaces on a particular one of the points 
already omitted, retaining the remaining p^^ {k — l)-spaces. 
Each of these remaining {k — l)-spaces has points of the 

EG{k, p^) on it, while each of these points is on such 

spaces. Thus we are led to a dual configuration A^’^ where 

l=zm = p^j X == ju = 

Of particular interest are the cases = 2, ife = 3 ; p^ = 2,k=^4:; 
p^ 3, k = 3: these lead to configurations with the respective 
symbols a 4, 4 a 8,8 a 9,9 

^ 8 , 8 » ^ 16 , 16 > ^ 27 , 27 * 

It is possible to construct various other dual configurations 
generalizing several of those here given. In particular, con- 
figurations may be constructed in which the elements are lines 
or other subspaces. But these seem to be of less interest than 
those already given. 

On pages 351-354 are numerous exercises concerning the 
groups characterized by the foregoing configurations. 

EXERCISES 

1 . From the PG(3, 2) constmct the A 35 described in the second 
paragraph of § 91 and determine the largest permutation group on 
its letters leaving it invariant. 

2 . Construct a configuration of 7 triples and also a configuration of 

7 quadruples left invariant by the group {{aoai • • • ce), (asaeaB)} 

and in each case determine the largest group leaving the configuration 
invariant. 
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3. Treat the similar problem for a configuration of 13 quadruples 
left invariant by {(< 20^1 • • *^ 12 ), (<3ifl3fl'9)(^2«6^5)(«4^2i2^zio)(^7<28<3!ii)}. 
Note that these permutations may be defined by the congruences 

t' = 1 + 1 mod 13, f = 3 1 mod 13 

on the subscripts. 

4. Solve the similar problem for configurations of 31 sextuples left 
invariant by the permutation group defined similarly by the con- 
gruences 

f = t + 1 mod 31, f ^5t mod 31. 

5. The group {(aoai • • • aio), (ou 3 ; 4 ^ 5 iZ 9 < 23 )(« 2 « 8 «io< 3 ! 7 flf 6 )} permutes 

the set fli, fl 3 , CL A, « 5 , <^9 into 11 sets, thus forming a tactical configura- 
tion Determine the largest permutation group on its symbols 

which leaves this configuration invariant. 

6. From PG(2, 3) construct the A|’ described in the third para- 
graph of §91 and determine the largest permutation group on its 
symbols which leaves the configuration invariant. 

7. Construct the groups determined by the configurations Ag* g 
and Ailfs of § 91. 

8. Construct from PG(2, 2^) the configuration of § 91 and 

the group characterized by it. 

9. Construct from the PG(2, 3) the configuration A of § 91 and 
the group characterized by it. 

10. Construct from the PG(2, 2^) the configuration A^g 12 ^^ § 
and the group characterized by it. 

11. Discuss the properties of the configuration of § 91, where 

12. Form from the PG(3, 2) the configuration Ag g described at the 
end of § 91, and construct the group characterized by it. 

MISCELLANEOUS EXERCISES 

1. In the PG(3, 3) determine the 16 points which lie on the quadric 
surface + t^ = 0. Show that these fall seven at a time on 

16 planes, and construct the resulting configuration. Determine the 
largest permutation group on these 16 points each element of which 
leaves this configuration invariant, and discuss its properties. 
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2. The set ABCEHLQW is permuted into 29 sets of eight symbols 
each by the cyclic permutation {ABC • • - XYZ a^y) of order 29, 
Show that the resulting configuration characterizes a group of 
order 29. 

3. In the FG(2y 2^) let the point (001) be denoted by A, and choose 
the notation for points so that the transformation 

x' =y, y' = cox + coy + coz, F = x, 

where co is a primitive mark of the GF[2^], shall permute the points 
of the FG(2, 22) according to the cyclic permutation (ABC • - • STU). 
Show that ABG/S constitutes one line of this geometry and that the 
powers of the given permutation permute this line into the 21 lines 
of the geometry. Thence determine the largest permutation group on 
the points of the geometry whose elements permute among themselves 
the lines of the geometry. 

4. Form from 8 things a set of 14 quadruples such that any 
(whatever) triple of these 8 things appears in one and just one quad- 
ruple of the set, and show that the resulting configuration characterizes 
the triply transitive group of degree 8 and order 8 • 7 • 6 • 4. 

6. Form from 16 things a set of 140 quadruples such that any 
(whatever) triple of these 16 things appears in one and just one quad- 
ruple of the set, and construct the permutation group characterized 
by the configuration. 

6. Form from 10 things a set of 30 quadruples such that any 
(whatever) triple of these 10 things appears in one and just one quad- 
ruple of the set and such that the group characterized by the configura- 
tion is the triply transitive group of degree 10 and order 10 • 9 • 8 • 2. 
Determine how many distinct (that is, nonconjugate) systems of 
30 quadruples can be formed from 10 things so that each triple ap- 
pears in one and just one quadruple of each system. 

7. Show that in the GF[13] to which oo has been adjoined (as in 
§ 68) the general linear fractional group permutes the quadruple 
0, 1, 3, 9 into 182 quadruples such that each triple of the 14 marks 
is in just two quadruples. From these 182 quadruples select four sets 
of 13 quadruples each so that each set shall form the geometry 
FG(2, 3), the quadruples being the lines of the geometry. 

8. For the GF[31] formulate and solve a problem similar to that 
in Ex. 7 for the GF[13], 
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9. From 32 symbols form a system of quadruples such that each 
triple occurs in one and just one quadruple of the system. 

10. Exhibit in detail the analytical representation of the geometries 
PG(2, 2) and PG(2, 3) by the method of § 90. 

11. From the of Ex. 5 on page 352 form a set of 66 quintuples 

as follows: retain the 11 quintuples of the from every pair 

of quintuples in form a new quintuple by taking the two ele- 

ments common to this pair and the three elements not in either quin- 
tuple of the pair, thus obtaining the remaining 55 quintuples. 

12. Determine the group characterized by the 66 quintuples of 
Ex. 11 and by aid of it investigate the properties of the configuration 
formed by the 66 quintuples. In particular, show that each quadruple 
of the 11 symbols appears in one and just one of the quintuples. 
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92. The Projective Group in PG(k, jS"). We have seen (§ 73) 
that the totality of transformations of the form 

k 

A : px'i = 2 (XijXj, {i = 0, 1, 2, ■ • k) 

on the symbols {xo, Xi, ■ ■ Xk) constitutes a group P{k, />"), the 
coefficients (in each case) being marks of the GF[>"] such 
that the determinant | ay [ is different from zero. If the symbols 
(xo, Xi, ■ ■ Xk) are taken to represent the points of a PG(k, p”), 
then this P{k, p^) is a group of point transformations in the 
PG{k, />"). In § 84 we saw that the PG{k, p") is transformed into 
itself by each element of the linear group P{k, p^) in the sense 
that lines are transformed into lines. Therefore we shall call 
P(k, />") tke projective group in the PG{k, p”). By a projective 
transformation in PG{_k, />") we shall mean a transformation in 
the group PQz, />”). 

In § 73 we saw that the order of P{k, p”’) is 

Let us consider the particular ordered set S of A + 2 points 
in PG{k, p") : 

(l,0,0,---,0), (0,l,0,---,0),..-, 

( 0 , 0 , • • •. 0 , 1 ), ( 1 . 1 , ■ • 1 ) 

the last having all its co-ordinates equal to 1 and each of the 
others having a single co-ordinate 1 while the other co-ordinates 

355 
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are all zero. By a transformation of the form A the points of the 
set S are carried in order to the set T : 

(p^Otf • * *, Olfci) I = 0 , 1 , • • 



Now the set S consists of ^ + 2 points no ^ + 1 of which are on 
the same (k — l)-space. We shziU show that the coefficients atj 
may be so chosen that the set T will coincide with any given set 
of ife + 2 points no A + 1 of which are on the same (k — 1) -space. 
Let B, 

B • CTOij Tlij * * *j 6, 1, * * “i k") 

be any set oik+l points in PG(k, Any {k — l)-space con- 
tained in PG{k, is (§ 85) the locus of an equation of the form 

Co^o + CiXi -1 h CkXk = 0, 

where the Ci are constants not all equal to zero. If the given 
points B are on this {k — l)-space, then we have 

CoToi + CiTii -i h Chyu = 0 . (f = 0 , 1 , • • k) 

Since at least one of the c,- must be different from zero, it follows 
that a necessary and sufficient condition that the given set B 
of ^ 1 points shall be on a (^ — 1) -space is that the determinant 

I yij I of order ^ -f- 1 shall be zero. 

On applyirig this criterion to each of the yfe -1- 2 sets of Jfe -f 1 
points each contained in the A -h 2 points in the set T, and re- 
membering that the determinant | ctij | is different from zero, we 
see that no ^ -f 1 points of the set T are on the same {k — 1)- 
space. 

Let U, 

^ - (^Ol, ^ki)f (z = 0, 1, * * ^ -j- 1) 

be any ordered set of ^ -f- 2 points no ^ -|- 1 of which are on any 
(k — l)-space. A necessary and sufficient condition that this 
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given set shall coincide in order with the set T is that nonzero 
marks po, pi, • • •, Pk+\ shall exist such that 

Pi<rii = an, i, / = 0, 1, • • •, k) [1] 

k 

Pk+i<^ u k+1 = ^ aij. (/ = 0, 1, • * *, k) [2] 

We are to show that coefficients aij in the transformation exist 
such that these relations are satisfied. Substituting in [2] the 
values of the azy from [1], we have 

X it+i- (/ = 0, 1, • • k) 

j^oPk+l 

Since the determinant | cij | of this system of equations is dif- 
ferent from zero, owing to the nonincidence of k-\-l of the 
points U on & {k — l)-space, it follows that these equations 
may be solved uniquely for py/pt+i {j = 0, 1, - • Jfe) in the 
usual form of quotients of determinants. Moreover, no one 
of these quantities can be zero, since no numerator determinant 
in these solutions is zero, owing to the properties of the points 
U. Taking p^+i to be any nonzero mark of the GFU>"], we 
have suitable values for the marks pi. Then if the an are de- 
termined by [1], we have the coefficients ay for the transfor- 
mation, and they have the property that the determinant 
1 ay I is different from zero. Moreover, the ay are uniquely 
determined except for a single factor of proportionality. For 
these values of the ay the set T coincides in order with the 
set U. 

From this it follows that the ordered set S can be carried 
by a transformation of P{k, /?") into any given ordered set of 
k-{-2 points no & -f- 1 of which are on the same {k — l)-space. 
Moreover, the transformation is completely determined by the 
set of points U into which the set S is carried. 

Now let Ti and T 2 be any two ordered sets of ^ -j- 2 points 
each in PG{k, P”), each set having the property that no k-\-l 
points in the set are in the same {k — l)-space. Let Fi and 
R 2 be the (unique) transformations in P{k, p") which carry 
the set S in order into the sets Ti and T 2 respectively. Then 
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the transformation Ri-^R2 carries the ordered set Ti into the 
ordered set Ts. Moreover, Ri~^R 2 is the only transformation 
in P(k, p^) having this property ; for if R carries the set Ti in 
order into the set T 2 , then RR 2 ~^ carries Ti into S, so that 
RR2~^ = i?l~^ whence R = Ri~^R2. 

The principal results obtained may be summarized into the 
following theorem : 

I. The projective group P(k, p^) in PG(k, />"), 
consisting of the homogeneous transformations 

k 

pX z (z 0, 1, ■ ■ *, k') 

3 = 0 

where the aij are marks of the subject to the 

condition that the determinant ja^l shall be differ- 
ent from zero, is a group of order 

P ~ ■‘■«=o 

If Ti and T 2 are any two ordered sets of k + 2 points 
each in PG(k, p^), each set having the property that 
no A + 1 points in it lie on a (k — 1) -space, then 
P(k, p^) contains one and just one transformation 
which carries the set Ti in order into the set T 2 . In 
particular, a transformation of P{k, p'^) is completely 
determined when the ordered set of points is given 
into which the ordered set 

( 1 , 0, 0, • • 0), fO, 1. 0, . • 0), • . •, 

( 0 , 0 , ■ ■ 0 . 1 ), ( 1 , 1 , 1 , . . 1 ) 

is carried. 

93. The Collineation Group in PG(k, p”). We have seen that 
a projective transformation in PG{k, p”) transforms the lines 
of the geometry into its lines. Hence a projective transforma- 
tion is a collineation, in accordance with the following definition : 
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A collineation in PG{k, p”) is a point transformation in 
PG{k, p’^) which has the property that it transforms the lines 
of PGik, />") into its lines. 

When n> 1, the (nonprojective) transformation 

px'i = x^^, (f = 0, 1, • - k) 

is also a collineation, as we shall now prove. It transforms the 
points ^ ^ 

of the line joining 


(Mo. /ii, ■ • Pk) and {vq, vx, ■ • Vk) 
into the points 

+ v^vxP, • • •, + v^vk^) ; 

these are the same as the points 

iptMp + <rv(P, ■ ■ ■, pfik^ 4 - (TPk^) 

of the line joining the points 

(imp, • ■ •, PP) and (vcP, • ■ ■, Vk^), 

since ranges over all the marks of the GF[p"] when X ranges 
over all these marks. Hence the special transformation given 
is a collineation. 

The product of any two collineations is evidently a collinea- 
tion. If we combine the powers of the spiecial transformation 
of the preceding paragraph with the transformations of P{k, p"), 
we get all transformations of the following form and no others : 

k 

px'i — ^ ^ijrxf. O' = 0, 1, - - A ; T = 0, 1, • - K — 1) 

j=0 

where the are marks of the GF[/>"] such that the determi- 
nant A., ^ I j = 0,l,-- •, k) 

is different from zero for each value 0, 1, — 1 of r. 

Hence all these transformations are collineations. They con- 
stitute the group C{k, p") introduced in § 75. When n = 1 the 
groups Cik, P”) and P{k, p") are obviously identical. 
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The group C{k, p^) is called the colUneation group in the 
PG{k, p") on account of the following theorem, which will now 
be proved : * 

II. Every collineation in the PG{k, />”) is in the 
group C(k, p^) ; and every element in this group is 
a collineation in the PG(k, p^). 

Let S be the ordered set of points 

- (1, 0, 0. • • •, 0), 

• ( 0 , 0 , - • •, 0 , 1 ). ( 1 . 1 . • • •, 1 ). 

It is a set of k + 2 points no ^ + 1 of which are on a (jfe — 1)- 
space. Any collineation V must replace this ordered set S by 
some ordered set Si having the same property that no ife + 1 
of its points are on a {k — l)-space. From Theorem I it fol- 
lows that a projective transformation U exists which also 
replaces the ordered set S by the ordered set Si. Then VU~^ 
is a collineation T which leaves fixed each of the points of S. 

We are next to determine the collineations T having this 
property of leaving fixed each of the points S. We first carry 
out the demonstration for the case k — 2. Then the set S is 
the set 

S: (1,0,0), (0,1,0), (0,0,1), (1,1,1). 

The intersection point of two lines each through fixed points 
of T is also a fixed point of T. By means of this fact it may 
be shown that the points (0, p, 1) of the line joining (0, 0, 1) 
and (0, 1,0) are fixed, where p is an integral mark of the field. 
Denote the points of the line xo = 0 by the nonhomogeneous 
co-ordinates oo , 0, 1, • • •, where these symbols (except oo ) are 
the marks of the GF[p^} and denote the ratios xi/x 2 . Then the 
points 00 , 0, 1, 2, • • ^ — 1 are fixed. From the quadrangle 

construction, and the fact that a collineation transforms a 
complete quadrangle into a complete quadrangle, it may be 
shown that if three points o, b, c of this line are so related that 

a + b — c or ab = c, 

"See Veblen, Trans. Amer. Math. Soc. 8 (1907), 366-368. 



Collineation Groups in the Fi nite Geometries 361 

then the points, with co-ordinates <l>(a), (p(c) into which 

they are respectively transformed, are so related that 

<j>(a) -h (j){b) = cl>{c) or (j)(a)(l>ib) = 0(c). 

Hence the transformation of the points of this line is subject to 
the conditions ^ ^ 

0(fl) - 0(5) = 0(a5), 

0(0) = 0, 0(1) = 1, 0(00) 

If £0 is a primitive mark of the GF[/)"], then every norcero 
mark of the field may be written in the form to^. From the 
conditions on 0 it follows then that 

0(6;") = [0(6;)]". 

Hence if 0(c«;) = 6;™, we have 

0(6;") = 6)”* = (o;")”". 

Since 0(0) = 0, it follows from this that every mark of the field 
is transformed into its mth power. 

But for an integral mark p we have 4>(p) = p; therefore, 
since p = p™ for every integral mark p, we must have for the 
value of OT a power 0' of />. Then all the required conditions on 
0 are satisfied. 

Going back to homogeneous co-ordinates, we see that the 
resulting transformation T, so far as it affects points on the 
line xo = 0, must be of the form 

X'o — XoP\ X'l = XiP\ X'2 = X2^\ 

When this transformation is applied to the whole plane, it in- 
duces a collineation in the plane, as we have already seen. 

Now the transformation T is completely determined by the 
named transformation on the line xo — 0 and the fact that it 
leaves (1, 0, 0) and (1, 1, 1) fixed, as one may see from the fact 
that it completely determines the lines into which the lines 
through (1, 0, 0) and (1, 1, 1) are displaced. 

Among the transformations T is the transformation 

x'o = Xo^, x'l = Xl^, x '2 = X 2 ''’ ; 

all other transformations T are powers of this transformation ; 
and this itself is a collineation, as we have already seen. There- 
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fore all the collineations are generated by this particular one 
together with the projective transformations of the plane. 

This implies the theorem for the case k = 2. 

By means of the theorem for ^ = 2 one readily establishes it 
for ^ = 3, by a process similar to the latter arguments for k = 2. 
Then it is readily extended by induction to a general value of k. 

94. Subgroups of the Colliaeation Group. We are now in posi- 
tion to prove the following theorem concerning the collineation 
group in PG{k, p^) and certain of its subgroups : 

III. (1) The collineation group C{k, p”-) in 
PG(k, p") is represented analytically by the homo- 
geneous transformations 

k 

{A) px'i = ^i}rXf\ (t = 0, 1, • • ^ ; T = 0, 1, • • •, n — 1) 

y=o 

where the /Si^v are marks of the GFfp"] such that the 
determinant A., 


1 • • ■ l^kkr 1 

is different from zero for each value of r. Its order is 
n times the order of its projective subgroup P(k, 
or Co{k, /)“), made up of those transformations of i 
in each of which t = 0, and is therefore 

P ““ J-i=0 

The group G is generated by Co and the collineation 

px'i = Xi^. (i = 0, 1, • - k) 

The last element transforms Co into itself. 

(2) If d is any proper divisor of n, then we have a 
subgroup Cd{k, of C{k, p") (with Ci = C) gener- 
ated by Co and the collineation 

px'i = xe^, (f = 0, 1, • • 
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and Cd is of index d in C. The transformations in Ca 
are of the form of (A), with the restriction on r that 
it shall be confined to the multiples of d belonging to 
the sequence 0, 1, 2, - • — 1. 

(3) Those transformations in Cd whose determi- 
nants Ar are {k + l)th powers in the GF[p”''\ form a 
subgroup Cd{k, p") of Ci of index n, where ii is the 
greatest common divisor of A -f 1 and — 1. 

(4) The projective group P{k, p^), considered as a 
permutation group on the points of PG(k, p”-), is 
triply transitive when ^ = 1 and is doubly transitive 
when k> 1. The same property of transitivity be- 
longs to each of the previously named groups which 
contains P{k, p^) as a subgroup. 

(5) The group Cd(.k, p^) is doubly transitive when 
considered as a permutation group on the points of 
PG{k,p^). 

(6) Finally, in a special case, we have another sub- 
group of C defined as follows. Let ^ -b 1 be a divisor 
of n, and let <r be a fixed divisor of n/{k -f 1). More- 
over, let ^ 4- 1 be a factor of — 1. Any multiple 
of o- in the set 0, 1, ■ • n — 1 can be written in just 
one way in the form {{k -h l)s + a} cr, where Osask 
and s is a non-negative integer. For every such mul- 
tiple of a form the entire set of homogeneous trans- 
formations 

(B) px'i = X (*■ = 0, 1, • • •, k) 

j=0 

in which each determinant | \ of a transforma- 

tion (s and a being fixed for a particular determinant) 
is equal to times a -1- l)th power in the GF[p’‘2, 
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o) being a primitive mark of the The totality 

of these transformations forms a subgroup H,{k, />") 
of C{k, />”) which is of index {k + l)<r in C. More- 
over, H, is contained in C, and is of index -f 1 in- 
C,. The group is generated by Co and the trans- 
formations of the form 

(C) px'i = {i = 0, 1, ■ . k) 

where fo + /i H \-h = a mod (/fe -|- 1). When con- 

sidered as a permutation group on the points of 
PG{k, p^), the group H,(k, p^) is triply transitive 
when k = l and is doubly transitive when k> 1. 

The results in paragraph (1) of the theorem were proved in 
the preceding two sections. 

The proof of the statement in paragraph (2) of the theorem 
is almost immediate ; it is therefore omitted. 

If two transformations in Ca have their determinants equal 
to (k -t- l)th powers in the GFlp^l then their product has its 
determinant equal to such 3. {k-\- l)th power, as one may prove 
easily by combining these transformations and making use of 
the fact that the pth power of a determinant D whose elements 
are in the GFlp^l is equal to a determinant D whose elements 
are the pth powers of the corresponding elements of D. This 
proves the existence of the groups named in paragraph (3) of 
the theorem. 

That Co is of index p, in Co is proved in the following manner : 
By multiplying each coefficient in a given transformation of Co 
by X (X 0) we obtain another form of the same transforma- 
tion , the determinant in the new form is X*+^ times that in the 
original form ; hence if X = and if co® is the original value of 
the determinant, its new value is — d 

and this may be made equal to a number of the set 1, w, < 0 ^, • • 
w""!, since integers p and cr exist such that p{k 4-1)4- <^(P” — 1) 
is any given multiple of the greatest common factor p of /fe -f 1 
and - 1. We now suppose that each transformation in Co is 
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taken in such form that its determinant is one of the numbers 
1, CO, co^, • • •, co"”!. Then Co is evidently the subgroup of Cq 
whose elements have their determinants equal to imity. Let 
Ti and r 2 be any two transformations in Co(/fe, />") whose deter- 
minants have any given preassigned value co’’ from the set 1 , co, 
co^, • ■ co'‘“h Then T 2 Ti~^ has the determinant unity and 
hence belongs to Co. Hence every transformation T 2 with deter- 
minant belongs to the set CoTi, and every transformation of 
this set is of determinant co’'. T her ef ore the number of transforma- 
tions in Co{k, />”) having determinant co'’ is equal to the number 
having determinant unity. Hence Co is of index jU in Co- 

If d is any proper factor of n, then Co and the transformation 
px'i = {i = 0, 1 , • • •, k) generate the group Cd ; and the 
order of Cd is njd times that of Co. It is readily proved that Co 
and the same transformation generate the group Cd and that 
the order of C^ is n/d times that of Co- Since Co is of index ii in 
Co, it follows that Cd is of index p. in Cd. 

This completes the proof of the proposition in paragraph (3). 

The transitivity properties named in paragraph (4) of the 
theorem are immediate consequences of the fact that (§ 92, 
Theorem I) there exists in P(fi, p^) a transformation which 
carries any ordered set of ^ -f 2 points of PG{k, p^), no ^ -f 1 of 
which are in the same {k — l)-space, into any like ordered set of 
k-\-2 points. 

To show that Cd is doubly transitive, in accordance with 
paragraph (5) of the theorem, we note first that the transforma- 
tion (A) carries the points (1, 0, 0, ■ ■ 0) and (0, 1, 0, ■ • 0) 
into the points (/3 oot, /3iot, • ■ iStor) and (/3oir, ^lu, - • ftu) 
respectively. Call these the points C and D respectively. The 
transformation may be so chosen that C and D are any two 
assigned points of PGQt, p”-). Since C and D are different points, 
there exist integers X and p such that the determinant 
jSxor/S^ir — i3xir/3>.0r Is different from zero. Suppose now that 
^ > 1. From the transformations (A), which carry the first- 
named points into C and D respectively, choose one as follows : 
take = 0 = for 5 = 2, 3, • • ^ ; choose the remaining 

jSijv for which i > 1 so as to give to the determinant A, any 
preassigned value different from zero. It is obvious that this 
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can be done. Hence the choice of the 13' s and t can be made so 
that the transformation (A) thus constructed belongs to the 
group Cd- Hence Cd is doubly transitive when ^ > 1. Suppose 
next that k=l. We have to see that any two points (ooo, aio) 
and (aoi, an) can be represented as (|3oor, 0iot) and (/3oir, ^nr) 
respectively in such a way that ^oor&iir — is a square ; 

and this is obvious, as one sees by utilizing the factor of pro- 
portionality in the co-ordinates of the points. Hence the group 
Cd{k, p”-) is doubly transitive in all cases. 

It remains to prove the statements in the last paragraph of 
the theorem. 

To show that the system of transformations named consti- 
tutes a group, consider two transformations of the named form, 
in one of which s and a. are replaced by si and ai and in the 
other of which they are replaced by S 2 and A product of 
these two transformations may be written in the form 


nl-'— -T/?-- \ Vfl- „ 

pX t — jj^ HJns20tzXix 

y=o liJL=o 

— V I V . r/9 . 


^=0 Ly=o 


I p{(A+l)(ai + S2) + ai + 0!2}» 

r 


for f = 0, 1, • • The determinant of this product transforma- 
tion may be written as a product of determinants in the form 








Now the exponent on the second determinant is congruent to 1 
modulo A + 1, since — 1 is divisible by ^ + 1. Hence the de- 
terminant of the last written transformation is of the form of 
a (A + l)th power in the GFf/j"] times | | • | ]. But 

these two determinants (by hypothesis) are equal to (yfe+ l)th 
powers in the times a)“> and co “2 respectively. Hence the 

determinant of the product transformation is equal to such a 
(k -1- l)th power times From this and the fact that n is 

a multiple of {k + l)o- it follows that the product transformation 
belongs to the set of transformations defined in the last para- 
graph of the theorem. That set therefore forms a group It 
is obviously contained in C, and hence in C. 
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It is obvious that a product of any given transformation (B) 
of H,r and a suitab^ chosen transformation (C) is a transforma- 
tion belonging to Co. From this and the fact that every trans- 
formation (C) is in it follows readily that H, has the named 
generators. 

The general transformation in C, has its determinant re- 
stricted to be different from 0, while a like transformation in 
has a further restriction that the value of its determinant shall 
be of a certain form relative to (k -1- l)th powers, so that the 
possible values for the determinants of transformations in C, of 
given form are ^ 1 times as many in number as the possible 

values for the determinants of the corresponding transforma- 
tions in 77cr. From this it follows without difficulty that is of 
index k-\-lm C„. It is therefore of index {k -H l)cr in C. 

It remains to establish the transitivity properties of the 
group Hcik, >”). For the case when k> 1 the same type of 
argument may be used as that by means of which the double 
transitivity of Cd was established, and with the conclusion that 
H,{k, p”') is doubly transitive when k> 1. When & = 1 we may 
write n = 2v, since n is then even. Then cr is a factor of v and 
we have to show that H,{X, p^”) is triply transitive. In this case 
the transformation {B) carries the points (01), (10), (11) into 
the points 

(^01 sat (^ll8a)t (/^OO Sat ^10sa)f (/5o0 sa + l3oi Sat /3io sa + l^llsa) 
respectively, while at the same time the determinant 

^00 sa ^11 sa ^lOsa^Olsa 

is equal to times a square in the GFlp^”']. Subject to this con- 
dition the jS’s can be chosen so that for an appropriate value of 
a the last ordered set of three points is any given ordered set of 
three points in FG(1, p^’). Hence H^(l, p^’) is triply transitive. 

This completes the proof of the theorem. 

The transformation groups appearing in the foregoing 
theorem have been interpreted in it as permutation groups on 
the points of PG(yfe, />”). But these groups transform lines into 
lines; therefore they transform the m-spaces PG{m, p”) con- 
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tained in PG{k, among themselves for each value m of the 
set 0, 1, 2, • • ^ — 1. (Here we are taking ^ to be greater 

than unity.) Hence they may be interpreted as permutation 
groups on symbols denoting the m-spaces for each partictilar 
value oim. 

In particular, the {k — l)-spaces are transformed among 
themselves. The corresponding permutation group is of the 
same degree as that on the points of PG{k, p^), since the number 
of {k — l)-spaces in PG{k, p") is equal to the number of points 
in this jfe-space. In view of the principle of duality it is not 
difficult to show that these two permutation groups arising from 
C{k, p”-) are identical as permutation groups ; for every trans- 
formation {A) on the points of PG{k, p”') can be expressed in the 
form of a transformation of the same general tjqje on the 
co-ordinates which represent in a dual way the {k — l)-spaces 
PG{k — 1, p*) in PG{k, P"). Moreover, the transformations 
{A) themselves set up a one-to-one correspondence among the 
elements of C{k, p^) when interpreted on the one hand as permu- 
tations on the points of PG{k, p”‘) and on the other hand as 
permutations on the {k — l)-spaces in PG{k, p”). Furthermore, 
it may be seen that this correspondence is not the identical cor- 
respondence; for there are transformations leaving fixed the 
{k — l)-space xic = 0 without leaving fixed any point of PG(k, p”-). 
Detailed evidence of this fact wiU appear in the next section ; it 
is involved in the fact that both the subspace Xk = 0 and the 
corresponding Euclidean space EGik, p”) may have all its points 
permuted among themselves by one and the same transforma- 
tion of C{k, p”). 

The results of the last paragraph may be generalized to the 
ease of Z-spaces and their duals the {k — I — 1) -spaces. Each 
of these sets of spaces is permuted by the transformations of 
C{k, p’'), and the two permutation groups thus arising are 
identical as permutation groups. Again, the simple isomor- 
phism which is established between them is not the identical 
isomorphism, except in the special case of self-dual spaces. 
This may be seen by observing that a space of the one 
type may be held fixed while no space of the other type is 
held fixed. 
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Hence we have the following theorem : 

IV. The collineation group C{k, p"), when ^ > 1, 
transforms the (k — l)-spaces PG(k — 1, p”) in 
PG{k, p^) according to the same permutation group 
as that according to which it transforms the points 
of PG(k, p”-) ; it sets up a simple isomorphism of 
this permutation group with itself which is different 
from the identical isomorphism. More generally it 
sets up a like correspondence between two identical 
permutation groups the letters of one of which are 
the s 3 rmbols for the /-spaces of PG{k, p^) while the 
letters of the other are the symbols for the dual 
(k — I — l)-spaces (except that the isomorphism may 
be identical m the case of self-dual spaces). These 
several permutation groups (of different degrees) are 
all simply isomorphic with C{k, p”-) itself. 

It is obvious that similar results are valid for each of the 
subgroups of C{k, p'^) described in Theorem III. Of particular 
interest is the corresponding theorem for the case of the pro- 
jective group P{k, p"). Thus Theorem IV becomes a new theo- 
rem of interest if throughout it we replace C{k, p”) by P{k, p”) 
wherever the former occurs. 

For the case when k> \ the lines of PG(fi, p'^) are per- 
muted among themselves by Pifc, />") or CQi, p’^) according to 
a transitive group, since any k + 2 points no ^ -f- 1 of which 
are on a {k — l)-space may be transformed into any such set 
ol k-\- 2 points by either of the named groups, li k> 2 the 
PG{k, p^) has pairs of intersecting lines and pairs which do 
not intersect: since a pair of one of these sorts cannot be 
transformed into a pair of the other sort, it follows that this 
permutation group on the lines of PG{k, p”) cannot be doubly 
transitive when k> 2. When k = 2 the lines are transformed 
according to the same permutation group as the points, the 
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latter being the duals of the former in this case. Hence the 
lines of PG{2, p”) are transformed among themselves according 
to a doubly transitive grot^ by both C(2, p^) and P(2, and 
in fact by their subgroup Co(2, p”'). 

More generally, it may be shown in the same way that the 
m-spaces PG{m, in PG{k, p”), when m< k and ^ > 1, are 
permuted according to a transitive group by either P{k, p^) 
ox C{k, p^). li 0 <m<\k, this group is simply transitive, 
since there exist two sorts of pairs of m-spaces, namely pairs 
in which the two spaces intersect and those in which they do 
not intersect, and a pair of one sort cannot be transformed 
into a pair of the other sort by either group in considera- 
tion. Thence by means of the principle of duality it is seen 
that this permutation group is also simply transitive when 
^k<m<k — l. We have to consider further the case when 
k is even and m = ^ k. Since this case has already been treated 
when k = 2, we shall now suppose that k> 2. Then for this 
case we have w g 2. It is clear, then, that there exist again 
two sorts of pairs of wz-spaces, namely pairs in which the ele- 
ments have an {m — 1) -space in common and pairs in which 
the common elements constitute a space of fewer dimensions. 
Since a pair of one of these sorts cannot be transformed into 
a pair of the other sort by a collineation, we conclude in this 
case also that the permutation group on the m-spaces as sym- 
bols is simply transitive. 

Since Co{k, p’") is doubly transitive on the points of PG(k, />”), 
it follows that the lines of PG(k, />”) are permuted transitively 
by Co(k, p^). We shall show more generally that the m-spaces 
of PG{k, p^) are permuted transitively by Co- For this purpose 
it is sufficient to show that Co{k, p^) contains a transformation 
which replaces the w-space {0 <m < k) containing the points 
Po, Pi, ■ • Pm by any given wj-space S„, P, being the point 
whose {i l)th co-ordinate is unity and whose remaining co- 
ordinates are all zero. Now any transformation, of determinant 
unity, which is contained in P(k, belongs to Coik, p”). From 
the properties of transformation A in § 92, given there with 
reference to the transformation of the points S into the points 
T, it is easy to see that A may be so determined as to have 
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the properties required here, since besides the coefficients in 
the transformation which are required to carry Po, Pi, ■ • P„ 
to a base set of points of Sm we have others which enable us 
to make the value of the determinant equal to unity. 

We shall now show that the permutation group induced in 
the m-spaces of PG{k, p”) by the group Co{k, p”) is primitive. 
Since the group is doubly trcinsitive when rn = 0 or k — 1, we 
may coniine ourselves to the case in which 0 < < ife — 1. 

We assume that the group is imprimitive and show that we 
are thus led to a contradiction. Since the w-spaces in any 
given (m + l)-space of PG{k, p^) are permuted among them- 
selves in a doubly transitive way by the subgroup which leaves 
this (m H- l)-space invariant, it follows that the w-spaces in 
any given {m -f- 1) -space must all belong to the same set of 
imprimitivity, for otherwise two of them belonging to one 
system could be transformed to two of them taken from dif- 
ferent systems. Thence it follows that the set of imprimitivity 
to which any given m-space M belongs must contain all the 
OT-spaces included in the totality of (m 4- 1) -spaces each of 
which contains M. If m + 1 < k, fix attention on all the 
(m -+• l)-spaces containing M and lying in one and the same 
(m -f- 2)-space, and also on all the {m -f l)-spaces lying in this 
[m + 2) -space and containing any m-space already obtained 
by this process of construction. Since every two (m -f 1)- 
spaces in this (m -f 2) -space contain an w-space in common, it 
follows that the named process brings into consideration all 
the (m -I- 1) -spaces in the given (m -|- 2)-space. Hence every 
OT-space in the {m -t- 2) -space belongs to the same set of im- 
primitivity as M itself. If m-\-2 < k, one can prove in a 
similm maimer that the set of imprimitivity containing M con- 
tains also all the m-spaces in a given (m -f- 3)-space containing 
the given (m -f 2)-space ; and so on. Hence the given set of 
imprimitivity contains all the m-spaces in PG{k, p”). Since 
this is impossible for a set of imprimitivity, we conclude that 
the permutation group in question is primitive. _ 

Since Cd and Cd contain Co, it follows that Cd and Cd both 
transform the m-spaces of PG{k, p”-) according to a primitive 
group. 
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Therefore we have the following theorem : 

V. When k> 1 each of the groups Cd{k, p^) and 
Cd{k, p^) transforms the m-spaces of PG{k, p^) 

{m < k) according to a primitive permutation group ; 
this group is doubly transitive when m = 0 or jfe — 1, 
otherwise it is simply transitive. 

From Theorems IV and V and from the groups Cd{k, P") 
of Theorem II we have the following theorem as an obvious 
corollary : 

VI. There is no upper limit K to the possible num- 
ber of primitive groups (of varying degrees) in a set 
of primitive groups each group of which is simply 
isomorphic with each of the others in the set. For 
every integer L there exist integers s [/] such that the 
number of doubly transitive [triply transitive] groups 
of degree s [f] is greater than L . 

EXERCISES 

1. By aid of Theorem I in § 92 show that P{k, p") contains a sub- 
group which is simply isomorphic with the symmetric group of degree 
k + 2. 

2. If G is any finite group and p” is any prime power, show that an 
integer k exists such that P(k, p”) contains a subgroup which is simply 
isomorphic with G. 

3. For every pair of positive integers L and k and for every prime p 

there exists an integer s of the form 1 -1- p" -b p2" p*« such 

that a group G* of degree s exists which is doubly transitive and con- 
tains more than L doubly transitive subgroups of different orders and 
each of degree s. 

4. For every integer L and prime p there exists an integer s of the 
form 1 -I- p" such that a group G, exists which is triply transitive of 
degree s and contains more than L triply transitive subgroups of dif- 
ferent orders and each of degree s. 
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5. Prove that the set of transformations /?, where o; runs 

over the Xth powers in the GF[p”] and ^ over all the marks of the 
GF[p% constitute a primitive permutation group on the marks of the 
GF[p^] if X is a factor of — 1. 

6. Show that the group C(3, 2) of degree 15 has a doubly transi- 
tive subgroup of index 8 and of degree 15. 

7. Using for the PG(3, 2) the symbols in Ex. 4 on page 336, show 
that the collineations which leave A, B, C individually fixed, together 
with the nonlinear transformation 

X 0 Xq “f" XiX2XSf X 1 — Xif X 2 ■“ X2r X 3 ~ XSr 

generate a group which permutes the 12 points Z>, E, F, • • 0 accord- 

ing to the symmetric group of degree 12. What group is generated 
by the given nonlinear transformation and the whole collineation 
group in PG(3, 2) ? 

8. Let G be the largest subgroup of the projective group in PG(2, 
p^) in which one point P and one line I through P are held fixed. Show 
that G may be represented as a permutation group of degree on 
the points of PG(2, p^) which are not on I, and prove that its order is 
p 3 n(^n _ 5 ^) 2 ^ Determine the corresponding subgroup of the collinea- 
tion group in PG(2, p^). Observe that, when p^=: 2, the group so 
obtained from the projective group is the octic group. 

9. Let G be an Abelian group of order and type (1, 1, • • •, 1), 
and let Ai, A 2 , • • *, A^ be the totality of subgroups of order p in G, 
or, more generally, any geometric set of subgroups of G. Let K be 
any one-to-one correspondence of the groups A to the groups A such 
that for every pair of subgroups Ai and A/ and corresponding pair A&. 
and A],, it is true that the group {A*., A*^.} contains the correspondent 
of every group A contained in {Ai, A,-}. Prove that there exists an 
isomorphism of G with itself of such sort as to induce the correspond- 
ence K among the groups Ai, A 2 , • • •, A^. How many such isomor- 
phisms are there? 

10. Suppose that the transformation T employed in the proof of 

Theorem II of § 93 is further restricted so that a point p on the line 
;ro = 0 is fixed, where p is a primitive mark of the GF[p^] included in 
the Then show that the function <j>{x) employed in that proof 

is of the form (p{x) = 

11. Show that the group I of isomorphisms of an Abelian group G 

of order and type (1, 1, • • *, 1) contains a subgroup which 
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permutes a given geometric set of subgroups of order according to 
the permutation group C{k, p’^). 

12. Apply Ex. 11 to the problem of constructing subgroups of the 
group I of isomorphisms of the Abelian group of order p® and type 
( 1 . 1 , • • !)• 

95. Collineatton Groups Leaving an EG(jk, p") Invariant. The 
groups described in Theorem III of § 94 obviously contain cor- 
responding subgroups each of which leaves invariant a given 
PGQt — 1, />”) in PG {k, p”'). The points of PG{k, which 
are not in this PG{k — 1, /?”) form a Euclidean finite geometry 
EGik, i)") of points ; it is denoted by EG{k, p”). The named 
subgroups transform among themselves the points of this 
EG(k, p^). Without real loss of generality we take the fixed 
PG(k — 1, p”) to be that defined by the equation x:o = 0 and 
employ the corresponding EGik, ^”). Then we have the fol- 
lowing theorem, which we shall now prove : 

VII. (1) The collineation group C(k, p^) has a sub- 
group EC{k, p'^) whose transformations may be rep- 
resented analytically in the form 

px' 0 = ^tXo^ , ^ 0) 

CAil ^ 

px'i = 2^ {i = 1, 2, • ■ k) 

j=0 

where t runs over the sequence 0, 1, •••,« — 1. Its 
order is n times the order of its subgroup EP(k, 
or ECo(k, p^), made up of those transformations of 
(Ai) in each of which r = 0 and is therefore 

k-l 

fipkn JJ _ piTL^^ 

« = 0 

The group EC is generated by ECo and the collinea- 

px'i = (i = 0, 1, • • •, k) 

The last element transforms ECo into itself. 
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(2) If d is any proper divisor of n, then we have 
a subgroup ECd{k, p^) of EC{k, p”) (with ECi = EC) 
generated by £:Co and the collineation 

px'i = (i = 0, 1, - • k) 

and ECd is of index d in EC. The transformations of 
ECd are those of the form (Ai), with the restriction 
that T shall be confined to the multiples of d belong- 
ing to the sequence 0, 1, 2, • • •, « — 1. 

(3) Those transformations in ECd whose determi- 
nants are {k -f l)th powers in the GF[p”-'\ form a sub- 
group EDd{k, of ECd of index p, where p is the 
greatest common divisor of ^ -f 1 and p”' — 1. 

(4) The group EP(k, p”), considered as a permu- 
tation group on the points of the EG(k, p”), is 
doubly transitive. Moreover, it is triply transitive 
when k> 1 and p” = 2. The same property of tran- 
sitivity belongs to each of the previously named 
groups which contains EP(k, p”) as a subgroup. 

(5) Considered as a permutation group on the /j*"” 
points of EG(k, p'"), the group ECd{k, /?”) is doubly 
transitive when k> 1 and also when k = l and 
p = 2; it is singly transitive when A = 1 and is an 
odd prime. This singly transitive group is primitive. 

(6) Finally, in a special case, we have another sub- 
group of EC defined as follows. Let ^ -j- 1 be a di- 
visor of n and let a be a fixed divisor of n/(k-\- 1). 
Moreover, let -t- 1 be a divisor oip” — 1. Any mul- 
tiple of <r in the set 0, 1, •••,« — 1 can be written in 
just one way in the form {{k -1- l)s 4- a}<T, where 
0 = a: s and s is a non-negative integer. For every 
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such multiple of cr form the entire set of homogene- 
ous transformations 
PX'O = 

in which each determinant of a transformation is 
equal to times a (k + l)th power in the GFjj)”], 

(A) being a primitive mark of the GF[p”']. The total- 
ity of these transformations forms a subgroup 
EH^k, p”) of EC„ which is of index k+1 m EC, 
and of index -1- l)cr in EC. The group EH, is gen- 
erated by ECo and the transformations of the form 

(Cx) px', = ii = 0, 1. • • k) 

where -f + • • • -f 4 = a mod (k + 1). Considered 
as a permutation group on the p’‘”- points of the 
EG(k, p"), the group EH,(k, p”-) is doubly transitive. 

That the transformations named in paragraph (1) of the 
theorem form a group is easily verified, as is also the fact that 
it is generated in the way indicated. It is also easily shown 
that ECo is invariant xmder transformation by the last collin- 
eation defined in the paragraph. As regards this first paragraph 
of the theorem, it remains to be shown that the order given 
for the group is correct. For this purpose we notice that a 
necessary and sufficient condition on the coefficients /Sy,, for 
j > 0, is that for each t the determinant | | of order k 

shall be different from zero. The number of choices for these 
jS’s and |8„ satisfying this condition for fixed r, is known (from 
Theorem III in § 94) to be 

*•=0 

The coefficients /J^ot may each be chosen in different ways 
for each value of r; and hence the set for each value of r 



Collineation Groups in the Finite Geometries 377 

may be chosen in different ways. Taking r = 0, we see 
that the number of transformations in ECa is the number 
given in the theorem. From this it follows readily that EC has 
the order stated in the theorem. 

The proofs of the statements in paragraphs (2) and (3) of 
the theorem are similar to the proofs of the corresponding parts 
of Theorem III in § 94 ; they are therefore omitted. 

To establish the transitivity properties named in paragraph 
(4) of the theorem, note first that there is in P{k, p’‘) a trans- 
formation that carries any ordered set of k + 2 points of 
PG{k, p^), no 1 of which are on the same {k — l)-space, 
into any like ordered set oi k + 2 points, and in each of two 
such sets two points may be taken at will in EG{k, p^), while 
the remaining k points may be chosen from the {k — l)-space 
Xq = 0. This transformation leaves invariant this {k — 1)- 
space; hence it belongs to EP{k, ^“). Hence EP{k, con- 
sidered as a permutation group on the points of EG{k, />"), is 
doubly transitive. 

This transitivity property may also be established analyti- 
cally. Let A and B be any two points of BG{k, /»”). There is 
obviously a transformation in EP{k, p”') replacing A by 
(1, 0, 0, • • 0). Let C be the point by which this transfor- 

mation replaces B. Then it is sufficient to show that EP{k, p’^) 
contains a transformation that leaves (1, 0, 0, • ■ -, 0) fixed 
and replaces C by (1, 1, 0, 0, • • •, 0), or, what is equivalent, 
that leaves (1, 0, 0, - ■ 0) fixed and replaces (1, 1, 0, 0, • • -, 0) 

by C. The transformations available for the latter are those 
in which each (3,oo is zero. Then the point (1, 1, 0, 0, • • •, 0) is 
replaced by (^o, ^uo, /Szio, • • •, iSfcio). It is obvious that the 
/3’s may be so chosen that this is the point C. Hence the named 
transitivity property is established analytically. 

It remains to treat further the case in which k> 1 and 
/)” = 2. For this purpose consider those transformations of 
EP{k, 2) which leave fixed a given point P of EGik, 2). This 
group is obviously simply isomorphic with the projective group 
in PG{k — 1, 2), whence it follows readily that it is doubly 
transitive on the points of EG(k, 2) exclusive of P. Hence 
EPijk, 2) is triply transitive on the points of EG{k, 2). 
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The remaining statement in paragraph (4) of the theorem 
is now obviously true. 

To establish the transitivity properties named in para- 
graph (5) of the theorem, let us denote any two points C and 
D of EG{k, p^) by 

(,^t3 ^20t» * ' ^kOr) 

and (/3r, ^lOr + ^ 20 r + ^ 21 t, ' ' •, ^M)r + ^klr). (/S, 0) 

Since C and D are distinct (by hypothesis), it follows that at 
least one is different from zero. Let X be a fixed quantity 
such that ftiT 5 ^ 0. Then take — 0 when s > 1. Taking 
the quantities |S, as thus defined, to be the coefficients in the 
transformation {A{) which are denoted by the same symbols, 
we see that the points (1, 0, 0, • • •, 0) and (1, 1, 0, 0, • • •, 0) 
are transformed by (^40 into C and D respectively. Now if 
Jfe > 1 the remaining coefficients in the transformation can be 
so determined that the determinant of the transformation 
shall have any preassigned value. Hence these coefficients and 
the value of t may be so chosen that the transformation be- 
longs to ECd{k, />”). Therefore ECdik, is doubly transitive 
when k> 1. It is easy to treat analytically the case when 
k = l and to show that £Cd(l, 2") is doubly transitive, while 
£Cd(l, p^), for ^ > 2, is only singly transitive. To prove that 
this singly transitive group is primitive, we observe that its 
elements may be denoted in nonhomogeneous co-ordinates by 
the transformations t' = at jS, where a runs over the squares 
in the GF[^“] and /3 over all the marks of the GF[p"]. Then it 
contains the transformation t' = aH, where w is a primitive 
mark of the GF[p"]. The corresponding permutation consists 
of two cycles each of order ^ip’^ — 1) on nonzero marks of 
the field. Hence if the group is imprimitive, the set of imprimi- 
tivity containing zero must contain more than half the symbols, 
and this is impossible. Hence the group is primitive. 

It may be remarked in passing that the set of transforma- 
tions t' = at /3, where a runs over the Xth powers of the 
GF[/>”] and /3 over all the marks of the field, X being a proper 
factor of p" — 1 greater than unity, form a singly transitive 
group of order p”'{p”- — 1)/X ; that this group is primitive when 
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X is a factor of — 1 ; and that in other cases it is sometimes 
primitive and sometimes imprimitive. 

It remains to prove the statements in the last paragraph of 
the theorem. 

The fact that the transformations (5i) form a group may be 
proved in the same way as the corresponding fact was estab- 
lished in the proof of Theorem III in § 94. That EH^ has the 
named generators is then established in an obvious manner. 
That EHc has the named indexes in the groups mentioned is 
proved in the same way as that in which the corresponding 
results in Theorem III of § 94 were established. The transi- 
tivity property stated in the conclusion of the theorem may be 
established by the m^hod employed in establishing the transi- 
tivity properties of ECd{k, p^). 

Thus the proof of the theorem is completed. 

If the coefficients in (Ai) (f = 1, 2, • • •, k) are zero, then 
the point (1, 0, 0, • • •, 0) is left invariant by the transformation 
(^i), and conversely. Thus we have an obvious analytical 
representation of that subgroup of each group in Theorem VII 
which consists of all the transformations in it which leave 
(1, 0, 0, • • 0) fixed. The subgroup of ECo{k, p^) which leaves 

(1, 0, 0, • - - , 0) fixed is obviously equivalent to the general 
linear homogeneous group on k variables, while ECo itself is 
equivalent to the corresponding general linear nonhomogeneous 
group on k variables. 

It is obvious that the group EC{K P"") is multiply isomorphic 
with the group Cik— in the PG{k— 1,/?’^) defined by the 
equation xq = 0. By a comparison of the orders of these two 
groups one finds that the isomorphism is p^^(p^ — 1) to 1. In a 
transformation (Ai) of EC{k, p'^) a variation in the coefficients 
/3 t, / 3 i 0 r for z = 1, 2, • * and r fixed has no effect on the permu- 
tation in the {k — l)-space :ro = 0 ; and the variation of these 
coefficients gives p^'^(p^ — 1) different transformations in 
EC{k, p^) corresponding to a given transformation in the sub- 
space. Corresponding to the identity in C(^ — 1, we have 
in EC(k, p^) the — 1) transformations 


pX 0 i ^ iOrXo “h 


O'-l, 2,...,^) 
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It is obvious that there is a transformation in this set which 
replaces (1, 0, 0, • • 0) by any previously assigned point in 

EG{k, p^), whence this subgroup is transitive on the points of 
EG{k, p'^). From this it follows that for every subgroup S of 
Cik — 1, there is a corresjjonding subgroup T of EC{k, P"), 
transitive on the points of EGiJi, the latter subgroup 
having with the former a — 1) to 1 isomorphism. More- 

over, if the former subgroup is transitive the latter is doubly 
transitive, a fact which may be established as follows. The 
largest subgroup of T which leaves fixed one point A of EG{k, p”) 
contains a transformation carrying any line through A into any 
other line through A. Hence any given point in EG{k, p^), other 
than A, can be carried by a transformation of T into a point 
B of EG{k, p^) on any line through A, while A itself remains 
fixed. Then, holding this line fixed, as well as the point A on 
it, we can take a transformation in T (namely, one of the form 
x'o = xo, x'i = ^Xi (jS 0 ; / = 1, 2, • • •, A), if ^ is taken to be 
(1, 0, 0, • • •, OX as it may be without loss of generality) which 
leaves point-wise invariant the subspace xq = 0 and carries B to 
any preassigned point C in EG{k, p”) and on the line AB. Hence 
the subgroup of T which leaves A fixed carries any given point 
of EG{k, p^) other than A to any such point. Hence T is doubly 
transitive on the points of EGik, i>") when S is transitive on the 
points in the subspace xo = 0. T^en S is intransitive it is easy 
to show in a similar way that T is only singly transitive. 

We have thus demonstrated the following theorem, except 
for the statement about the primitivity of the singly transitive 
subgroups of EC{k, p ^) ; and this is an immediate consequence 
of the corollary to Theorem XIV in § 46. 

VIII. The group EC{k, p^) has a — 1) to 1 

isomorphism with the group C(fe — 1, jft") on the 
points of the subspace xo = 0. The subgroup T of 
EC{k, p^) having a — 1) to 1 isomorphism 

with a given subgroup S of C{k — 1, p'^) and corre- 
sponding to it in the isomorphism just mentioned is 
a transitive group, when considered as a permutation 
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group on the points of EG{k, p") . Moreover, when 
S is transitive, the group T is doubly transitive ; other- 
wise it is singly transitive. When S is intransitive, 
a necessary and sufficient condition that the singly 
transitive group T shall be primitive is that it shall 
be generated by the largest subgroup leaving the point 
(1, 0, 0, • - 0) fixed and any single transformation 

whatever of T that does not leave this point fixed. 

Every line in the Euclidean ^-space EG{k, />”) has a point in 
common with the projective {k — l)-space xo = 0 which was 
excluded from PG(k, />") in forming EG (k, p^). With a line of 
EG (k, p”) and a point of it not on this line we may form a 
Euclidean plane lying in EG(k, p^) ; as a plane of PG{k, p") 
it contains a line in the excluded {k — l)-space. With such a 
plane and an additional point of EG{k, we may form a 
three-space which is composed of a Euclidean three-space and 
a plane l 3 dng in the excluded {k — l)-space. It is clear that this 
process may be continued and that one may conclude to the 
existence in EG(k, p^) of a Euclidean ra-space EG{m, p^) for 
every value m of the set 1, 2, • • -, — 1 ; and in each case the 

remainder of the projective space PGim, p^) which contains 
EG(m, lies in the excluded {k — l)-space xo = 0. 

Now any collineation group in EG{k, />") obviously per- 
mutes among themselves the m-spaces EG{m, p”) contained 
in EG{k, p”). Hence each of the named groups in Theorems VII 
and VIII, interpreted there as a permutation group on the 
points of EG{k, p"), may likewise be interpreted as a permuta- 
tion group on the lines of EG^k, p'^), or on its planes, or in 
general on its w-spaces. The severi permutation groups arising 
in this way from one and the same transformation group are 
obviously simply isomorphic each to each. Hence we have the 
following theorem : 

IX. Any collineation group in EG(k, />") may be 
interpreted as a permutation group on the included 
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OT-spaces EG{m, p^) for each value m of the set 
1, 2, • • •, Jfe — 1. The several permutation groups 
obtained by varying the value of m are simply iso- 
morphic each to each. 

We shall next prove the following theorem : 

X. Let T and S have the same meanings as in 
Theorem VIII. If S is transitive on the points of 
the {k — 1) -space xo = 0, then the group T is transi- 
tive when interpreted as a permutation group on the 
lines of EG(k, />"). If S is transitive on the projective 
Z-spaces contained in the projective {k — l)-space 
xo = 0, I being less than k — 1, then T is transitive 
on the (Z + l)-spaces contained in EG(k, p ^) ; this 
group T is imprimitive. 

The truth of the statement in the second sentence of the 
theorem is a consequence of Theorems VIII and IX. To prove 
the statement in the last sentence, we observe first that T 
contains a transformation carrying one point of EG{k, p”) into 
any other, while at the same time the projective {k — l)-space 
ATo = 0 is left point-wise invariant. Now any Euclidean (/ -f 1)- 
space in EG{k, p^) may be defined by a projective /-space in 
the subspace xo = 0 and a point of EG{k, it being under- 
stood that each point of EG{k, />") collinear with the given 
point and a point of the given /-space is to be a point of the 
named (/-|- l)-space. Now let A and B be two Euclidean 
(/ + l)-spaces so defined, and let P and Q be the points in 
EG{k, />") used in thus defining them. Leaving the subspace 
xo = 0 point-wise invariant, take P to Q by means of a trans- 
formation belonging to T. Then, holding Q fixed, take the 
/-space of A which is in the subspace xo = 0 into the correspond- 
ing /-space of B by means of an element of T. These two trans- 
formations taken in order carry A into B. Hence T has the 
stated property of transitivity. 
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It remains to be shown that the group T is imprimitive on 
the named (/ + l)-spaces. For this purpKDse it is sufficient to 
observe that all the (/ + l)-spaces of EG{k, p^) which are 
based, in the way indicated, on a given Z-space of the subspace 
xo = (i are permuted among themselves when that Z-space is 
left invariant, and that they are transformed into a like set of 
(Z -f l)-spaces when the given Z-space is transformed into an- 
other like Z-space. 

96. Collineation Groups Leaving Other Subspaces Invariant. 
We shall now prove the following theorem : 


XL The group C®(A, p”), consisting of all trans- 
formations of the form 


/ 


px'i — ^ ^ijrXf', 
/=0 

(Z = 0, 1. ••■,/) 

k 

pX i f 

(f = / -j- 1, / -[- 2, • • 


y=o 


where 0 s I < k, r runs over the sequence 0, 1, ■ • 
n — 1, and the coefficients /3 are marks of the GF[p”-] 
such that the determinant of the transformation is 
different from zero, is a collineation group in PG(k, p”) 
which leaves invariant the subspace PG{k — Z — 1, />”) 
defined by the equations Xi = 0 (Z = 0, 1, • • •, Z). It 
also leaves invariant the complementary set of 

p(.k-l)n _j_ p(k-l + l)n. pkn 


points in PG(^, Its order is 


np 


(.k-l) (! + l)n 


f = 0 


p‘") 


k-l-l 

n — P'”). 
1 = 0 


P” - 1 

The group is generated by its subgroup P”) 

for which t = 0 and the collineation 


(P 2 ) px'i = xp. (Z = 0, 1, • ■ k) 

The last element transforms Co^^'^ik, p") into itself. 
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For each proper divisor dotn the group p”) 

has an obvious subgroup p”) of index d gen- 

erated by {k, p”') and the dth power of the col- 
lineation {Bz). Moreover, Cd^^^k, p") has an obvious 
subgroup Cd^^Kk, P") of index fi consisting of those 
transformations of Cd^^^{k, p") whose determinants 
are (k + l)th powers, fi being the greatest common 
divisor of A -t- 1 and p” — 1. 

The group Co'-^'^ik, p”) is transitive when inter- 
preted as a permutation group on the set of 
p 0 c-i)n ^ points mentioned in the first para- 
graph of the theorem. 

That the given set of transformations forms a group leaving 
invariant the named subspace, and hence the complementary 
set of points, is obvious. To determine the order of the group, 
we notice first that the determinant of the coefficients for 
i and j running over the set 0, !,•••,/ must be different from 
zero; whence it follows (from a comparison with Theorem III 
of § 94) that these coefficients can be chosen in 

I 

]][(p«+n«_pin) 

«=o 

different ways, r remaining fixed. The coefficients /3yv. for i 
and j rrmning over the set / -|- 1, Z -|- 2, • • •, yfe and r remaining 
fixed, can be chosen independently in any way so that their 
determinant shall be different from zero, and hence can be 
chosen in 

(pCk-On _ pin-^ 

1 = 0 

different ways. Then for r still fixed each of the remaining 
(^ — Z)(/-l-l) coefficients d can be chosen independently in 
p” ways, so that altogether this set of coefficients can be chosen 
in 


/.(A— Z) CZ + l)n 
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different ways. Finally, there are n values for r. Hence the 
order of the group is the product of n and the three numbers 
just determined, divided hy p” — I to allow for the factor of 
proportionality. This gives the order stated in the theorem. 

It is obvious that the group is generated in the way stated. 
The second paragraph of the theorem is established by the 
method used in proving the corresponding part of Theo- 
rem VII in § 95. 

The truth of the last proposition in the theorem is readily 
established by means of the following considerations: since 
any ordered set of ^ + 2 points, no ^ + 1 of which are on a 
(k — l)-space, can be carried by the projective group into any 
other such ordered set, it is obvious that an /-space may be 
held fixed while any point not on it is transformed into any 
other such point. 

The common subgroup of p^) and the group Ha{k, p^) 
of Theorem 1 1 1 of § 94 may be constructed in an obvious manner. 

97. Some Special Cases. Let G be a permutation group of 
degree v on the S 3 nnbols ai, a 2 , - • *, ; and let Li, L 2 , * * *, 

(/X = — 1) • • • (z^ — ^ + 1)/(A !)) be the combinations of these 

symbols taken ^ at a time. Let P be any permutation be- 
longing to G. This permutation P on the induces a permu- 
tation on the symbols L*. Hence to the totality of permutations 
of G there corresponds a totality of permut^ions on the L's, 
and these constitute a permutation group G of degree /z on 
Lu L 2 , • • •, Lf,. It is obvious that G is simply isomorphic with G. 

Now if G is ^-ply transitive on its symbols, it contains a 
permutation replacing any given Li by any given Ly. Hence 
the group G is transitive on its /i symbols Z*. Moreover, it is 
only simply transitive when l<k<v — l; for the ordered 
sets ai, a 2 , ‘ ajc and ai, • • *, can be carried into 

two other ordered sets only if these latter two sets have their 
first k — 1 S 3 mibols alike. This singly transitive group G may 
be either primitive or imprimitive, (See Ex. 3 on page 391.) 

The results of the previous two paragraphs may be inter- 
preted (somewhat artificially, it is true) in the finite geometries. 
If we have a group G in PG{v — 2, p^) which permutes among 
themselves v points ^ 2 , • ^ of the geometry, no z-' — 1 
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of which are in the same (v — 3)-space, then the combinations 
Li, Lz, • ■ -L/. may be interpreted as the {k — l)-spaces gen- 

erated by all subsets of k points each formed from the given 
V points. Corresponding to the transformations on the v points, 
we have permutations of these {k — l)^paces among themselves, 
giving rise to the permutation group G on the (k — l)-spaces. 

XIL For every transitive group G of degree 4 
there exists a doubly transitive group of degree 9 
having an (18, 1) isomorphism with G. 

The group C(l, 3) is the symmetric group of degree 4. Hence 
every transitive group G of degree 4 is a subgroup of C(l, 3). 
From Theorem VIII in § 95 it follows then that there exists in 
the £G(2, 3) of 9 points a doubly transitive group of degree 9 
having an (18, 1) isomorphism with G. 

XIIL For every transitive group G of degree 5 
there is a doubly transitive group of degree 16 hav- 
ing a (48, 1) isomorphism with G. 

The group C(l, 2®) is of degree 5 and order 120 ; hence it is 
the symmetric group of degree 5. Then apply Theorem VIII 
as in the proof of Theorem XII. 

We shall now prove the following special theorem, extending 
in one respect the results in Theorem VIII. 

XIV. For every transitive group G of degree 
1 -I- 2 -1- 2^ • -f 2* contained in the group C(k, 2) 

of this degree there exists a multiply transitive group 
H of degree 2*+^ contained in EC{k -|- 1, 2) and hav- 
ing a (2*^+\ 1) isomorphism with G and having its 
degree of transitivity greater than that of G by unity. 

This theorem is implied by Theorem VIII, except for the 
fact relating to the degree of transitivity of H ; and this part 
of the theorem is an immediate consequence of the fact that the 
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largest subgroup of H leaving one point fixed is simply isomor- 
phic with G. 

98. Generators of Certain Multiply Transitive Groups of Prime 
Degree. It is convenient to insert in this section and the next 
certain theorems concerning multiply transitive groups of prime 
degree. 

Let G be a nonsymmetric multiply transitive group of odd 
prime degree p different from the metacyclic group of degree p, 
and let I denote the degree of transitivity of G. Choose the 
notation so that one permutation in G is P, where 

P = {X0X1X2 - • • rp_i). 

Now G contains a transitive subgroup on the letters xi^i, xi, • ■ 
Xp_i. On transforming P by suitable elements from this sub- 
group one proves the existence in G of a set of permutations of 
the form 

Pi = ipcaxx • • • X1-2X1 ■ • •). 

Pl + X — {XoXi ■ - • X1-2X1+1 ■ ■ ■), 


Pp-l = (XoXi ■ • • Xi-2Xp^i ■ ■ ■), 

where the second continuation sign in each parenthesis is used 
to denote the presence in some order of the a:’s not otherwise 
assigned a place in the symbol for the corresponding permuta- 
tion. We denote by these s 3 mbols P any elements in G having 
the form indicated. 

We shall now prove the following theorem : 

XV. Any set of elements in G having the form of 
the elements P, Pi, Pi+i, • • •, Pp-i generate a (proper 
or improper) subgroup H of G which is at least (/ — 1)- 
ply transitive ; moreover, H is certainly Z-ply transi- 
tive if the elements Pi+i P~^ (f = 0, 1, • ■ p — I — V) 
leave Xp _ 1 fixed. 

Let us consider the largest subgroup K in 
{P, Pi, Pl + U • • ■, Pp-l} 
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each element of which leaves fixed xo, xi, ■ ■ ■, xi^a. It contains 
the elements Pi+i P~^ {i = 0 , 1 , p — I — 1 ). The element 
Pij^.i p-i replaces Xi-2 by xi+i-i. Hence K contains permuta- 
tions changing Xi-2 respectively into Xi-2, Xi-i, ■ ■ ■, Xp^2. There 
are now two cases to be distinguished. If K does not leave Xp_i 
fixed, then it is clear that K is transitive on the symbols xj_2, 
xi-i, • • •, Xp-i ; otherwise it is transitive on the symbols xi^2, 
xi-i, • • Xp^2. Then p-^KP is a transitive group on X(_i, xi, 

• • •, Xp_i, Xo or on all these except xo according to the case in 
consideration. Hence {K, P~^KP} is at least doubly transitive 
on the symbols which it displaces. If these are not all the 
symbols xo, xu ■ ■ ■, Xp-i, we may adjoin successively the groups 
P~^KP^, P-^KP^, ■ • • and thus establish the result stated in 
the theorem. 

XVI. The same group G contains P and elements 
of order p and of the form Qi+u Q1+2, ■ ■ ■, Qp-u 
where each element Q replaces xo by xi, xi by ajs, - • 
xi-2 by xi-i, while Qi+i replaces xi^i by xi+i for 
i = 1 , 2 , • ■ p — I — 1 . These elements generate an 
/-ply transitive group contained in G. 

The named elements Qi+i are of the form 

Qi+i = {X0X1X2 ■ • • xi-ixi+i • • •)• (i=l, ■ ■ ■, P - I — 1 ) 

That G contains elements of this form may be shown by the 
following considerations. Since G contains a transitive subgroup 
on Xi-i, Xi, ■ ■ ■, Xp-i, it contains for each i of the set 1 , 2 , • ■ 
p — l —1 an element replacing xi-i by xi+i-i and leaving xo, 
xi, • • ■, Xi-2 fixed. This element followed by P gives an element 
of the form Qi+i. The largest subgroup L in 

{P, Qi+i, Qi+ 2 , • • Qp-i} 

which leaves fixed xo, xi, ■ ■ ■, xi^2 contains elements replacing 
xi-i respectively by the elements xi, Xi+i, ■ ■ ■, Xp-2, as may be 
shown by the method used in the proof of the preceding theorem. 
Then L must not leave Xp^i fixed, for in that case G would con- 
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tain a transitive subgroup on p — I symbols, and this is im- 
possible since by hypothesis G is Z-ply transitive but not 
(I -1- l)-ply transitive. Hence L is transitive on the symbols 
Xi-u xi, ■ ■ ■, Xp^i. Then by adjoining successively P~^LP, 
p-^LP^, • - • we show finally that the poup 

{P, Qi+i, 0.1+2, • ■ ■, Qp_i} 

is 1-ply transitive, as asserted in the theorem. 

Groups illustrating these theorems are afforded by the 
collineation poups in PG{k, p") when the number of points in 
the geometry is a prime. Thus for ^ = 2 we have examples for 
poups of depees 13, 31, 307, etc. 

99. Groups of Certain Prime Depees. We begin with a proof 
of the following theorem : 

XVII. Up and p — 2 are primes and p> 5, there 
exists no triply transitive poup of depee p which is 
not also quadruply transitive. 

Let G be a triply (but not quadruply) transitive poup of 
prime depee p (s 5), where p — 2 is also a prime. We shall 
show that p must then be equal to 5, from which fact the 
theorem follows. Let G 2 be the poup composed of all permu- 
tations in G each of whidi leaves two given letters fixed. 
Then G 2 is simply transitive and hence (Theorem XVIII of 
§ 60) is of order (p - 2)v, where is a proper factor of p — 3; 
in case G 2 has only even permutations, then y is a factor of 
|(p - 3). But the order of G is of the form (kp + l)pfj., where 
H is a factor of p — 1, as one sees from Sylow’s theorem and 
Theorem XVIII of § 60 ; in case G has only even permutations, 
then /z is a factor of ^{p — 1). Therefore 


Hence ix, = 2v mod p, while p and v are both positive numbers 
less than p. In case G 2 contains only even permutations, then 
pand2v are both less than p. Therefore in this case p = 2v, 
while p and v are factors of \{p — 1) and i(J> — 3) respectively, 
SO that the highest common factor of and is 1. Hence, when 
G contains only even permutations, we have = 1 and p = 2. 
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Now suppose that v — 1, whether or not G consists of even 
permutations only. Then the order of G is p(J> - l){p~2). 
The largest subgroup of G leaving one given letter fixed is 
doubly transitive of degree p — l and order (^ — 1) O — 2) ; 
hence (Theorem V of § 40) /> — 1 is a power of a prime. Since 
/» — 1 is even, we must have /> = 2’" + 1 and jt> — 2 = 2”* — 1. 
Since 2”* — 1 is prime, m itself must be a prime ; since 2”* + 1 
is prime, m must be a power of 2. Therefore ot = 2 and p = 5. 
The alternating group of degree 5 is therefore the only group 
belonging to the case when »> = 1. 

There is left for further examination the case in which G con- 
tains odd permutations and v > 1. The subgroup of G consist- 
ing of all its even permutations is then of order ^ fipikp + 1), 
and this is equal to ^ p[p — !)(/> — 2)v. Hence this subgroup 
of G is not contained in the metacyclic group of degree p. It is 
therefore at least doubly transitive, as one sees from Theo- 
rem XVIII of § 60. But the largest subgroup leaving just 
two given letters fixed is of order v{p — 2) ; it is therefore 
transitive on its /> — 2 symbols, since ^ — 2 is a prime. Hence 
the named subgroup of index 2 in G is triply transitive. Then 
from the conclusion in the preceding case it follows that we 
must have ^ = 5. Then G must be the symmetric group of 
degree 5, contrary to the hypothesis that it is only triply 
transitive. 

From these results the theorem follows as stated. 

If -§■(/> — 3) is a prime q, whence /> = 2 <? -|- 3, it follows, from 
Miller's theorem (Theorem VIII of § 41) and a separate con- 
sideration of transitive groups of degree 7, that a group G of 
degree p which does not contain the alternating group of de- 
gree p cannot be more than triply transitive. Combining this 
fact with the foregoing theorem and the facts associated with 
the metacyclic group in Theorem XVIII of § 60, we have the 
following theorem : 

XVIII. If ^ is a prime number greater than 5 
such that p — 2 and i — 3) are both primes, then 
a transitive group G of degree p, which does not con- 
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tain the alternating group of degree p and is not 
contained in the metacyclic group of degree p, is 
itself doubly transitive but not triply transitive. 

From this theorem we see that, for all primes p of the sort 
described in it, the degrees of transitivity of transitive groups 
of degree p are precisely 1, 2, ^ — 2, p. The metacyclic group 
is doubly transitive; it contains singly transitive subgroups; 
and the alternating and symmetric groups are respectively 
{p — 2) -fold and /)-fold transitive. That these groups do not 
always contain the totality of transitive groups of such prime 
degree p follows from the example afforded by the case p = 13, 
whence /> — 2 = 11 and -!•(/> — 3) = 5. The collineation group 
in the PG{2, 3) permutes the 13 points of the geometry ac- 
cording to a doubly transitive group of degree 13 and order 
13 • 12 • 9 • 4. 


EXERCISES 

1. The theorem in Ex. 3 on page 372 persists when s is of the form 

pkn^ 

2. For every integer L and odd prime p there exists an integer s of 
the form p” such that a group exists which is of degree s and is 
singly transitive and primitive and which contains more than L singly 
transitive primitive subgroups of different orders and each of degree s. 

3. Let the group G of the first three paragraphs of § 97 be of de- 
gree 6 and take ^ = 2. Then the group 5 is of degree 15. If G is the 
alternating or the symmetric group of degree 6 show that G is primi- 
tive. If G is the triply transitive group C(l, 5) of degree 6, show that 
G is imprimitive. 

4. By means of Theorem XII in § 97 show that there are five doubly 
transitive groups of degree 9 having orders 432, 216, 144, 72, 72 re- 
spectively. Then by aid of EC(2, 3) and C(l, 2^) and their subgroups 
show how to construct 11 primitive groups of degree 9. (See Ex. 10 
on page 162.) 

6. By means of Theorem XIII in § 97 show that there are five 
doubly transitive groups of degree 16 having orders 5760, 2880, 960, 
480, 240 respectively. 
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6. In Ex. 10 on page 162 is found a table of the number of primitive 
groups of each degree less than 21. Exercises have already been given 
calling for the construction of the indicated number of primitive groups 
for certain of these degrees, as follows : For degrees 2, 3, 4, 5, 6, 14, 
18, 19, 20 see Ex. 10 on page 162 ; for degree 7 see Ex. 12 on page 163 ; 
for degree 8 see Ex. 16 on page 165; for degrees 11 and 12 see Ex. 17 
on page 165 ; for degree 13 see Ex. 18 on page 165 ; for degree 15 see 
Ex. 19 on page 165 and Ex. 4 on page 304 ; for degree 17 see Ex. 11 on 
page 305; and for degree 9 see Ex. 4 on page 391. The following are 
suggestions and exercises for completing the determination of the 
indicated number of primitive groups of each degree less than 21, 
alternative methods being given for some of the degrees already 
listed. 

(1) Use Theorem III in § 94 and Ex. 5 on page 373 in constructing 
ten primitive groups of degree 17 and nine primitive groups of de- 
gree 13. 

(2) By aid of theorems in this chapter construct seven primitive 
groups of degree 8 and nine primitive groups of degree 10. (See Ex. 3 
on page 162 and Ex. 30 on page 42.) 

(3) Construct 22 primitive groups of degree 16, obtaining twenty of 
them as subgroups of EP(4, 2), utilizing for the latter purpose the fact 
that EP(4, 2) is (16, 1) isomorphic with P(3, 2) and hence with the 
alternating group of degree 8 (Ex. 3 on page 304). 

7. Let be a prime of the form 4^ + 3, and let G be the doubly 
transitive group of degree p ■+! and order ^(p -h l)p{p — 1) on the 
symbols oo, 0, 1, •••,/?"“! which is induced by the linear fractional 
transformations modulo p of square determinant. Show that G (al- 
though it is only doubly transitive) contains an element which dis- 
places any given three of its symbols in some order into any other 
given three of its symbols. 

8. Show that the (singly transitive) subgroup of index 2 in the 
metacyclic group of prime degree p (p = 4: k+ 3) contains a permu- 
tation which displaces any given pair of its symbols in some order 
into any other given pair. 

9. Show that for every prime p there exist at least twelve multiply 
transitive groups of degree p®. Discuss cases in which the number is 
still larger. 

10. For degrees p"^ and investigate the existence of multiply 
transitive groups after the manner suggested by Ex. 9. 
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11. Determine the number of points on the conic” xi^ - X 0 X 2 == 0 
in the PG{2, when p is odd. Determine the permutation group on 
the points of the conic induced by the largest subgroup of the C(2, p^) 
each element of which transforms this conic into itself. 

12. In the P(?(2, p^), where p> 2, show that the conic 

aoo^o^ + 4- CL%%X‘^ -f 2 aoiXoXi 4- 2 ao2XoX2 + 2 012X1:^2 = 0 

breaks up into (distinct or coincident) straight lines if and only if 


^00 

^01 

aQ2 

<301 

an 

ai2 = 0 . 

ao2 

ai2 

^22 


MISCELLANEOUS EXERCISES 


1. From the array in the margin form the triples 
abc, def, ghi, adg, heh, eft, aei, ceg 


a b c 
d e f 
g h i 


of elements from rows and columns and diagonals, determine the larg- 
est permutation group on these letters which permutes among them- 
selves the eight triples so formed, and construct the group according 
to which these triples are themselves permuted. 

2. Generalize Ex. 1 to the case of an array of elements. 


3. By a magic square is meant a square array of numbers such 
that the 2^4-2 sums of elements, namely, 

(1) those in each of the n rows, 4 9 2 

(2) those in each of the n columns, and 3 5 7 

(3) those in each of the 2 diagonals 8 16 

are all equal. An example for ^ = 3 is given in the margin, each of 
the sums being 15. Determine all the permutations on 1, 2, • • •, 8 
each of which transforms the given magic square into ^294 
magic square. Thus the given magic square is said to be ^ ^ ^ 
transformed into the second one here written by the permu- 5 g 

tation (24) (37) (68). Do these permutations form a group? 

4. Treat similarly the following magic squares : 


15 6 9 4 

10 3 16 5 

8 13 2 11 

1 12 7 14 


23 19 2 15 

4 12 25 8 16 

10 18 1 14 22 

11 24 7 20 3 

17 5 13 21 9 
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5. Show that there are just two distinct ways in which six ele- 
ments may be arranged into nine pairs in such a manner that each 
element occurs in just three pairs. In each case determine the permu- 
tation group leaving the configuration invariant. 

6. Prove that through a given point P in PG(3, p^) and not on 

either of two skew lines I and V in PG(3, there is one and only 
one line meeting both the lines I and l\ Translate this into the cor- 
responding theorem about the Abelian group of order and type 
(1, 1, 1). (See §87.) 

7. Prove that any two lines in PG(3, p'^) each of which meets 
three given skew lines in PG(3, p^) are themselves skew to each other. 
Translate this into a theorem relating to Abelian groups. 

8. Generalize the results in Exs. 6 and 7. 

9. Show that, if three triangles in PG(2, p'^) are perspective from 
the same point, then the three axes of perspectivity of the three pairs 
of triangles are concurrent ; and conversely. Translate this into a 
theorem concerning Abelian groups. 

10. Translate into a theorem concerning Abelian groups the fol- 
lowing geometric theorem (Veblen and Young, Projective Geometry, 
VoL I, p. 59) : If A, P, C are three points of a line I and A', P', C' are 
three points of another line V, then A can be projected into A', p into 
P', and C into C' by means of two centers of perspectivity. 

11. In PG(2, p^) let a triangle ABC and a point A' be given; de- 
termine two points P' and C' such that the triangles ABC and A'B'C 
are perspective from four different centers. Formulate and solve a 
corresponding problem in the theory of Abelian groups. 

12. By aid of Theorems VII and VIII construct three doubly 
transitive groups of degree 27 having a (54, 1) isomorphism with 
transitive groups of degree 13. 



CHAPTER XIII 


Algebras of Doubly 
Degree p" and 


Transitive Groups of 
Order p"(p'=- i) 


100. On the Definition of Group. In the definition of group in 
§ 3 certain redundancies appear in the postulates. It is desir- 
able now to restate the postulates in such a way as to avoid 
these redundancies. They are accordingly presented here in 
the following form: 

I. li a and b are elements of G, whether the same 
or different, ab is also an element of G. 

II. li a, b, c are elements of G, then (Gb)c = a(bc), 

III. The set G contains an element i such that for 
every element a of G we have at = a, 

IV. If such an element i occurs in G, then for a 
particular i and for every element a oi G there occurs 
an element a' such that aa' = i. 

We shall now prove that these postulates imply the other 
conditions assumed in the postulates as presented in § 8. 

For any given i and for any a there exist in G elements a' 
and a" such that aa' = i and a'a'^ == i. Then we have 

a = a{a'a'') = (aa')a" = zV' ; 

then a' a — — (a'i)a" = a^a" = /. 

Hence a' a = i. Applying this result for a to the element a\ we 
have a" a' = i. Then 

ia = {ii)a = = at = a. 

Then for every a we have at = a ia. Then we call i an iden- 
tity with respect to the rule of combination of the group. 
If j is an identity with resx)ect to this rule, then j = j ' i = i. 

395 
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Hence there is only one identity. Since the identity i is unique 
and since ai — a = ia for every element a of G, it follows that 
the whole of Postulate III as given in § 3 is implied by the 
postulates here given. 

Now we have seen that aa' = i implies that a' a = i. Then 
we call a' an inverse of a. If ce is an inverse of a we have 

a = ai— afaa') = {pia)a' = ia' = a'. 

Hence there is just one inverse a' of a given element a, and 
aa' — a! a = i. Hence the postulates of this section imply Postu- 
late IV of § 3. 

Therefore the postulates of this section imply all the prop- 
ositions stated in the postulates of § 3. 

101. Definition of Algebras A[s]. Dickson (Gottingen Nach- 
richten, 1905), generalizing the notion of a Galois field, has 
defined an important class of finite algebras each of which con- 
sists of a finite set of elements or marks (two or more in number) 
subject to two operations (or rules of combination) called addi- 
tion and multiplication and symbolized by -f and x respectively, 
the set of elements of a particular finite algebra satisfying the 
following system of nine postulates : 

I+. If a and b are elements of the set, then a -\-h 
is uniquely determined as an element of the set. 

II +. If a, b, and c are elements of the set, then 

III+. There is in the set an element i+ such that 
a + i+=a for every element a of the set. 

IV+. If such an element i+ occmrs in the set, then 
for a particular i+ and for every element a there 
occurs an element a' such that a-{- a! = i^. 

P, IP, IIP. Same as I''',II+,III+, with x through- 
out instead of -f. 

IV*^. If such an element iy. occurs in the set, then 
for a particular iy and for every element a distinct 
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from i+ there occurs in the set an element a’ such 
that a X a' = ix- 

V. If a, &, c are elements of the set. then ax (b + c') 

= axb + axc. 

If s is the number of elements in such an algebra we shall 

denote the algebra itself by .A[s]. 

We take over at once for the algebras A[s] the terminology 

of ordinary algebra. We shall also use the symbol ab to denote 

what is written axb in the postulates. Thus the equation in 

Postulate V will be written a{b + c) = ab + ac. 

From § 100 it follows that all the s elements of an algebra 

A[s] form a group whose law of combination is that denoted by 

+ in the postulates. In particular, there is but one element i+. 

This additive group of the algebra we denote by H. The 

identity i+ in this group has the additive properties of 0; 

it will often be denoted by this symbol. That i+ also has the 

multiplicative properties of 0 may be shown as follows. We 

have . . ... 

at+ = a{t+ + j+) = + at+. 

Hence ai+ =0 for every a in the set. We also have 

f+c = (i+i+)c = i+ii+c). 

If i+c is not i-f. it has an inverse under multiplication (since all 
the elements except i+ form a group under multiplication, as 
one sees readily from § 100). From the foregoing equation it 
follows then that ix = f+, since ix is the identity element in the 
multiplicative group of the algebra. Then we should have 
a = aix = ai+ = i+ for every a. Since this is impossible, it 
follows that i+c does not have an inverse under multiplication. 
Therefore i+c = i+ for every c in the algebra. Next, if ab = i+ 
and b^ i+ we have 

/+ = i+c = {cib)c = a{bc) 

for every c in the algebra ; taking c so that be = ix we get 
i+ = aix = a. Therefore, if a& = i+, then either a = i+ or 
b = i+. Therefore i+ has the ordinary properties of zero under both 
addition and multiplication. 
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From these considerations we have the following proposition : 

The s elements of an algebra /l[s] form an additive 
group H whose rule of combination is that of addi- 
tion in the algebra. The identity m. H plays the 
role of zero in the algebra. The s — 1 elements of 
.i4[s] other than i+ form a multiplicative group M 
whose rule of combination is that of multiplication 
in the algebra. 

102. Construction of Algebras A[s] by Means of Certain Doubly 
Transitive Groups. From Theorem V of § 40 it follows that 
a doubly transitive group of degree p and order p(p — 1) 
exists when and only when p is a prime power (« g 1), 
that such a doubly transitive group G contains a single sub- 
group H of order p”', that this Sylow subgroup H is Abelian 
and of type (1, 1, • - 1), that H contains all the elements of 

G — 1 in number) each of which displaces all the symbols 
permuted by G, that H is self-conjugate in G, and that every 
element in G and not in F is a regular permutation on just 

— 1 S5mibols. 

Let oq. Cl, a% ■ ■ ■, a^, where p = j!>” — 1, be the symbols 
permuted by G. Then H permutes these symbols among 
themselves according to a regular group, as may readily be 
shown from the fact that H consists of the identity and p” —1 
elements each of which permutes all the symbols. Then there 
is one and just one element hi of H which replaces Oo by a,. 

Let us denote by M the subgroup of order i)” — 1 in G each 
element of which leaves Oo fixed. It is a regular group on ai, 
02 , • • •, Of- Hence there is one and just one element trii of M 
which replaces Oi by c,. It is evident that = h,. 

By means of these properties of G we shall define an algebra 
A[p^'\. Let the symbols or marks of this algebra be denoted 
by Mo, Ml, M 2 , • • •, M„. We introduce a law of addition for the 
marks m,- in the following manner : The sum Ui Uj is the 
mark m*, (m,- -j- m,- = mj,), where k is such that hihj = hk in the group 
G. Then, in particular, Ui -h mo = Mi for every mark m,. With 





this law of addition the named marks satisfy postulates I+, 
II+, III+, IV+ of § 101 with i+ =Mo. 

For the purpose of defining a law of multiplication for the 
marks w,-, exclusive of the zero mark uo, we employ the elements 
of the subgroup M of G. We write UiUj = ui {i> 0, j>Q), 
where I is defined by the relation mr ^ = mr ^ or mi = mjtni. 
(At this point it would seem more natural to take w.-wy = mx, 
where Wx = mimj ; but this would give {b + c)a = ba-\-ca 
instead of the relation in Postulate V). We define the products 

D and uoUi by the requirement that each shall have the value 
When multiplication is so defined, the symbols tio, ui, u^, 
■ ■ ■,Ui, satisfy Postulates 11=', III^, IV*' of § 101. 

It remains to be shown that the operations of addition and 
multiplication, as here defined, are connected by the condition 
imposed in Postulate V of § 101. As expressed in terms of the 
m’s, we have to prove the following relation; 

(1) Ui{Uf + U,) = WjMp 4 - UiU,. 

This is immediately verified if any one of the subscripts i, p, a 
is zero. Then for the further argument suppose that each of 
them is greater than zero. Since (1) involves two operations, 
it is convenient to reduce the result to be proved to a corre- 
sponding relation among the elements of H and M, since they 
are all subject to the single rule of combination in G. From 
the definitions of addition and multiplication we have the 
following propositions : 

Uf-{-u, = Ur if hfK = hr, 

Ui%s — u, if m,mi = 

Mx -f- «» = Uf if h\K — kg. 

In order to establish the required relation (1) it is necessary 
and sufficient to show that a = 0. Now we have 

hg = hxhr = 

= mr'-hpKmi = mr^hrMi 
= mr^mr~'^himrmi = 

= ma~^hima = ha.~ 
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Since hfi = h„ it follows that ol = and hence that (1) is 
established. 

From the foregoing analysis it follows that every doubly 
transitive group of prime-power degree p'^ {n ^ 1) and order 
p^{p^ — 1) may be employed for the definition of an algebra 
A[p'^'\. In the next section we consider the converse problem. 

103. Linear Transformations on the Marks of an .<4 [ 5 ]. Let 
uq, ui, W 2 , • • Us^i be the elements or marks of any algebra 
Als] of $ marks, and let uo be the zero mark of the algebra and 
ui the identity element in the multiplicative group of the 
algebra. Then ui plays the role of imity in the algebra. 

If j8 is any given mark of the algebra and % is a variable 
running over the marks of the algebra, then x + ^ is a new 
variable x' nmning over the marks of the algebra. Thus we 
have the transformation x^ = x + ^ corresponding to the ad- 
dition of /3 on the right to all the marks of the algebra. By 
varying jS we obtain thus a set of 5 transformations. They 
form a group. 

More generally the set of all transformations of the form 

(2) x^ = ax + 13, 

where a and ^ run independently over all the marks of the 
algebra except that a is different from uo, constitutes a group 
K, as one may verify by aid of the postulates of the algebra. 
Its order is 5(s — 1). Each element of K permutes the marks 
of A[s] among themselves ; thus K gives rise to a permutation 
group Ki of degree 5 on the marks uo, ui, • • •, Us-i. If a and b 
are any two distinct marks of ^[ 5 ], then the marks uo, Ui, as 
values of x, are replaced by the marks a, b respectively, as 
values of r', by the transformation 

x' {b — a)x + a. 

Therefore Ki is a doubly transitive group of degree s and 
order s(s— 1). 

From this it follows that the number s of marks in an algebra 
^[s] is of the form s = p^, where p is a prime and n is a positive 
integer (Theorem V in § 40). 

Those transformations (2) in which a = ui correspond to 
the additive group of the algebra, since they may be written 
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in the form x' — x + From the corresponding property of 
doubly transitive groups of degree and order — 1 ) it 
follows that the additive group of the algebra is Abelian of 
order and type ( 1 , 1, • - 1 ). The transformations ( 2 ) in 

which |0 = Mo may be written in the form x' = ax. They cor- 
respond to the multiplicative group of the algebra, the element 
x' = ax corresponding to multiplication on the left by a. This 
multiplicative group induces on the nonzero marks of the alge- 
bra a regular permutation group of order p”’—l. 

Let M denote the permutation group on the marks Ui, U 2 , 
• • •, = — 1 ) induced by the multiplicative group of 

the algebra, and denote by nii the element of M induced by the 
transformation x' = ua {Ui 5 ^ uo). Let H denote the iiermu- 
tation group on the marks mo, «i, M 2 , •••,«*, induced by the 
additive group of the algebra, and denote by h the element of 
H induced by the transformation x' = x + Ui. Let G be the 
group generated by H and M, Then hi replaces x—ttohj 
xf — Ui and nii replaces x — ux by x' = Ui ; whence it follows 
that hi = mi~^hxmi. Then Ui + Uj^Uk, where k is such that 
hn = hihj ; while tkUj = ui, where I is such that mr ^ 

From these results it follows that the group G to which the 
algebra leads by use of ( 2 ) may in turn be employed, as in 
§ 102, to recover the algebra itself. Therefore every possible al- 
gebra A[s] is an algebra defined, as in § 102, by means of a 

doubly transitive group of prime-power degree and order 
1), while, conversely, such a doubly transitive group is 
induced by the totality of transformations of the form (2) on the 
marks of such an algebra. 

The problem of constructing all algebras is therefore 

equivalent to the problem of constructing all doubly transitive 
groups of degree />” and order — 1). We have already 
seen (§ 77) that the latter is equivalent to an important prob- 
lem concerning certain regular subgroups h of the group I of 
isomorphisms (with itself) of an Abelian group H of order 
and type ( 1 , 1 , - • •, 1 ). 

From Theorem III of § 77 and from results in this section it 
follows that the multiplicative group of an algebra is 

simply isomorphic with a regular subgroup I\ of degree — 1 
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contained in the group I of isomorphisms (with itself) of an 
Abelian group H of order and type (1, 1, ■ • 1) when I is 

represented in the usual way as a permutation group on the 
elements of H exclusive of the identity. 

From the connection established between the algebras 
Afp™] and the doubly transitive groups of degree p" and order 
p"(p" — 1) it follows that many properties of the latter may at 
once be translated into corresponding properties of the former. 

104. Simple Isomorphism of Algebras A[p"]. Two algebras 
Ai[p"] and A 2 [p"] will be called simply isomorphic if each ele- 
ment of Ai may be made to correspond uniquely to an element 
of As in such a way that each element of As is the correspondent 
of a single element of Ai while, moreover, the sum [product] of 
any two elements in Ai corresponds to the sum [product] of the 
corresponding two elements in As. It will be said that two 
simply isomorphic algebras are identical. Any two algebras 
having p” elements each are such that their additive groups are 
simply isomorphic, since each of these is an Abelian group of 
order p” and type (1, 1, • - 1). An obvious necessary condition 

for the algebras to be simply isomorphic is that their multiplica- 
tive groups of order p" - 1 shall be simply isomorphic. We 
shall show that this condition is also sufficient. 

If the multiplicative groups of Ai[p"] and A 2 [p"] are simply 
isomorphic, then they lead, as in § 103, to doubly transitive 
groups of degree p" and order p"(p"- 1) which have simply 
isomorphic regular subgroups of degree p” — 1, as is seen from 
the named isomorphism of the multiplicative groups of the 
algebras. Hence the two doubly transitive groups of degree p” 
are conjugate (Theorem III in § 77). Now, on recovering the 
algebras from these conjugate groups by the method of § 103, 
we exhibit the algebras themselves as simply isomorphic. 

Therefore we have the following theorem : 

Two algebras Ai[p"] and A 2 [p”] are simply iso- 
morphic when and only when their multiplicative 
groups are simply isomorphic. 
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EXERCISES 

1. Show directly from §§ 100 and 101 (that is, without the use of 

the properties of doubly transitive groups) that the additive group of 
an algebra A[s] is Abelian of prime-power order and type 
(1, 1, • * 1) and that its multiplicative group has the property stated 

near the end of § 103. (Dickson, Gottingen Nachrichien, 1905.) 

2. If the multiplicative group of an algebra A[p^] is Abelian, show 
that the algebra is the Galois field GF[p^]. [Suggestion. Compare 
the postulates relating to the two cases.] 

3. Show that the only algebra A[p], where ^ is a prime, is the 
Galois field GF{p]. 

4. Show that there is just one algebra A[2^] when w = 1, 2, 3, 4, 5, 
or 7, and determine all the algebras A[2^]. 

5. Determine all the algebras A[s] each of which has fewer than 
81 marks. 

6. If jf) is an odd prime the multiplicative group Af of an algebra 
contains just one element of order 2. 

7. In the multiplicative group M of an algebra A[p^] the Sylow 
subgroups of odd order are cyclic and those of even order are either 
cyclic or of the sole noncyclic type containing a single element of 
order 2. 

8. Give examples of algebras Alp^l to show that both t 5 ^es (Ex. 7) 
of Sylow subgroups of M of even order are actually to be found. 

9. Show that an algebra whose multiplicative group M con- 
tains a noncyclic Sylow subgroup of order 2^ has in a given Sylow 
subgroup of order 2“ at least three subgroups of each of the orders 
22, 23, . . *, 2«-h 

10. The multiplicative group M of an algebra A[p”] contains an 
element of order p — 1. 

11. Prove Theorem IV of § 79 by aid of the foregoing Ex. 2. 

12. Show that the GF[p^] is the only algebra A[p^] when = 2^, 

2®, 2ih 2^3^ 2^^ 35 , 3^ 3^ 

13. Show that there are just two distinct algebras A [81]. 

14. For every positive integer L there exist a prime p and a positive 
integer n such that the number of algebras A[p^] is greater than L, 
(See Ex. 14 on page 286.) 
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15. If an algebra A[p"'] has, in addition to satisfying the postulates 
of § 101, the property that {b + c)a = baA-ca when a, b, c are marks 
of the algebra, then this algebra is the GF[p”']. (Dickson, Gottingen 
NachricMen, 1905.) 

105. Integral Elements of an Algebra A[p']. Let the elements 
of an algebra ^[/»”] be denoted by the symbols «o, Ui, u^, - - 
~ t) ; let Mo and mi denote the zero element and 
the unit element respectively. Then an element of the form 
Ml + Ml H — • + Ml is called an integral element of the algebra, 
while all other elements are said to be nonintegral. Since the 
additive group U of the algebra is Abelian of order and t3T3e 
(1, 1, • • •, 1), it follows that there are just p integral elements in 
Al>“]. "Vilien there is no danger of confusion we shall denote 
them by 0, 1, 2, •••,/> — 1, where 0 and 1 denote the elements 
Mo and Ml respectively and where ^ = Mi + mi + • • • to A terms, 
k being a number of the set 2, 3, • • ^ — 1. Addition and mul- 
tiplication of these elements in the algebra consist of addition 
and multiplication of these numbers followed by a reduction 
modulo to a number of the set. For the case of addition this 
result follows at once from the definition of integral elements. 
For the case of multiplication we have 

db = {ui ui ■ to a terms) (mi + mi -j- • • • to b terms) 

= (Ml -F Ml -1 to a terms) Mi -|- (mi + Mi -+-••• to o terms)Mi 

• to ft terms 

= Ml -f Ml -F - • • to ad terms. 

Thence it follows that ad = c if c is the number of the set 0, 1, 
p — 1 to which the number ad is congruent modulo p. 

From this result it follows that the integral elements of the 
algebra form the GFlp}. In particular, an algebra Alp] consists 
entirely of integral elements and is the GFlp]. 

We have seen (§ 65) that a GFip”'\ contains a subfield 
GFlj)*"] when and only when k is a factor of n. We have seen 
that every A[>"] contains an A[p>]. If an A[>"] contains an 
then the miiltiplicative group of order — 1 of the latter 
must be a subgroup of the multiplicative group of order — 1 
of the former. Hence p^ — \ must be a factor of />" — 1, whence 
it follows that k must be a factor of n. 
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106. Analytical Representations of Algebras Let us 

write n = kv, where k and v are positive integers (either or both 
of which may be unity). We denote the elements of an 
algebra by (ffi, a^, ■ • «*), where the d s run independently 

over the marks of the GFip”']. In view of the properties of the 
additive group H of the algebra it is evident that we may take 
for the rule of addition in the algebra that expressed by the 
formula 

(fli. ch, ■ • •» ®fc) + Q>u i>2, • • ■, = (fli + ii, • ■ dk + &). 

Then (0, 0, • • 0) is the zero element of the algebra. The 

product of the zero element by any other element (in either 
order) is taken to be the zero element. It remains to define a 
suitable rule of multiplication for the nonzero elements of the 
algebra. 

The multiplication of the nonzero elements of the algebra is 
according to a group M which permutes the nonzero elements 
of the algebra according to a regular group contained in the 
group of isomorphisms of H with itself. Moreover, the group 
of linear transformations in the algebra permutes (§ 103) the 
marks of the algebra according to a doubly transitive group of 
degree and order — 1). From these facts and § 78 it 
follows that if 

(fll, 02, ■ • •, dk) ■ (xi, X 2 , • • Xk) = {x'u x' 2 , • • x’k), 

then we have 

V k 

X'i = X X = 1, 2, • • •, k) 

where the coefficients are marks of the which depend 

on (oi, 02 , ■ • •, dj^ but are independent of (xi, X 2 , ■ ■ -r*). Conse- 
quently the multiplicative group of the algebra may be defined 
by means of a transformation group whose elements have the 
foregoing form. A necessary and sufficient condition on these 
transformations is that they shall permute the nonzero marks 
of the algebra according to a regular group. 

When y = 1 this transformation group is linear. When ^ = 1 
we have the other extreme case of the foregoing transforma- 
tions. In this case y — n, and the marks of the algebra are the 
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symbols (a), where a runs over the marks of the Galois field 
GFlp”-']. The rule of addition in the algebra, namely, (a) + (j) 
= (a + b), coincides with the rule of addition in the GF[/)"]. 
For the product {a){x) we have (/(c, x)), where /(o, x) has the 
form „ 

f{a, x) ='^ 

S= 1 

Therefore we may write 

(ai)(x) = (/(a.-, X)) (i = 0, 1, 2, • • •, />»-2) 

where the a's are the nonzero marks of the GF[p^2 and the 
are marks of the GFlp^} to be suitably determined. We 
take (1) to be the unit element in the algebra. Then we have 

-f . . . + = Oii. 

We have also (0)(:t) = (/(O, x)) = (0). 

It thus appears that every algebra Alp^] may be represented 
analytically by means of the GFlp^2- problem of deter- 
mining all algebras Alp^2 has not been completely solved. 
(Compare § 77.) In the following section we shall employ the 
method just indicated to set forth the analytical representations 
of each of a large class of algebras Alp^2- 

107. The Algebras i[p^]^ In Theorem XXX of § 69 and its 
first corollary we have a means of defining an important class 
of algebras Alp^}, We denote their elements by (a), where a 
runs over the marks of the GF[p'^2 and (0) and (1) are to be 
the zero and unit elements of the algebra respectively. Addi- 
tion is defined by he relation (a) + (&) = (a + i). For the 
product {ai){x) we take the element where the symbols 

are those of the theorem cited and its first corollary. Such an 
algebra will be called an algebra where cr and I are de- 

fined in connection with Theorem XXX. They do not include 
all the algebras A[p^2y as is shown from an examination of the 
three algebras A[5^]. (Compare §§80 and 102.) 

Now (Theorem XXX of § 69) cr is a factor of 


p{c-l)t ^ 1, 
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and hence it is a factor of the following multiple of the fore- 
going number : 

j>" — 1 pt—\ — 1 

P*-l' p-l^ p-l 

Therefore the order of the group {S"} is a multiple ol p- I, 
and hence that group contains a cyclic subgroup of order 
p—l and hence contains all the transformations of the form 
x' = ax, where a is an integral mark of GF[p"]. Therefore in 
we have (a)(x) = (ax), where (x) is any element of 
the algebra. But («»•)(«) = (Oia) = (aoi), since = a. There- 
fore an integral element of is permutable under multi- 

plication with every element of the algebra. 

That this property of permutability of integral elements 
with all elements is not common to all algebras A[p”’1 ma y be 
seen from the example of the defined by means of the 
transformations given near the end of § 80. Transfor ming the 
element x' = -f- by the element x' = we have 

the element x' = (xP^x° -f a^^x. Since -f = oj® = 3, we 
have (3)(co) = (co®® + w®®) = (cj -h co®®) = (w®), whereas (w)(3) 
= (3 a>) = (co^®). 

Let k be any factor of n, and consider the subset (r) of ele- 
ments in an algebra A„, i [p"], where r runs over the marks of 
the subfield contained in GF[p™]. Under addition these 

elements (r) obviously form a group of order />*. Moreover, 
the product of two of these elements (r) is an element of this 
set. Therefore the p^ elements named form a subalgebra A[p’‘'\. 
Therefore an algebra A,r. i [/>"] contains a subalgebra A[pF\ when 
and only when /fe is a factor of n, as one sees by aid of the result 
at the end of § 105. 

108. Analsdic Finite Plane Geometries. The algebras /![/>"] 
afford number systems suitable for use in constructing finite 
plane geometries. In fact, this is true of the number systems 
afforded by more general classes of finite algebras, as has been 
shown by Veblen and Wedderbtim (Trans. Amer. Math. Soc., 
8 (1907), 379-388). Accordingly we define such a finite algebra 
to be one consisting of a finite number n(n> 1) of elements 
satisfying the following conditions : 
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1. The numbers of the algebra form an Abelian group under addi- 
tion, the identical element of which is denoted by 0. 

2. For any two numbers a and 6 there is a unique number c such 
that ab=c-, and if a s'S 0 there are unique numbers d and d' such that 
da = b and ad' = b; also Oa = aO = 0 for every a. 

3. If a, b, c are numbers of the algebra, then a{b -f- c) = -f ac. 

Neither the associative nor the commutative law of multipli- 
cation is assumed, nor is there necessarily in the algebra an 
identical element with respect to multiplication. And no use 
is made of the other distributive law {b -\~ c)a — ba + ca. 

A point is defined as one of any one of the systems of three 
co-ordinates 

(1) y, 4>). (2) (a:, <j>, 0), (3) i<j>, 0, 0 , 

where (j> is different from zero and is the same for all points. 
If n is the mrniber of elements in the algebra, the number of 
points is -b « -+- 1. A line is defined as the set of all points 
which satisfy an equation of one of the forms 

(1) + yb + zc = 0, (2) y\(/ + zc = 0, (3) z\(/ = 0, 

where 4' is different from zero and is the same for all the lines. 
There are then n‘^ lines, and each line contains « -f 1 

points, as may easily be verified. The number of lines through 
a given point is w -f- 1. 

These points and lines will be said to form a projective finite 
plane geometry, since they will be shown to satisfy the following 
postulates : 

I. If A and B are any two points, there is one and 
only one line containing both A and B. 

II. If a and b are any two lines, there is one and 
only one point contained in both a and b. 

III. Each line contains at least three points. 

The third postulate is satisfied, since n > 1 and each line 
contains « -b 1 points. 

In order to show that Postulate II is satisfied, we have to 
treat several cases, as follows : 
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(a) Two lines of (1) : 

x 4 / + yb + zc = 0, + yb' + zc' = 0. 

The co-ordinates of a point of intersection must satisfy the 
ojndition 

yib — b') -|- z{c — c') = 0. 

We cannot have both b = b' and c = c', for then the two liu p p 
would be identical. If c = c' and b 9 ^ b', we have y = 0 and 
2 7^ 0, so that the point is (a, 0, (p), where x = o: is the unique 
solution of the equation xip — — pc. Similarly, when b = b' 
and c 5^ c', we have the unique point (/3, p, 0), where x~ ^ 
is the unique solution of the equation x\p = — pb. li b 9 ^ b' 
and c c', we have z = p, and hence the point is uniquely 
determined as (a, /3, p), where 0(b — b') =— p(c — c') and 
I3p = — (ab + pc). 

(b) Lines of types (1) and (2) : 

xp +yb + zc = 0, yp 4- zc' = 0. 

Then z= p. Then y is uniquely determined from the second 
equation, and then x from the first. 

(c) Lines of types (1) and (3). Then z — 0 and y = p and x 
is uniquely determined. 

(d) Two lines of type (2). We have the unique point (p, 0, 0). 

(e) Lines of types (2) and (3). The only solution is (p, 0, 0). 
From these results it follows that Postulate II is satisfied. 
By a similar separation into cases one may readily show that 

Postulate I is satisfied. 

Since the algebras satisfy all the conditions here im- 

posed upon the more general classes of algebras, it follows that 
the former are suitable for use in constructing analytically cer- 
tain projective finite plane geometries. When is the 

GF[p% then the geometry is a PG{2, />’*) in accordance with the 
notation of Chapter XL When is some other algebra of 
the type denoted by this symbol in the present chapter, the 
geometry may be different from PG(2, p”). In each of these 
geometries we may take p = p = 1. These remarks will be 
justified by considering a special case. 
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The case when = 3^ affords the simplest case of an algebra 
AEP"] which is not a GFip^J — simplest in the sense that the 
numter of elements is a minimum. In this case we have 91 
points in the geometry ; and they fall into lines in such a way 
that there are just 10 points on each line. We construct the 
named geometry. 

The pol 3 momial x^+1 is irreducible modulo 3. We may 
therefore use it to construct the GF[3^]. If in this GF[3^] we 
denote a solution of the equation + l = 0 by y, then the marks 
of the field may be denoted by x+yj, where x and y are integers 
to be reduced modulo 3 to numbers of the set 0, 1, 2. We take 
these same symbols x + yj to denote the marks of the algebra 
j 4[3^]. Since it is to be the one which is not identical with 
GF[32], we have for the product {xi + yJ) {X 2 4- y 2 j) the mark 
obtained by multiplying the marks of the field in case xi + yJ 
is a square ; but when xi + yij is not a square the corresponding 
product mark in the algebra is obtained by multiplying xi + yij 
by the cube of xz + y 2 j in the GF[3^]. Thus we may construct 
the following multiplication table of the algebra (excluding the 
zero and the xmit mark) : 



2 

J 

2/ 

1+/ 

1 + 2^ 

2+/ 

2 + 2/ 

2 

1 

2j 

j 

2 + 2j 

2+/ 

1+2/ 

r+/ 

j 

2/ 

2 

1 

2 + / 

1+/ 

2 “h 2^ 

1 + 2/ 

2j 

j 

1 

2 

1 + 2 j 

2 + 2/1 +/ 

2+j 

1 +y 

2 + 2j 

i + 2y 

2+j 

2 

2/ 

j 

1 

1 + 2j 

2 +y 

2 + 2/ 

l+J 

J 

2 

1 

2/ 

2 + y 

1 + 2 J 

1+y 

2 + 2/ 

2/ 

1 

2 

/ 

2 + 2i 

1+y 

2 + J 

1 + 2/ 

1 

j 

2/ 

2 


Now in the FG(2, 3^) the Desargues theorem is valid (§87). 
It may be shown readily (see Ex. 1 on page 412) that in the 
geometry indicated in the foregoing remarks the Desargues 
theorem is not valid. Hence this new geometry is different from 
the FG(2, 32). 

Instead of exhibiting this new geometry explicitly we shall 
employ the same algebra to construct a non-Desarguesian 
geometry in another way, the new geometry so constructed 
being capable of being explicitly exhibited in compact form. 
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Since the number system is associative and verifies the dis- 
tributive law a{b c) = ab ac, the point ix, y, z) may also be 
represented by {kx, ky, kz), where k9^0. Then a linear trans- 
formation changes points into points; and, if the coefficients 
are integral, two transformations may be combined in the usual 
way. 

The following transformation is of order 13 : 

A: x' = 2 y, y' = 2x-\-2y-\-2z, z' ^xA-y- 

Let ^ 0 , Bg, • • •, Go denote the points (2, 0, 1), (2-t-2y, j, 1), 
(2 +J, 2j, 1), (1 + 2;, 1 +y, 1), U, 2 + 2i, 1), (1 +y, 1 +2y, 1), 
(2 y, 2 -f y, 1), respectively ; and let 5*, • • •, Gt (^= 0, 1, • • •, 12) 
denote the points into which ^o, Bo, • • •, Go are changed by the 
Ath power of A. Then seven of the lines of our geometry are: 

^ "t" "t" 2 = 0 ; Ao Ai As Ag Bo Co Dq Eq Fq Go, 

X yj z — O'. Ao B\ Bs Do, Dix E2 Es Eq Gt Gg, 

X -jr y( 2 j) -j- 2 = 0 : Ao Ci Cg E7 Eg F3 Fn G2 Gs Go, 

^ "b y(l "by) + 2 = 0 : Ao B 7 Bg Di Ds Fg F 5 Fq G 3 Gn, 

^ -f- y(2 -b 2y) -1 - 2 = 0 : Ao Bg Bs Bg Co Cn Ei Eg Fj Fg, 

^ + yfl "b 2 y) -b 2 = 0 : Ao C7 Cg Dg D5 Do £3 £ii Fi Fg, 

x-\-yi 2 A~j) -b 2 = 0 ; Ao Bo Bn Cg Co Cg £7 Dg Gi Gg. 

Transforming these seven sets of 10 each by the powers of A, 
we obtain altogether ninety-one sets of 10 each formed from the 
91 points of the geometry. These ninety-one sets constitute the 
lines of a geometry, as the reader may verify. 

It is not difficult to show that this geometry is non-Desargues- 
ian, the method being to exhibit a pair of triangles which are 
perspective from a point while the intersections of corresponding 
sides do not lie on a line (see Ex. 2 on page 412). 

It is not difficult to construct the largest possible permutation 
group on its points which has the property of transforming this 
geometry into itself (Ex. 3 on page 412). It is a problem of 
interest to determine the collineation group of all geometries 
derived from particular classes of algebras Abp”]. 

The problem seems not to have been solved. 
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EXERCISES 

1. Establish the non-Desarguesian character of the first geometry 
based on the noncommutative ^[3^] in § 108. 

2. Establish the non-Desarguesian character of the geometry ex- 
plicitly exhibited in the latter part of § 108. 

3. Determine the collineation group of the geometry explicitly 
exhibited in the latter part of § 108. 

4. If a and h are elements of the algebra whose multiplication 
table is given in § 108, show that ab^±. ha. 

5. Prove analytically that the 91 sets of 10 each described in the 
latter part of § 108 form a projective geometry. 

6. Consider all numbers of the form aex + he^ where a and h are 
integers reduced modulo 2 and where e\ and €2 are independent units. 
Define addition by the formula 

i(l€\ ■+■ 562 ) “b Hh dz^ == + c)Zi “f“ (6 "b d)Z2» 

Writing zz for zi + € 2 , define multiplication by means of either of the 
following tables : 



ei 

ez 

ez 



ei 

ez 

ez 

ei 

ez 

Zz 

ei 

(2) 

ei 

ei 

ez 

ez 

€2 

€2 

ei 

ez 


ez 

ez 

ei 

ez 

ez 

ei 

ez 

e2 


ez 

ez 

ez 

ei 


Show that multiplication is commutative in case (1). In both systems 
show that the two-sided distributive law holds. 

7. By the method of § 108 construct plane geometries based on 
the number systems of Ex. 6. Show in each case that the geometry 
is equivalent to PG{2, 2^). 

8. Show that there is only one projective plane geometry with 
just 5 points on a line. 

9. Show that there is one and just one projective plane geometry 
with s points on a line when s = 3, 4, 5, 6, namely, the corresponding 
PG(2, p^) in each case (see Ex. 8). 

10. Show that there is no projective plane geometry having just 
seven points on a line. 

11. Determine all the projective plane geometries having just 
8 points on a line. 
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12. Form an algebra whose marks are 0, 1, 2, 3, 4, and let addition 
be identical with ordinary addition modulo 5. Let <z0 = Oa = 0 for 
every a. Otherwise define multiplication by the table 

12 3 4 

112 3 4 

2 4 3 2 1 

3 3 14 2 

4 2 4 1 3 

Use this number system to form a geometry by the method of § 108, 
taking 0 = = 1. Show that the resulting geometry is FG(2. 5). 

MISCELLANEOUS EXERCISES 

1- Determine all the algebras by the method employed by 
Dickson in Gottingen Nachrichten, 1905. 

2. By aid of Ex. 1 determine all the doubly transitive groups of 
degree and order p^ip^ — 1). 

3. Determine all the algebras A[p”'] each of which has the property 
that its multiplicative group contains a cyclic subgroup of index 2. 

4. Determine all the doubly transitive groups of degree and 
order p^ip"^ — 1) in each of which the regular subgroup of order 

_ 1 contains a cyclic subgroup of index 2. 

5. Determine all the triply transitive groups of degree 4- 1 and 

order (/?" -h — 1) in each of which the regular subgroup of 

order — 1 contains a cyclic subgroup of index 2. 

6. Consider the geometry built by the method of § 108 from the 
defined in § 107 by aid of Theorem XXX of § 69 and its first 

corollary. Show how to represent the points of this geometry by triples 
of marks in the GF[p^], with suitable definition of equivalence of sym- 
bols, in such way that the lines of the geometry shall be defined by 
means of suitable nonlinear equations in the GF[p^], [Suggestion. 
For the solution of this problem employ the function f(a, x) of § 106 
associated with the definition of multiplication.] 

7. Extend the results of Ex. 6 to the case of algebras A[p^^]. 

8. For the case p” = 3^ compare the geometry defined in Ex. 6 
with those on the same number of points discussed in § 108. 
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9. Let i and j be two independent units such, that P = y, 
ij =zji = & + pi, p = — S hi — 2 Pj, where b and P are given in- 

tegers such that the equation — Px — b = 0 is irreducible for a given 
odd prime modulus p. Define an algebra subject to the postulates of 
§ 108 and having for its marks all numbers of the form a -i- di + ej, 
where a, d, e are marks of the Extend this to the case when 

b and p are marks of the 

10. Employ the algebra defined in Ex. 9 in the construction of a 
finite plane projective geometry after the manner of § 108, simplifying 
the theory by aid of the fact that the algebra is commutative. Deter- 
mine whether a Desargues theorem is valid in this geometry. 

11. Discuss the special case of the geometry in Ex. 10 when p^ = 3. 

12. Determine all finite plane projective geometries having not 
more than nine points on a line (see Exs. 9, 10, 11 on page 412), and 
thus determine the smallest possible number of points on a line in a 
finite plane projective geometry in which the Desargues theorem is 
not valid. 
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109. Immediate Examples. In § 91 we have defined tactical 
configurations of rank two and have given several classes 
of examples based on the PG{k, p^). In this section we give 
Other iromediate examples. 

In the configiirations which we shall usually consider there 
is a certain symmetry in the role played by the I elements and 
the m sets. We may consider the m sets themselves as ele- 
ments. The fjL sets which contain a given s 3 nnbol may be 
thought of as a combination of sets which give rise to that sym- 
bol, provided that there is no additional symbol common to 
these }i sets. From this point of view the configuration be- 
comes a new configuration having the s 3 nnbol The two 

configurations and are therefore closely related when 
they satisfy the restrictive condition just named. They are 
called associated configurations. 

With each of the m sets of X elements we may associate the 
complementary set of / — X elements, thus forming m sets 
each of which contains / — X elements ; in these sets each ele- 
ment occurs m — IX times. Thus we have a configuration 
jg -j-Q complementary to the configura- 

I, m 

From the tactical configurations afforded by the PG(k, p”) 
it is apparent that the configurations A^’^ are of importance in 
the theory of groups. They have also been found useful in con- 
structing poristic forms in connection with the study of geomet- 
rical configurations similar to and including those associated 
with the Poncelet polygons which arise in the theory of conic 
sections. The same tactical problem also appears in the theory 
of certain irrational invariants. Its importance is therefore clear. 

415 
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We now proceed to the examples promised. 

From a cycle a\a% • • • of w elements we may select cycli- 
cally the set 01^2 ■ ■ • Ok, • • ■ c&+i, ■ • •, Ukaxa^ ■ ■ ■ thus 

obtaining a configuration with the symbol A*;*. 

Let us take two sets of n things each, say Oi, Oz,- an and 
ai, az,---, oin- Each element in one set may be paired with 
each element in the other set, giving rise to pairs of the 2 n 
elements. Thus we have a Again, each element in one 

of the two sets may be paired with every other element in the 
same set ; thus we have a Again, we may make the 

pairs from each one of the sets run in cyclical order, thus obtain- 
ing a configuration with the symbol i^ 2 n%n- 

The three configurations of the foregoing paragraph are 
capable of a ready generalization. Generalizing the first of 
them we have a configuration with the symbol 


obtained from I sets of n elements each by forming all the 
possible combinations of I elements each gotten by taking one 
element from each of the I sets. One may similarly generalize 
the other two configurations in the preceding paragraph. More- 
over, various other similar configurations are readily formed. 

Now let us take I sets of n things each, I being greater than 
2. Let these I sets be arranged in cyclical order. Form pairs 
by taking each element in one set with each element in the set 
which follows it in cyclical order. Thus we form In^ pairs from 
the In elements, using each element 2 n times. This gives rise 
to a configuration with the symbol 

a >2) 

This configuration is capable of generalization in the following 
manner. Let us consider I sets of n things each, where I > X, 
these I sets being arranged in cyclical order ; and let us form 
combinations of X elements each, such combinations being 
formed from X consecutive sets from the I sets in their fixed 
cyclical order by taking one element from each of the X sets 
in all possible ways. Thus we have In elements formed into 
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sets of X elements escli, the number of sets being sncl ench 
element appearing in X«"-i sets. This gives rise to a conligura- 
tion with the symbol 

(/>x) 

For the case in which / = « + 1 and X = «, we have 

A . 

For w = 2 this becomes this configuration consists 

of all the pairs of the six elements involved except the three 
pairs from which the configuration was formed. 

Other configurations may also be readily formed by various 
modifications of the methods employed in this section. 

110. Configurations Associated with Coble’s Box Porism. In 
the 3-space PG(3, p”) there are P” -|- 1 points on a line I and 
planes on the same line. Let us take p” of these planes 
and a point P not on any of these p" planes (and hence on the 
remaining plane through 1). Let Q be aiiy point on L In ad- 
dition to the p” planes already retained, keep also the 
planes which are not on the line PQ. We thus retain -f p" 
planes. Retain the p^^ points which are not on the plane 
through P and /; these points form an £6(3, />”). The points 
retained on a given one of the planes first selected and the 
lines in which that plane is cut by the retained planes through 
P form a configuration 

A . 


Hence the p^”' retained points appear in sets of p”- each on the 
4 - pn retained planes ; moreover each of the retained points 
appears on one of the retained planes through I and on just 
j!>" of the retained planes on P. We are thus led to a configura- 
tion having the S 3 mibol 

p-' + i 

p8n pinj^pv.' 

When p” = 2 we have here a configuration with the symbol 
jig g. It is based on the PG(3, 2). It may be shown that this 
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leads to a configuration equivalent to that defined by the 
following scheme : 

DEFG, LMNO, DELM, FGNO, DGLO, EFMN. 

If these six quadruples in the order written are numbered 1, 2, 
• • •, 6, then the eight letters contained in them are determined 
by triples of digits according to the following correspondence : 

135 136 145 146 235 236 245 246 
DEGFLMON 

These eight triples of six elements form the configuration A^’g 
belonging to the box porism of Coble {Amer. Journ. Math. 
43 (1921), 15). The latter is therefore exhibited as belonging to 
an infinite class of configurations ; the class was suggested by 
this example. 

Another infinite class of configurations having the same 
symbols as the foregoing may be constructed in the following 
manner. From PG(3, p^) form the corresponding EG{3, p'^') by- 
omitting a plane with its points. Let P be a point on this plane ; 
then there are + p”- additional planes on P ; these are to be 
retained. The p^^ points of the EG(3, p'^) fall on these planes, 
^2" points on each plane thus considered. Moreover a given 
one of these points is on each of the planes containing the 
line joining this point to P, and hence it is on + 1 of the 
retained planes. Thus we are led to another configuration with 
the symbol 

111. Certain Additional Configurations. From the PG{k, p"-) 
(k > 2) let us omit a line of points and also all the lines on each 
of these points. The number of points remaining is I, where 

I = p'^'"' 

Now the total number of lines on a point is 1 +/>" H 1-^^*"“'’". 

Hence the number of omitted lines is 

(1 + p") 4- + h + 1. 
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Hence the number m of retained lines is 

^p(k -bl)n . 


m 




1) - (1 ^p2n 


H h _pCt-Un) _ 

The retained points fall X at a time on the retained lines, where 

X = 1 + /?”•, 

each point appearing on ^ of the lines, where 


= p2n ^ pZn + . . . ^ p{k-l)n 

This gives rise to a where I, m, X, /i have the values given. 

To form another configuration let us omit from PG(3, 
the points on two nonintersecting lines and all the lines through 
these points. This leaves 

pn(^2v._Y)(^n_Y) 

lines of the PG(3, p"). Each of these contains 1 points of 
the PG(3, p"^) ; and each of these retained points is on p^’^ — p’‘ 
retained lines. Hence the retained points and lines 3 aeld a 
configuration where 

I = (p^+ l)(p2» -1), m= p'^ij)^ - _ 1), 

X=p"+1, IJL=P^{P^-V). 


Again, from the (2^4- l)-dimensional space PG(2 k+1, p”) 
let us omit the points of a ^-dimensional subspace Sk and also 
all the (2 -spaces containing S*. We thus retain I points and 
I (2 ^)-spaces, where 


I = pi2k-\-l)n p2kn ^ 


Each of the retained (2 -spaces has X retained points, where 

X = ^ p(.2k-11n ^ 1 _ pkn^ 

and each of the retained points lies on X of the retained (2 k)- 
spaces. Thus we are led to a configuration ^ where X and 1 
have the values just given. 

112. Subgeometries and the Complementary Sets. Let v be 
any proper factor of n. Then in the PG(k, p") there is included 
(§ 86) the geometry PG(k, p”), namely, those points of PG{k, p"-) 
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whose co-ordinates may be taken as marks of the GFip"'] included 
in the We shall denote by C{jk, p”) the complemen- 

tary set of points, namely, the points of PG(k, p^) which are not 
contained in the included PG{k, p-). The number I of points in 
C(k, p\ p’) is 

1 = -I- . . . -f- 

If a line in PG{k, p”-) contains two points of PGik, p"), it con- 
tains all the points of a line in PG{k, p"). Hence the lines of 
PGQi, p’') may be separated into three classes : the first class 
consists of those lines each of which contains a whole line of the 
PGik, p ”) ; the second class consists of those lines each of which 
contains just one point of the PG{k, p”) ; the third class consists 
of those lines containing no point of the PG(k, p"). The num- 
bers of lines in these three classes are readily shown to be, 
respectively. 


+ 

\ 

1 

/P*" — 1 

pkv _ 

■ 1' 

\ — 1 

_ l)(^v _ 1) 


P-- 

1/ 

) P’-I * 



/pkn _ 

1 

PKP^'' - D' 


p" —1 


1 ■ 

P^” — ! . 


It is not difficult to show that the third class is the null class 
when and only when k = 2 and n = 2 v. 

With these classes we readily construct tactical configura- 
tions as follows : 

Let us consider the second class of lines in the case when k = 2 
and n = 2v . Each of the p'^^ ^p’ +1 lines of the PG{2, p’), 
when extended to a line of PG{2, p^-), contains just p^” — p’ 
points of C(2, p^”, p") ; and no point P of C(2, p^”, p”) occurs 
on two such extended lines. Hence each of the {p^’ — p’) 
• ip^’ ^p’ + l) points of C(2, p^’, p") occurs on one and just one 
line which contains a line of PG{2, p'’). Hence each point P of 
C(2, /)■') lies on just p^'’ lines of the second class, this being 

the number of lines joining P to points of PG(2, p") other than 
the line of PG{2, p") on the extension of which P lies. Moreover, 
each line of the second class contains just p^" points of 
0(2, p^\ p”). Hence the iP^’ — p''){p^'' -{■ p” + 1) points of 
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C(2, p’') lie at a time on the {p^" — p'')(p^'' + p” + 1) 

lines of the second class, and each point is on just p^” of thp.s<> 
lines. This gives rise to a tactical configuration where 

\ = tJL = p^'', I = m= {p^” — p'')(p2. 

In the case when p" = 2 this gives a Ai 4 ;j 4 . 

From the general configuration of the preceding paragraph 
a certain reduced configuration is readily obtained. Let us 
omit from PG{2, p’) one of its lines and at the same time omit 
from PG(2, p^ ’) the line L, which has p" + 1 points in common 
with the omitted line of PG(2, p"). This line contains p^’ — p” 
points of C(2, p^', p”). The remaining points of C(2, p^”, p’) 
are {p'^’’ — P''){P^'' + P") in number. These points fall p"^' 3.1 a. 
time on the lines of the second class other than the lines con- 
taining each a point of L which is in the set C(2, p^'’, p'’). These 
latter lines are (pP” — p'^p"^" in number, since each of the ex- 
cluded p^” — p” points is on just p^- lines of the second class 
and no two of them are on the same line of the second class. 
Excluding these lines and retaining the others of the second 
class, we have p^ip^" — 1) retained lines. Each of the retained 
points is on just p" of the retained lines. Hence we have a 
tactical configuration A^’,^, where 

1 = p^’‘{p^’' — 1), \=p^’', ij. = p\ m = p^ip^” — 1). 

For p” = 2 this is a Aj 2 ,|- The associated configuration 
has an obvious generalization to a configuration 

A 2,2(n-1) 

2 n,2 n(jn — 1) 

consisting of all the pairs of 2 n symbols ai, o'2, • • ci2n except 
the pairs au 0L2; as, 0:4 ; • • - ; oi2n^u a2n, each a occxirring in 
2(n — 1) pairs. And this in turn is capable of an immediate 
generalization to the case of kn things taken ^ at a time except 
for the omission of n sets of k each, the latter sets involving 
each symbol once and just once. 

Let us consider the second class of lines in the case when 
& = 2 and n= pv {p > 2), The number / of points in C(2, p^) 
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and the ntimber m of lines in the second class and the num- 
ber N of lines in the third class are now, respectively, 

/ = Q5P- — p-) py ^ 1), 

m= (p"'’ — p” -{■ 1), 

N = (pi>y — p’'){p»’' —p^”). 


Moreover, each line of the second class contains just p"’ points 
of C(2, p’‘'’, p"). We may separate the points of C(2, p”’, p’) into 
two subclasses Ci(2, p'"”, p") and C 2 ( 2 , p’), those of the sub- 

class Cl being each on a line of PG{2, />'”) which contains 
p'-l- 1 points of the PC (2, p'}, while the subclass C 2 consists 
of the remaining points of C(2, p’’", p"). Now these subclasses 
Cl and C 2 contain h and h points respectively, where 

h=iP'”'-p’')(P^’’ + P’' + l), h = {p'‘''-p’){p'‘’-p^’’), 

a result which may be proved as follows. The PC (2, p-) con- 
tains p^" p'’ \ lines, and each of these lines has p’"'—p'' 

points of Cl, while no point of Ci is on two of these lines, since 
two such lines have a point of the PC (2, p") in common. Hence 
h has the value given; then h is obtained from the formula 
h = l-k. 

Elach point of Ci is on just p^ ” lines of the second class, since 
it is on just one line of the first class and this line contains just 
p' -f 1 of the p^” p^ -h 1 points of the PG(2, p") ; and each 
point of C 2 is on just -f p' -|- 1 lines of the second class. 
But just p!’" -f- 1 lines of PG(2, p'’") pass through any given 
point of this geometry. Hence each point of Ci is on just 
pyy _ p 2 y lines of the third class, and each point of C 2 is on 
just pi”' — p^” — p” lines of the third class. Every line of the 
second class contains just as many points of Ci as there are 
lines in PG(2, p") not containing the point which this line of 
the second class has in common with the PG(2, p'’), and this 
number is ; therefore every line of the second class contains 
just pH” — p^y points of C 2 . 

Now we have seen that the Zi points of Ci fall, in sets of 
p^” each, on the m lines of the second class, each point of Ci 
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belonging to just lines of the second class. Thus we have 
a with 

For p = 3 and />' = 2 we have thus a 

Again, the I 2 points of 0% fall, in sets of p’’” p^” each, on 

the m lines of the second class, each point of C 2 belonging to 
just p^’ -{• p’ 1 lines of the second class. Thus we have a 

where 

— P^”, /J,=p^’+P’'+h l=l2, 

and m and h have the values already given. 

Each line of the third class contains just p^’’ + p'' + l points 
of Cl, since it contains no point of PC (2, PO and has one and 
just one point in common with each of the + p" + 1 lines 
each of which contains p-’4- 1 points of the PC (2, pO- Hence 
each line of the third class contains also p'”' - p^' - P” points 

From the foregoing results we see that the k points of Ci 
fall, in sets of p^' + p' + l each, on the N lines of the third 
class. This defines a tactical configuration of rank two. 

Similarly, we see that the h points of C 2 fall, in sets of 
each, on the N lines of the third class, each 
point of C 2 belonging to just po” - p^" - p’ lines^of the third 
class. Thus we have a tactical configuration A,’, where 
\ = p2^ - p% l^ipo’- P-) (p'"' - P^")- 

It is evident that other configurations may readily be con- 
structed by means of finite geometries of inore than two dimen- 
sions and the subgeometries contained within them. 

EXERCISES 

1. Construct the configuration Ag | of the first paragraph of § 110 
and determine the group characterized by it. 

2. Construct the configuration Ag[| of the last paragraph of § 110 
and determine the group characterized by it. 

3 By means of all but one of the planes on a point P of PG(3, pp 
and the intersecting lines of these planes, the lines being taken as ele- 
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ments and the planes as sets of elements, construct a configuration 
having the symbol where 

/ = -j- X = 

4. Construct the configuration aJ' of the first paragraph of 
§111 (for ^=3 and = 2) and determine the group characterized 
by it. 

5. Construct the configuration A^' q of the second paragraph of 
§ 111 (for p^ = 2) and determine the ^oup characterized by it. 

6. Construct the configuration A^ 2 ,i 2 paragraph of 

§ 111 (for ^=1 and p^ = 2) and determine the group characterized 
by it. 

7. Construct from the PG(2, 2^) the configuration men- 

tioned in § 112 and determine the group characterized by it. 

8. Construct from the PG{2, 2^) the configuration 
and determine the group characterized by it. 

9. Show that the system consisting of the five sets of three pairs 
each, 00 0, 14, 23; ool, 20, 34; <x> 2, 31, 40; co3, 42, 01; oo4, 03, 12, 
is left invariant by each element of the group 

{(01234), (1243), (c«0)(14)} 
and by no other permutations on its symbols. 

10. Show that the system consisting of the seven sets of four pairs 
each, 

00 0, 16,25,43; 1, 20, 36, 54; oo2, 31, 40, 65 ; oo3, 42, 51, 06; 

«d 4, 53, 62, 10 ; co 5, 64, 03, 21 ; oo 6, 05, 14, 32, 
is left invariant by each element of a doubly transitive group of de- 
gree 7 and order 7 • 6 and by no other permutation on its symbols. 

11. Show that the system consisting of the seven sets of four pairs 
each, 

ooO, 13, 45, 26; ool, 24, 56, 30; oo2, 35, 60, 41 ; oo3, 46, 01, 52 ; 

CO 4, 50, 12, 63; oo5, 61, 23, 04; oo6, 02, 34, 15, 
is invariant under the triply transitive group of degree 8 and order 
8 • 7 • 6 • 4 on its symbols and under no other permutations on these 
symbols. 

12. Solve the like problem for the four sets of three triples each, 
123,456,789; 147,258,369; 159,267,348; 186,294,375. 
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Discuss the isomorphism of the resulting group with the symmetric 
group of degree 4. 

13. Noting the way in which Ex. 12 depends on the regular group 
generated by (123) (456) (789) and (147) (258) (369), construct and 
solve a similar problem depending on the regular noncyclic permuta- 
tion group of order 25. 

14. Investigate other groups by methods suggested by the results 
in the foregoing Exs. 9 to 13 inclusive. 

113. Triple Systems and Triple Groups.* If n elements Xi, X 2 y 

• Xn can be arranged in triples so that each pair Xc,x^ occurs 
in one and in just one triple, then the arrangement so made is 
called a triple system. The largest permutation group on xi, X 2 , 

• ‘ Xn each element of which transforms the triple system into 
itself is said to be a triple group and to belong to the triple system. 

It is easy to determine a necessary condition on the form 
of n in order that a triple system of n elements may exist. 
Since there are n(/z — 1) pairs of n things and since a given 
triple contains three of these pairs, it follows that the number 
of triples in a triple system on n elements is 'g-n(^ — 1), so 
that this last number must be an integer. Moreover, a given 
letter must occur with each of the others taken in pairs; 
whence n must be odd. These two conditions require that 
n shall have one of the forms 6 m + 1 and 6 m + 3. It has 
been shown (see Netto's Lehrbuch, loc. cit.) that a triple system 
exists for each n of either one of the given forms, and indeed 
that at least two inequivalent triple systems exist for each 
such n greater than 9, while there is just one when n = 3 or 
7 or 9. [Two triple systems are said to be equivalent if there 
exists a permutation which transforms one of them into the 
other.] The number of distinct triple systems on a given 
number of elements has not yet been determined in general. 

The finite geometry PG{k, 2) affords an example of a triple 
system on 2*’^^ — 1 elements, the lines of the geometry con- 

* See Netto, Math. Annalen^^ (1893), 143-152. See also Netto, Lehrbuck 
der Combinatorik second edition, pp. 202-227, 321-334, for a much fuller 
account of this subject, with numerous references to the literature. 
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stituting the triples of the system. The corresponding triple 
group is then the collineation group in the finite geometry. 
When k> 1 the group is doubly transitive and contains cyclic 
permutations of all its elements. [It is obvious that a triple 
group of degree greater than 3 cannot be triply transitive.] 

The finite geometry EG{k, 3) affords an example of a triple 
system on 3*^ elements, the lines of the geometry constituting 
the triples of the system. The group belonging to the system 
is the collineation group in the geometry. 

A triple system on n elements leads to one on 2 « + 1 ele- 
ments, in the following manner. To the n elements Xu x^, 
■ ■ ■,XnOi the given system adjoin the n + I additional elements 
x'a, x'x, • • •, x'n- From each triple x^x^Xy of the first system 
form the four triples 


XaX^Xy, X'aX'^Xy, X'aXpX'y, XaX'^X'y. 


Then add the remaining triples 


X'oXlX'i, x'oX2X'2, ■ ■ ■, X'oXnX'n. 

No pair of the 2 m -f 1 elements occurs twice. The number of 

triples is 4 — 1) , (2 « + 1)(2 n) 

— ^-7: -f n, or 

6 6 

whence it follows that the named set of triples forms a triple 
system on 2 w 1 elements. 

Applying this process to the triple system on three elements, 
one has a system on 7 elements ; from the latter a system on 
15 elements is obtained in the same way; and then one on 
31 elements; and so on. The systems thus determined con- 
stitute the geometries PG(k, 2), as one may readily show, the 
triples being the lines of the geometry. 

Let Ti and T 2 be triple systems on wi and on n 2 elements 
respectively ; and denote them by the symbols 

(Ti) abc, ade, bdg, • • - ; (T2) ajdy, ade, a^rj, ■ ■ 

Employ the elements Xaa, Xap, ■ ■ -, Xba, Xb Then form 

triples as follows, of the numbers indicated : 
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ni(ni — 1) 


^ triples . XaaXabXaCt XaaXadXaej * * *> X^aX^bX^Cf * * * > 

^ triples. XaaXa^3Cayf Xaa^aB^aty * * "s XhaXb^Xbyt ‘ > 


Ml (Ml — 1) M2(M2 - 1) . • 


triples • XaaXb^Xctjf XaaXbrpCc^y Xa^XbaXci]} 
Xa^XbtjXcay XarjXbaXc^y XaijXb^Xccef 


and so on for the various pairs of triples from Ti and 
T 2 respectively. 

No pair of elements occurs in two triples, while the total 
number of triples has the appropriate value 


ni(ni—l) ■ min^r-V) . p ni{nx—l) n^^nor-V) 

' 6 ^ ' 6 ^ 6 6 ” 



Hence the triples formed from the xa constitute a triple system 
on nin 2 elements. 

We shall now form a triple system on p elements, where p 
is a prime of the form 6 m + 1. Let ^ be a primitive root mod- 
ulo p, and denote the residues modulo by 0, 

Form the triples 

k,k + g^,k + (a = 0, 1, * • *, m — 1 ; = 0, 1, • • 6 m) 

the numbers in the triple in each case being reduced modulo p. 
The number of triples so formed is m(6 m + 1) = -^ p{p — 1). 
Hence, to show that they form a triple system it is sufficient 
to prove that no pair occurs in two triples. Since the set of 
triples is transformed into itself by the transformation i' = 1+^1 
mod p, it follows that if any pair occurs in two triples, then 
there exists a number p such that the pair (0, p) occurs in 
two triples, while the zero element is either that for which 
= — or that for which ^ = — Hence we have to 
examine only the following sets : 

0, -r; (a = o, i, • • i) 

0 , — (a = 0 , 1 , • • •, m — 1 ) 

Now = 1 mod p, while g^^ ^ 1 mod p, whence = — 1 
mod p. But g^^+l = (g^ + l)(g^^ - + 1) = 0 mod p, while 



428 


Groups of Finite Order 


mod p. Hence — 1 = mod p. Therefore the last- 
named triples may be written 

g2m+a^ (q; = Q, 1, * *, W — 1) 

0, (a = 0, 1, • •, w - 1) 

No pair (0, p) occurs in two of these. Therefore the original set 
of triples constitutes a triple system. 

We shall next construct a triple system on 3 /x elements, 
where pt is an odd number which is not divisible by 3. We de- 
note the 3 pt elements by the numbers 1, 2, • • •, 3 ju. Then 
form the pairs ( 5 , t), where 

5 + ^ = 0 mod pc, s^O mod pt, mod pc, 5 = / = 1 mod 3. 

The numbers which are congruent to 1 modulo 3 and are not 
congruent to 0 modulo pc fall into pc — 1 classes of residues 
modulo 3 pc. If s is such a mmber, then there is another such 
number if, uniquely determined modulo 3 pc, such that 5 + if = 0 
mod pc. Thus one has ■g-(pc — 1) pairs ( 5 , t) meeting the condi- 
tions named for such pairs. Then form the ■^pc(3 /c — 1) triples 

r,r + s,r + t\ (r = 0, 1, • • 3 pc - 1) [1] 

r,r+ ii,r + 2 ii. (r = 0, 1, • ■ pc - 1) [2] 

It may be shown that these form a triple system. For this pur- 
pose it is sufficient to show that no pair occurs in two triples. 

Since the addition of unity to each element in each triple trans- 
forms the set of triples into itself, it is sufficient to show that no 
element p exists such that the pair (0, p) occurs in two triples ; 
moreover, there is no loss of generality in supposing that the 
element 0 occurs in either the second or the third place in the 
triple as written in [1] or in the last place as written in [2]. 
Then we have to examine only the triples 

(- 5 , 0, if - s), U 0), (- 2 pc, -- pc, 0), 

and to show that no pair (0, p) occurs in two of them. It is 
obvious that the last does not have a nonzero element in com- 
mon with either the first or the second. The reader may show 
that no nonzero element occurs in two triples of the first two 
sets. Thus the proof of the proposition is completed. 
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114. Quadruple Systems. If n elements Xi, X 2 , ■ ■ Xn can be 
arranged in quadruples so that each triple x^x^x-, of distinct 
elements occurs in one and just one quadruple, then the arrange- 
ment so made is called a quadruple system. The number n of 
elements in a quadruple system must be of one of the forms 
6 -b 2 and 6 ot 4- 4, as one may easily prove by showing that 
each of the numbers 

n{n—V)(ri — 2) (w— l)(n — 2) n — 2 

4-3-2 ’ 3-2 ’ 2 

must be an integer: the first of these numbers is the number 
of quadruples in the system ; the second is the number of quad- 
ruples containing a given element ; while the third is the number 
of quadruples containing a given pair of elements. The quad- 
ruples containing a given element evidently lead to a triple 
system on the remaining elements. 

From a given quadruple system on the n elements xi, X 2 , • ■ 

Xn one may form a quadruple system on the 2 n elements xi, X 2 , 

• ■ Xn, x'l, x' 2 , ■ ■ •, x'n in the following manner. For each 
quadruple x^x^XyXs of the given set form also the quadruple 
x'ccx'^x'yx'i and retain XaX^XyXs. For each quadruple containing 
a given pair XaX^, as for instance XaX^xxx^, form also the quad- 
ruple x'aX'ffXxx^,. Form also the quadruples x'^x'^XaX^ for every 
pair (a, |8) of the set 1, 2, • • •, n. The total number of quad- 
ruples thus formed is 

2(w)(w — l)(w — 2) . n(n—l)n — 2 . n(n — l) 

24 "^2 2 2 ’ 

2n(2n-l)(2n-2) 

24 

This is just the required number of quadruples for a quadruple 
system on 2 w elements. Therefore the named quadruples form 
a quadruple system provided that no triple occurs in two quad- 
ruples. That this condition is met is readily shown by consider- 
ing the triples of each of the forms XpX,Xr, x'px',x'.„ XpX,x'r, 
x'pX'aXr. Hence, from a given quadruple system on n elements 
one may construct (in the manner indicated) a quadruple 
system on 2 w elements. 



430 Groups of Finite Order 

Now :i:ix: 2 a: 3 ;c 4 forms a (trivial) quadruple system. Applying 
to it the method of the previous paragraph one obtains a 
quadruple system on 8 elements (see Ex. 4 on page 353). It is 
easy to show that this is the only quadruple system on 8 ele- 
ments. From the quadruple system on 8 elements one may 
form one on 16 elements ; from this, one on 32 elements ; and 
so on. Thus one has quadruple systems on 2*" elements for 
ife = 3, 4, 5, • • •• In § 91 the same quadruple systems were con- 
structed by means of the finite geometries (see Ex. 6 on page 436). 

Now consider the collineation group C(l, 3*) of the PG(1, 3*^). 
It has a subgroup consisting of those transformations 

,_ ax + l3 
yx + 8 

for which a, /3, y, 5 belong to the GF[3] ; this subgroup is of 
order 4 • 3 • 2 ; it permutes among themselves the elements oo, 
0, 1,2; these elements are left individually fixed by the trans- 
formation x' = x^; this transformation and the group of order 
24 just mentioned generate a group of order 24 k, each element 
of which leaves fixed the set cso , 0, 1, 2. Hence the group C(l, 3*") 
transforms this quadruple into (3* -f 1)3* (3* — 1) /24 quadruples 
(as does also the projective group F(l, 3*)). Since the group is 
triply transitive, it follows that every triple of the 3* -f 1 points 
of PG(1, 3*) occurs among these quadruples. The quadruples 
therefore constitute a quadruple system. When ;% = 1 we have 
a trivial case. When k = 2we have a quadruple system on 10 
elements. 

From the three preceding paragraphs it follows that quad- 
ruple systems of n elements certainly exist for every number n 
of the form 

w = (3* + 1)2^ ()fe = 1, 2, 3, • • ■ ; / = 0, 1, 2, • - •) 

The general problem of the existence of quadruple systems of 
n elements when n is of the form 6w-f-2or6m-|-4 appears not 
to have been solved. 

Let us return to the quadruple system on 3* -H 1 elements 
already constructed. Those quadruples which contain the ele- 
ment 00 lead to a triple system on the 3* elements exclusive of oo. 



Tactical Configurations 431 

It may be shown that this is the same as the triple system 
afforded by the lines of the EG{k, 3) (see Ex. 8 on page 436). Its 
group is therefore the projective group EP(k, 3), a doubly transi- 
tive group of degree S'® and order 

3*^(3* _ 1) (3Ji _ 3) (3& _ 32) . . . (■ 3 *. _ 3fc_ 

This triple system may also be constructed (in a manupr now 
obvious) by means of the transformation group x' = ax /3 in 
the GE[3*] ; and when so constructed it leads at once to the 
larger doubly transitive group just named — a good example 
of the way in which configurations may lead from a given 
multiply transitive group to a larger one containing it. 

115. Configurations Associated with the Mathieu Groups. The 
Mathieu groups of degrees 11, 12, 22, 23, 24 (one of each 
degree) are remarkable for two things; (a) they seem to be 
the only known simple groups which do not appear among 
the known infinite classes of simple groups; (6) among them 
are found the only known fourfold and fivefold transitive 
groups other than the alternating and symmetric groups. 
Examples which stand apart in such a way possess a peculiar 
interest on account of their isolation. It therefore seems worth 
while to present (without any details) a very, direct method 
for constructing these groups by means of configurations and 
to indicate some of their properties which are made manifest 
by means of these configurations. 

The linear fractional group modulo 11 of order 12 • 11 • 5 is 
often represented as a doubly transitive group of degree 12 on 
the symbols 00 , 0, 1, 2, • • 10. From the 12 S 3 nnbols which this 

transitive group permutes one may select a set of six, namely 
00 , 1, 3, 4, 5, 9, such that the set is transformed into itself by 
just five elements of this group. The whole group therefore 
j)ennutes this set of six symbols into 132 such sets. If any five 
symbols are selected from the twelve they appear in one and 
just one of these sextuples. The 132 sextuples therefore afford 
an interesting configuration on 12 symbols which may well be 
called a sextuple system, in analogy with the terminology em- 
ployed in the previous section. The symbol co appears in just 
66 of these sextuples, whence it follows readily that these 66 
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sextuples afford a configuration of 66 quintuples on the set 
0, 1, 2, • • •, 10. These may be said to form a quintuple system, 
since each set of four of the symbols appears in one and in just 
one of the quintuples. Any one of the eleven elements occurs 
in 30 quintuples firom which a quadruple system on ten elements 
may be formed by omitting that element. From this in turn 
the triple system on nine elements may be constructed. 

If one seeks the largest permutation group G on the twelve 
symbols, each element of which leaves invariant the named 
sextuple system, it is found that G is a fivefold transitive group 
of degree 12 and order 12 • 11 • 10 • 9 - 8. This is the Mathieu 
group of degree 12. Its largest subgroup each element of 
which leaves one given symbol fixed is the Mathieu group of 
degree 11 ; it is fourfold transitive of order 11 - 10 • 9 • 8. 
Moreover, it is the group belonging to the quintuple system 
already named. 

From the foregoing considerations it follows also that the 
Mathieu group of degree 12 contains a subgroup of order 
10-9-8 each element of which leaves fixed a given one of the 
132 sextuples. This subgroup is intransitive, having two transi- 
tive constituents each of degree 6. It thus sets up a simple iso- 
morphism of the symmetric group of degree 6 with itself ; and 
the isomorphism so established is an outer isomorphism. This 
outer isomorphism is therefore an essential element in the 
structure of the Mathieu group of degree 12 

The linear fractional group modulo 23 of order 24 - 23 - 11 
is often represented as a doubly transitive group of degree 24 
on the symbols oo , 0, 1, 2, - - -, 22. This transitive group con- 
tains a subgroup of order 8 each element of which transforms 
into itself the set oo , 0, 1, 3, 12, 15, 21, 22 of eight elements, 
while the whole group transforms this set into 3-23-11 sets 
of eight each. This configuration of octuples has the remark- 
able property that any given set of five of the 24 symbols 
occurs in one and just one of these octuples. The largest permu- 
tation group r on the 24 symbols, each element of which leaves 
this configuration invariant, is a fivefold transitive group of 
degree 24 and order 24-23-22-21-20-48. This is the 
Mathieu group of degree 24. Its fourfold and threefold transi- 
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live subgroups of degrees 23 and 22 are the Mathieu groups of 
these degrees. With these two subgroups we may associate (in 
a manner now obvious) configurations on 23 and 22 letters re- 
spectively. The former consists of septuples such that any set 
of four of the 23 elements occurs in one and in just one septuple ; 
the latter consists of sextuples such that any set of three of the 
22 elements in it occurs in one and in just one sextuple. 

The latter set of sextuples on 22 symbols leads readily to 21 
quintuples on 21 symbols ; it may shown that these quin- 
tuples constitute the lines of the geometry PG{2, 2^) of 21 points. 

The Mathieu group of degree 24 contains a subgroup of 
index 3 • 23 ■ 11 each element of which leaves invariant a given 
octuple of the previously named configmation of octuples. 
This subgroup permutes the eight symbols in this octuple 
according to the alternating group of degree 8 ; it permutes the 
remaining 16 S 3 Tmbols according to a triply transitive group of 
degree 16 and order 16 • 15 • 14 • 12 • 8; the latter of these two 
groups is (16, 1) isomorphic with the former. This isomorphism 
is essential in the structure of the Mathieu group of degree 24. 
By means of this isomorphism and the known lists of groups of 
degree not exceeding 8 it is easy to find all the primitive groups 
of degree 16 contained in the named triply transitive group of 
degree 16 ; it turns out that they are twenty in number : these 
are all the primitive groups of degree 16 except the alternating 
and symmetric groups of this degree (see Miller, Amer. Joum. 
Math. 20 (1899), 229-241). By means of the named (16, 1) 
isomorphism it may also be shown without much difficulty that 
for every transitive group of degree 5 there exists a doubly 
transitive group of degree 16 which is (48, 1) isomorphic with 
the group of degree 5. (See Theorem XIII of § 97.) 

116. Some Generalizations. By a complete 'h-ii-v-configuration 
of n elements we shall mean a configuration of n elements 
taken p at a time so that each set of /x elements shall occur 
together in just X of the sets. (Compare Netto’s Lehrbuch der 
Combinatorik, second edition, p. 325.) Then a triple system 
is a complete 1-2-3-configuration; a quadruple system is 
a complete 1-3-4-configuration; and so on. A finite two- 
dimensional geometry PG(2, />”) is a complete l-2-(^” -H 1)- 
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configuration. In the previous section we have shown the 
existence of a complete 1 -4-5-configuration on 11 elements, a 
complete 1-5-6-configuration on 12 elements, a complete 1 -5-8- 
configuration on 24 elements, a complete 1-4-7-configuration 
on 23 elements, and a complete 1-3-6-configuration on 22 ele- 
ments. These examples are sufficient to show the importance 
of complete X-^c-z^-configurations for X = 1. 

But little has been done towards a general theory of complete 
X-ju-z'-configurations. In the next section we shall treat certain 
complete 2-2-fe-configurations. 

An infinite class of complete 2-3-4-configurations may be 
constructed in the following manner : Let p be any prime of the 
form 6 m + 1 and let p be a solution of the congruence — i 
+ 1 = 0 mod p. The set oo, 0, 1, p is transformed into itself by 
the group generated by the transformations 

x — 1 p x' — ^ mod p, 

a group whose order is 12. Thence it follows readily that the 
set 00 , 0, 1, p is transformed into {p + l)p{p — 1)/12 quad- 
ruples by the linear fractional group modulo p, the order of 
which is (p + l)p{p — 1). Since this linear fractional group is 
triply transitive, it follows that each triple of the p + 1 ele- 
ments 00 , 0, 1, 2, — 1 occurs among the quadruples in 

the named set of quadruples, and indeed that each triple oc- 
curs the same number of times as any other, whence it follows 
that each of them occurs twice. Thence it follows that these 
quadruples constitute a complete 2-3-4-configuration. In case 
m is odd (but not when m is even) this configuration breaks 
up into two equivalent configurations each of which consti- 
tutes a complete 1-3-4-configuration, a fact which one may 
verify readily by showing that the transformations of square 
determinants in the named linear fractional group then trans- 
form 00 , 0, 1 into every triple of the + 1 elements. 

117. Certain Complete 2-2-^-Configurations. We shall now 
treat those complete 2-2-^-configurations of n elements which 
are formed by n sets of k things each such that each two sets 
have just two elements in common. Since each of the ^n{n— 1) 
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pairs of elements occurs just twice and each of the n sets of 
k elements contains just ^k{k — l) pairs, it follows that we 
must have k{k — l)n = 2 • n{n — 1), whence it is necessary 

n = ^k{k-l) + l. 

The case ^ = 2 is entirely trivial. When Ife = 3 we have 
« = 4 and the configuration consists of the four triples which 
may be formed from four things. When ^ = 4 we have ra = 7 ; 
then it may be shown that the configuration is equivalent to 
that given in Ex. 15 on page 25 ; the group characterized by 
the configuration is (Ex. 16 on page 25) the doubly transitive 
group of degree 7 and order 168 ; the complementary configu- 
ration is the PGi2, 2). 

When ^ = 5 we have w = 11. The configuration is unique 
(Ex. 17 on page 25) and is equivalent to that given in Ex. 13 
on page 24. The group characterized by the configuration is the 
doubly transitive group of degree 11 and order 660. 

When = 6 we have n = 16. In Ex. 30 on page 42 (see 
also Ex. 17 on page 437) we have given an example of a corre- 
sponding complete 2-2-6-configuration; the group character- 
ized by this configuration is the doubly transitive group of 
degree 16 and order 16 • 15 • 12 ■ 4. In this case the configura- 
tion is not unique ; but the total set of inequivalent configura- 
tions of this class seems never to have been determined. (See 
Exs. 14 and 15 on page 437.) There exists (see Ex. 18 on 
page 437) a complete 2-2-9-configuration of the class here 
considered; it involves 37 symbols. 

The configurations which we have named are apparently 
all the known configurations of the class here in consideration ; 
but there seems to be nothing known to show their nonexistence 
for any value whatever of k greater than unity. In particular, 
it seems not to be known whether such configurations exist 
for jfe = 7 or 8. 

With every configuration of the class here in consideration 
one may associate an adjoint configuration, in the following 
manner. Number the sets in the configuration from 1 to » 
inclusive ; let ci, as, • • be the symbols appearing in the 
configuration. Now form a configuration of the numbers 1, 2, 



436 Groups of Finite Order 

• • by taking for the ith. set the k numbers which designate 
the k sets in which Ui appears, doing this for ^ = 1, 2, • • n. 
Then the n numbers appear in n sets of k numbers each. That 
they form a complete 2-2-^-configuration of the class in con- 
sideration is readily shown, as one sees by observing that if 
Gi and aj appear together in the Xth and /xth sets of the original 
configuration, then X and ix appear together in just two sets 
of the new configuration, namely, in those determined by means 
of Gi and Gj. If the adjoint configuration is equivalent to the 
original configuration, then that configuration may be called 
self-adjoint. If the second of two configurations is adjoint to 
the first, then the first is also adjoint to the second. 

EXERCISES 

1. Show that there is just one triple system of n elements when 
w = 3 or 7 or 9; determine the group belonging to each of these 
systems. 

2. Determine all the triple systems on 13 elements and the group 
belonging to each of them. 

3. If is a prime of the form 12 ^ 4- 7 and if g is a primitive root 

modulo p, show that the triple 1, ^8^+4 jg transformed into a 

set of triples forming a triple system by means of the elements of 
the group generated by the transformations t' = t~\- I mod p and 
i' = gH mod p. 

4. Construct in two ways triple systems (1) on 15 elements, 
(2) on 21 elements, (3) on 105 elements. 

5. Show that there is just one quadruple system on 4 or on 
8 elements. 

6. Show that the quadruple systems on 2^ elements (^ = 3, 4, 5, • • •) 
constructed in §§114 and 91 are equivalent. 

7. Construct quadruple systems on 10 and on 20 elements and 
determine the largest groups leaving them invariant. 

8. Show that the triple system on 3^ elements determined in § 114 
is the same as the triple system afforded by the lines of the EG{K 3). 

9. Construct a triple system on 3* elements by the method of 
§ 114 associated with the transformations x' = ax + 
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10. Construct a complete 1-3-5-configuration on 17 elements. 

11. By means of the adjacent scheme form nine sets oi A B C 
four each by taking for each of the nine letters the set con- DBF 
sisting of the two letters in line with it and the two in col- G H I 
umn with it. Construct the group determined by this configuration, 
showing that it is the singly transitive primitive group of degree 9 
and order 9 • 8. 

12. Solve the similar problem constructed by means of a square 
array of 25 letters. 

13. Show that there is just one complete 2-{n — 2)-(« — l)-con- 
figuration of n things. Construct it and show that it is left invariant 
by the symmetric group on these n things. 

14. Show that the columns of the following array constitute a com- 
plete 2-2-6-configuration of 16 symbols of the class treated in § 117: 


A 

A 

A 

B 

B 

C 

B 

B 

C 

C 

D 

D 

A 

A 

A 

F 

B 

B 

C 

C 

D 

D 

E 

J 

E 

H 

F 

G 

E 

E 

I 

G 

C 

D 

D 

F 

E 

L 

F 

K 

G 

I 

M 

I 

F 

G 

J 

H 

H 

G 

F 

G 

H 

E 

N 

M 

0 

K 

0 

L 

K 

H 

L 

J 

L 

K 

J 

I 

I 

M 

0 

N 

J 

N 

H 

N 

I 

M 

M 

K 

P 

0 

N 

M 

J 

K 

L 

P 

P 

0 

P 

P 

P 

N 

0 

L 


By determining the group characterized by this configuration, show 
that it is not equivalent to the configuration appearing in Ex. 30 
on page 42. 

16. Construct all the inequivalent complete 2-2-6-configurations 
on 16 symbols and belonging to the class defined in § 117. 

16. Construct the adjoint of the configuration appearing in Ex. 14 
and determine whether that configuration is self-adjoint. 

17. Show that 

{ {ab) (cd) (ef) (gh) (ij) (kl) (mn) (op), (hoejc) (dpknl) (fhgim)} 

is a primitive group of degree 16 and order 80, that it permutes the 
ah c eoj into 16 sextuples, and that these sextuples constitute the 
complete 2-2-6-configuration appearing in Ex. 30 on page 42. 

18. Showthat the transformations -hi mod 37and/'= 16^mod37 
induce on the residues modulo 37 a transitive group of degree 37 and 
order 37 • 9 and that this permutation group transforms the set 
1, 7, 9, 10, 12, 16, 26, 33, 34 into 37 sets which constitute a complete 
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2-2-9-configuration of the type treated in § 117. Determine the group 
characterized by this configuration. 

19. Determine certain necessary conditions on k and n for the exist- 
ence of configurations such that every two elements occur to- 
gether in just three sets. ' Discuss the cases ^ = 3 and ^ = 4. Show 
that the PG(3, 2) affords such a configuration for the case ^ = 7. 

20. Construct a belonging to the class defined in Ex. 19 and 

having for its group the doubly transitive group of degree 11 and 
order 11 • 10 • 6. Discuss the properties of this configuration. 

MISCELLANEOUS EXERCISES 

1. Determine the largest permutation group on its letters each 
element of which permutes among themselves the rows and the col- 
umns of the following array : 

ABODE 
F G H I J 
K L M N 0 

2. Determine the largest permutation group on its letters each 
element of which permutes among themselves the rows and the col- 
umns of a square array of 25 letters or interchanges the rows and the 
columns. 

3. Generalize Exs. 1 and 2 to the case of general rectangular and 
square arrays. 

4. Let CO be a primitive mark of the GF[p^] and let be any 
(positive) factor of — 1, the complementary factor being k. Form 
the rectangular array whose element in fth row and jth column is 

^ 3 - 1 ^ where i and / run over the sets 1, 2, • • /x and 1, 2, 
• • •, p” respectively, thus forming a configuration consisting of p” sets 
of 11 elements each (one set for each column of the array). Discuss 
the groups characterized by such configurations both in the general 
case and for particular values of p” and fj,. 

5. Let S be the set of elements consisting of oo and the (nonzero) 
square marks of the GF[p], and form a configuration by transforming 
this set into all the sets into which it is taken by linear fractional 
transformations of square determinant in the GF[p]. Discuss the 
groups characterized by these configurations both in the general case 
and for special values of p. 
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6. Show that the triply transitive group C(l, 2^) of degree 33 and 
order 33 • 32 • 31 • 5 (defined in § 94) transforms any set of four of 
its symbols in some order into any other set of four of its symbols. 

7. By means of the group C(l, 2®) construct a configuration A con- 
sisting of 31 • 3 • 16 distinct sets of eleven each formed from 33 ele- 
ments and having the property that each set of four of these elements 
occurs in just twelve sets of A while each triple occurs in just 45 sets. 

8. By means of the group C(l, 2^) construct a configuration B 
consisting of 33 • 8 • 31 • 5 sets of five elements each such that each 
four of the 33 elements occurs in just five sets. How often does 
(1) each triple, (2) each pair, (3) each element occur? 

9. From configuration B in Ex. 8 form a configuration of 
33 • 8 • 31 *5 sets of five, each set of five being formed by taking the 
five elements occurring with a given quadruple of the elements in B, 
and show that the configuration so formed is the same as B. 

10. By means of the group C(l, 2^) form a configuration of 
33 • 8 • 31 • 4 sets of five such that each quadruple occurs in just 
four sets. 

11. Show that the group of order 16 * 15 generated by the elements 

(ab) (cd) {ef) {gh) {if) {kl) (mn) {op) and {bfdjimhpcmlegk) 

permutes the set a, b, m, n into 20 sets of four letters each and that 
the largest group leaving the resulting configuration invariant is a 
doubly transitive group of degree 16 and order 16 • 15 • 12 • 2. Discuss 
the properties of this configuration. 

12. From the configuration of Ex. 17 on page 437 construct a con- 
figuration of 120 sets of six elements each by taking for each pair of 
sets in the given configuration the six elements which are absent from 
both of these pairs. Discuss the properties of this new configuration 
and show that the largest group leaving it invariant is a doubly 
transitive group of degree 16 and order 16 • 15 • 12 • 4. 

13. Construct a configuration by determining all the triples into 
which 0, 1, 18 is transformed by the group {P, Q}, where 

P= (0, 1, 2, . • 30), 

Q = (3, 4) (6, 30) (7, 20) (8, 22) (10, 29) (12, 28) (17, 27) (23, 26). 
Discuss its properties and determine the group characterized by it. 
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14. Construct a configuration of 32 things in sets of four each such 
that each triple appears in one and just one of the quadruples, and de- 
termine the group characterized by it. 

15. Construct the configuration formed by all the triples into which 
the triple 0, 1, 6 is taken by the transformations i' = aH + h mod 31, 
where a and b are integers ; discuss its properties and determine the 
group characterized by it. 

16. Generalize Ex. 15 to all primes of the form 12 ^ + 7, these 
primes replacing the case 31 in Ex. 15. 

17. The PG(2, 5) consists of 31 sextuples. From each of these 
sextuples form twenty distinct triples, thus constructing a configura- 
tion of 31 * 20 triples. Discuss the properties of this configuration 
and determine the group characterized by it. 

18. Discuss configurations of n things taken in triples so that each 
pair occurs in just two triples. In particular, discuss in detail the cases 
for which w = 7, 9, 6, 10, determining in each case the group character- 
ized by the configuration. (Emch, Trans, Amer, Math. Soc., 1929.) 

19. In a quadruple system formed from eight elements interpret 
the elements as eight points in a space 54 of four dimensions ; then 
every quadruple will be represented by a tetrahedron. Two quadruple 
systems without a common quadruple can be joined so that each face 
(triple) of the fourteen tetrahedrons in one system will coincide with 
the same triple-face of the tetrahedron in the second system in which 
it occurs. In this manner we obtain a closed hypersurface P 28 in 54 
bounded by 28 tetrahedral cells. Discuss the properties of P 28 . 
(Emch, loc. cit.) 

20. Discuss the properties of, and determine the group character- 
ized by, the configuration (Emch, loc. cit.) formed by the columns in 
the following array : 

15 9 13 1312 7 11 5 959 10 633 1 1 1 224 

26 10 14 2443 8 12 6 10 8 12 11 7 7 4 4 2 5 3 6 8 

3 7 11 15 5 7 5 6 11 15 9 13 9 13 14 10 11 15 13 13 9 14 10 12 

4 8 12 16 6 8 8 7 12 16 10 14 12 16 15 11 15 16 16 14 13 15 14 16 

21. The Abelian group of order 8 and type (1,1,1) may be represented 
as a regular group with the following elements besides the identity : 

(12) (34) (56) (78), (13) (24) (57) (68), (14) (23) (58) (67), (15) (26) (37) (48), 
(16) (25) (38) (47), (17) (28) (35) (46), (18) (27) (36) (45). 
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Consider as a single entity a the seven sets of four pairs each afforded 
by the cycles in these permutations. Find all the conjugates of this 
entity under the alternating group on 1, 2, • • 8; determine the per- 
mutation group according to which these conjugates are permuted 
by the named alternating group; and discuss the relation between 
the two groups. 

22. Show that the triple system formed by the columns in the array 

1471 2 3123123 
258456564645 
369789978897 

is transformed into seven conjugate systems by the powers of the per- 
mutation (2345678) and that all the 84 triples of the nine elements 
appear in these seven systems each just once. 

23. Let G be a multiply transitive group of degree n whose degree 
of transitivity is k ; and let G have the property that a set Soim ele- 
ments exists in G such that when k of the elements S are changed by a 
permutation of G into k of these elements, then all these m elements 
are permuted among themselves ; moreover, let G have the property P, 
namely, that the identity is the only element in G which leaves fixed 
the w - m elements not in S. Then show that G permutes the m ele- 
ments S into 

n(n — 1) ^ -I- 1) 

m(m — 1) • • • (jw — ^ -t- 1) 

sets of m elements each, these sets forming a configuration having the 
property that any (whatever) set of k elements appears in one and 
just one of these sets of m elements each. Discuss necessary conditions 
on m, n, k in order that the foregoing conditions may be realized. 
Exhibit groups illustrating the theorem. 

24. Generalize the investigation demanded in Ex. 23 by giving up 
the hypothesis that G shall have the named property P. 
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